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“Arithmétique! algébre! géométrie! trinité grandiose!
triangle lumineuz! Celui qui ne vous a pas connues
est un insensé! Il mériterait I’éprevve des plus grands
supplices; car, il y a du mépris aveugle dans son in-
souciance ignorante; mais, celui qui vous connait et
vous apprécie ne veut plus rien des biens de la terre;
se contente de vos jouissances magiques; et, porté sur
vos ailes sombres, ne désire plus que de s’élever, d’un
vol léger, en construisant une hélice ascendante, vers
la votite sphérique des cieux. La terre ne lui montre
que des illusions et des fantasmagories morales; mais
vous, 0 mathématiques concises, par [’enchainement
rigoureux de vos propositions tenaces et la constance de
vos lois de fer, vous faites luire, auzr yeuzr €blouis, un
reflet puissant de cette vérité supréme dont on remar-
que l’empreinte dans 'ordre de 'univers. Mais, l’ordre
qui vous entoure, représenté surtout par la régularité
parfaite du carré, 'ami de Pythagore, est encore plus
grand; car, le Tout-Puissant s’est révélé complétement,
lui et ses attributs, dans ce travail mémorable qui con-
sista a faire sortir, des entrailles du chaos, vos trésors de
théorémes et vos magnifiques splendeurs. Aux époques
antiques et dans les temps modernes, plus d’une grande
imagination humaine vit son génie, €pouvanté, a la
contemplation de wvos figures symboliques tracées sur
le papier brulant, comme autant de signes mystérieux,
vivants d’une haleine latente, que ne comprend pas
le wvulgaire profane et qui n’étaient que la révélation
éclatante d’aziomes et d’hyéroglyphes éternels, qui ont
existé avant ['univers et qui se maintiendront apres
lui. FElle se demande, penchée vers le précipice d’un
point d’interrogation fatal, comment se fait-il que les
mathématiques contiennent tant d’imposante grandeur
et tant de vérité incontestable, tandis que, si elle les
compare a ’homme, elle ne trouve en ce dernier que
fauzx orgueil et mensonge.”

Comte de Lautréamont
Les Chants de Maldoror, 1869
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Introduction

From Practice to Theory... and Back

During the last decade many lines have been written trying to motivate the
use of formal techniques in the industrial world (see, for example, [27, 111]).
Despite the fact that there is now a common agreement about the benefits of
formal methods for critical systems development in certain communities, we are
still in a preliminary phase towards the full integration of formal techniques in
the development process. Usually, real-life systems are far more complex than
the case studies analysed by the scientific community. The challenge of formal
methods is to make the theoretical results applicable to large scale systems.

This thesis is the result of the work done in a project with the title For-
mal Design, Tooling, and Prototype Implementation of a Real-Time Distributed
Shared Dataspace, which was supported by PROGRESS, the embedded sys-
tems research program of the Dutch organisation for Scientific Research NWO,
the Dutch Ministry of Economic Affairs and the Technology Foundation STW
(grant CES.5009) and carried out at the Centrum voor Wiskunde en Informat-
ica (CWI). The main research goal of the project was to analyse the behaviour
of applications built on the top of shared dataspaces. To this end, we can divide
the research topics in two broad parts:

e To specify a formal model of the shared dataspace architecture, the anal-
ysis of applications built on top of it ant to verify requirements imposed
to the system.

e To create a suitable verification framework able to handle realistic appli-
cations.

Real-time critical systems, such as air control management systems, have to
deal with severe requirements of reliability, fault-tolerance, extensibility, time-
liness, efficiency, availability, ... These requirements make the task of building
such systems extremely hard. A way of managing these severe requirements is
to use software architectures [113]. A software architecture is basically a de-
scription of how the different components of a system are to be composed. In
general, it provides a set of interfaces and algorithms that allow external appli-
cations to communicate and coordinate. One of the main advantages of using
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architectures is reusability, components and the architecture itself can be used
in different applications.

Shared dataspace architectures implement repositories for data elements
in such a way that external components communicate by sharing information
through the repositories instead of interacting directly between each other. This
feature contributes to the conception of modular applications. The architecture
is in charge of handling the concurrent access of the processes to the shared
resources. External processes have a unified view of the shared space, although
the repository may be distributed or centralised [17].

Both distributed and centralised shared dataspace architectures were stud-
ied inside the project. In distributed dataspaces the information is stored in
different devices that are connected through a network. In general, several
copies of data elements reside in different locations. When a new data element
is produced, it is copied in one or several places. The distributed data storage
causes that sometimes the copies of the data elements contain different values.
The architecture has to be aware of the possible lack of data consistency. An
example of this kind of architecture is SPLICE [16, 74] which has been used in
command and control systems on several frigates of various nations and for the
control of the metro of Amsterdam. The research work about this architecture
does not form part of the thesis. Simona Orzan, who participated in the same
project, dedicated some efforts to investigate about SPLICE. Her results can be
found in [97].

In this thesis, we are going to study JavaSpaces [91], which is a Sun Microsys-
tems, Inc. architecture based on the Linda coordination language [25]. Apart
from implementing a centralised shared space, it provides other services such
as leasing, transactions and an event notification mechanism. JavaSpaces inter-
faces are standard and there are publicly available implementations. These fact
motivates us to choose JavaSpaces as the centralised shared dataspace architec-
ture to be investigated. To have a running implementation was an important
issue in order to compare the theoretical results with real executions.

The circumstances under which the architectures are used are extreme: chan-
nels are unreliable, and computers can fail or even die completely. So the project
has to address the question of how to build applications that guarantee the
specified services. In order to be able to design reliable applications, we have to
provide a framework that allows to formally prove that a given system behaves
as expected [37].

An illustrative example of a characteristic application that can be easily
implemented using a shared dataspace architecture, such as JavaSpaces, is the
following radar-monitor system (see Figure 1). The radar produces packets
(A entries) of different measurements taken from an external moving agent.
A transformer processes the measurements by computing predictions of future
moves of the investigated agent. The monitor consumes the processed data (B
entries) and displays the trajectories of the moving objects.

The example introduces another of the main topics of the thesis: replica-
tion. In the radar-monitor system, we would like to have several transformers
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Figure 1: Producer-Transformer(s)-Consumer

making calculations at the same time in order to accelerate the display of the
results. The problem then is how to transparently replicate certain processes
in such a way that the behaviour of the system remains correct. Replication
contributes to improve non-functional requirements such as efficiency, availabil-
ity or robustness. In general replication is not straightforward, in fact it may
introduce non-desired behaviours in the overall systems. For instance, if we
replicate carelessly the transformer process in the system above, the change
may cause duplication of the final results which will make the monitor display
wrong trajectories. Some parts of the thesis are dedicated to investigating how
to replicate processes and how to prove that the final application behaves as
expected.

We have stressed that one of the main purposes of the analysis of shared
dataspace architectures is to be able to verify the correctness of complex appli-
cations built on top of them. Formal verification includes different techniques
which differ in the quality of the results and the human effort required to apply
them. We can roughly distinguish three different techniques:

o Testing. It is maybe the most widely used verification technique. It con-
sists of checking that some selected scenarios (test cases) behave as ex-
pected by means of simulation. In general, the selection of suitable test
cases requires human expertise. The rest of the process can be fully auto-
mated. The main limitation of the technique is that in most of the cases
it is not possible to cover all possible scenarios of the system and there-
fore to find all errors of the implementation. Testing becomes extremely
hard for distributed systems in which execution of a test case may be
non-deterministic due to, for example, the unpredictable latencies of the
communication channels. In summary, testing only proves the correctness
of some executions for some scenarios.

e Theorem Proving. This technique allows to prove that a complete system
satisfies its specification, i.e., all behaviors of the implementation are cor-
rect. In general, one proceeds by systematically applying a set of inference
rules to some formal description of the implementation of the system in
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order to prove that it satisfies its specification. For complex systems, the
task is arduous and requires strong human interaction to find the proofs.
Theorem Proving proves the correctness of all executions for all scenarios.

e Model Checking. 1t is a semi-automatic technique, that allows to prove the
correctness of some scenarios against all possible behaviours of the system.
To do so, a finite model of the system has to be built (see below). Model
Checking proves the correctness of all executions for some scenarios.

The technique we have mainly focused on is the third one, which gives a
good balance between completeness of the results and automation. In general,
the application of model checking involves the following phases:

1. First, it is needed to formally specify the system to check. This specifica-
tion has to be written in a formal language, such as logic or, in our case,
process algebra.

2. The requirements of the system are also specified in the same language
as the specification or in a different one. In general, temporal or modal
logics can be used to write the properties that represent the requirements.

3. A model of the system is generated from the formal specification. It
contains all possible behaviors. Some possible ways of representing the
semantics of the specification are finite state automata or a labelled tran-
sition systems.

4. Finally, the satisfaction or refutation of the properties is checked against
the model.

The formal specification of the system and the requirements requires human
expertise. The checking of the satisfaction or refutation of the properties is
automatically done by computers. The limit of automatic verification by model
checking comes from the size of the models. In general, the parallel composition
of the behaviors of processes generates large state spaces, due to the combina-
torial growth, which can hardly be stored or manipulated by machines. Model
checking in general can only handle systems with finite state space (the model
checker mucheck [66], included in the uCRL toolset [12] is an exception that
can handle infinite state systems) . During the last years many research has
been conducted in order to attack the so-called state space explosion problem.
Let us see some of the techniques dedicated to deal with the problem:

e On-the-fly Model Checking or Bounded Model Checking. The idea is to
avoid the exploration of the full state space of a system [53]. The checking
is done just in some parts. This technique allows to quickly find errors
during early phases of the verification process. There is no benefit when
one has to prove the correctness of the full system.



Contents 5

e Symbolic Model Checking. This technique consists of encoding systems
using Binary Decision Diagrams (BDDs), a canonical form for boolean
expressions [90]. These have traditionally been used as the underlying
representation of the set of states. This compact form allows to handle
systems with larger number of states than other standard ways of rep-
resenting the semantics of a system. The efficiency of performing model
checking on BDDs strongly depends on the order of the boolean variables.
The main disadvantage is that a suitable order is in general hard to find
and sometimes requires human intervention.

e Partial Order Reduction. In some cases the order of execution of some
actions does not influence the correctness of the system [2]. Therefore,
some sequences of actions can be eliminated from the state space without
harm, reducing the complexity of the analysed system. A similar technique
applied in the process algebraic setting consists on proving confluence of
actions (see, for example [15]).

e Distributed Model Checking. This technique consists in using extra hard-
ware resources to fight against the state explosion problem. The computa-
tion and the storage are done using different machines connected through
a network. In the project, this technique was successfully explored by
Simona Orzan, see for example [13, 14].

o Abstract Interpretation. It denotes a framework for program analysis.
The seminal idea was to extract program approximations by removing
uninteresting information [29, 30]. In order to obtain approximations,
computations over concrete universes of data are performed over smaller
abstract domains. A typical example of the technique is the so-called
“rule of signs” used to determine the sign of arithmetic expressions by
performing the computation only over the signs of the operators, i.e., the
expression —5 * 10 is abstracted to neg * pos which preserves the sign of
the result.

In the first part of the thesis we focus on abstract interpretation (or simply,
abstraction). The integration of this technique in the automatic verification
framework allows to significantly reduce the complexity of the analyzed systems.
This permits to apply model checking to large systems. The idea is to prove
properties in the (small) abstract system and then to infer the satisfaction or
refutation to the (large) concrete one. Abstract model checking integrates the
following steps:

1. We depart from a concrete specification whose state space is too large or
infinite and it cannot be handled by regular model checking techniques.

2. An abstract specification is built from the concrete, interpreting the con-
crete one over a smaller data domain (as we did for the “rule of signs”).
This step usually requires some human intervention in order to select
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suitable abstractions. In principle, the state space corresponding to the
abstraction is significantly reduced.

3. We apply model checking techniques on the abstract system. The results
of the abstract model checking can be inferred to the concrete system
(following some rules).

4. Applying abstraction causes some loss of information, so in some cases it
would not be possible to prove the satisfaction or refutation of some prop-
erties. In these cases, it would be necessary to find better abstractions.

We have titled this section From Practice to Theory... and Back which de-
scribes the research cycle of how the thesis was conceived. We started out with
the main directives of the project by analysing the JavaSpaces architecture.
Once we had specified a formal model of the architecture and we had proved its
suitability by verifying small characteristic examples, we tried to do the same
kind of analysis to non-trivial examples. Realistic case studies quickly discovered
the limits of the verification framework which forced us to start investigating
theoretical enhancements in order to improve the verification capabilities of the
verification framework. Among the different possibilities, we have chosen to in-
vestigate abstraction because of the promising results that others obtained with
it. This decision lead to obtain interesting theoretical results. Finally, to bring
these results into practice motivated us to integrate the theory in our frame-
work, we have dedicated some efforts to integrate the theory in our framework
by developing generic tools and patterns suitable for verification of coordination
models.

The order in which we present the contents of the thesis differs from how it
was conceived. We first introduce the theoretical issues and then the practical
ones. The next section is dedicated to describing what can be found in every
chapter.

How to Read the Thesis?

The thesis is composed by two different parts, the first one is fully dedicated
to abstraction and the second to coordination. Here, we give a short guide of
what can be found in every chapter of the book. Figure 2 presents graphically
the structure of the first part of the thesis.

Chapter 1: Labelled Transition Systems are usually used to capture the se-
mantics of action-based systems, such as process algebraic specifications. So,
in order to apply abstraction techniques to such specifications we are going to
define the meaning of abstractions on Labelled Transition Systems. Basically,
this chapter describes the relations between abstract and concrete systems and
the inference rules about the satisfaction and refutation of properties.
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Chl: Abstraction of LTSs

Ch2: Abstraction of LPEs_________ =, Ch3: Tool

Chb: Accelerated Abstractions Ch4: Abstraction of Replicated Processes

Figure 2: Organisation of the first part of the thesis

Chapter 2: If the first chapter is dedicated to study the semantic level of the
specification, Chapter 2 focuses on the syntactic one. The idea is to generate
abstraction directly from process algebraic specifications by relating concrete
and abstract data domains. We give the conditions under which an abstract
specification is a correct abstraction of a concrete one, and therefore can be
used to infer the satisfaction of properties.

These first two chapters are the theoretical core of the thesis, the rest of
the first part contains extensions or variations of them. They are based on the
following publication: [109].

Chapter 3: To develop tools is a fundamental step in order to make the the-
oretical results applicable in practice. This chapter is dedicated to explaining
an abstract interpretation toolkit that helps to apply abstraction to non-trivial
specifications.

This chapter is based on the following publication: [100].

Chapter 4: In order to apply theory to practice, not only tooling is an indis-
pensable step, but also the creation of reusable patterns. In this chapter, we
present some abstraction patterns that can be used to verify systems composed
by replicated processes. As we have stated above, transparent replication is an
important issue when implementing efficient distributed systems, so here we try
to contribute to facilitate the verification of systems composed by several copies
of the same process.

This chapter is based on the following publication: [105].
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Chapter 5: The loss of information caused by abstraction sometimes does not
permit to infer some interesting properties about the progress of the system. In
this chapter, we enhance the basic semantic framework presented in the first
chapter. The extension enriches the expressiveness of abstractions.

The first two chapters of the second part can be read independently of the
rest of the thesis. The third one applies the results of the abstraction part to
coordination. Let us explain their contents:

Chapter 6: Here we describe the formal specification of JavaSpaces. The
specification was modelled having in mind that the main purpose of the specifi-
cation was to be used to verify applications built on top of it. The specification
contains all the ingredients needed to implement interesting applications.

This chapter is based on the following publications: [106, 107].

Chapter 7: In this chapter, we use the formal model of JavaSpaces as a frame-
work to analyse external applications. First, we give some small examples of
verification and then we present a complex case study.

This chapter is based on the following publication: [108].

Chapter 8: This chapter is a conclusion of the second part of the thesis, in
which we give some guidelines of how to apply the results on abstraction to
characteristic JavaSpaces applications. It does not contain new technicalities
but provides general ideas how the theoretical research contributes to the prac-
tice. This chapter closes the research cycle: From Practice to Theory... and
Back.

Every chapter comes with its own introduction, where the main contributions
are explained, the related work pointing the main references to similar research
and a conclusion is given, where apart from giving a short summary of the
contents of the chapter, some possible future directions of research are presented.



Part 1

On Abstraction...






Chapter 1

Modal Abstractions of Labelled
Transition Systems

This chapter introduces the basic theory of abstraction for transitions systems.
Abstractions are represented by Modal Labelled Transition Systems, that are
graphs whose transitions are labelled with actions that may have two modali-
ties may and must. They are used to encode double approximations of concrete
systems. We enhance the classical abstraction frameworks by allowing the pos-
sibility of abstracting actions. We prove that the abstractions are sound for the
full action-based p-calculus.

11



12 Chapter 1 Modal Abstractions of Labelled Transition Systems

1.1 Introduction

The application of abstract interpretation to the verification of systems is suit-
able since it allows to formally transform possibly infinite instances of specifica-
tions into smaller and finite ones. By losing some information, we can compute a
desirable view of the analysed system that preserves some interesting properties
of the original. Abstract Interpretation has been successfully used to perform
control and data flow analysis and to deal with the state space explosion prob-
lem. For a comprehensive introduction see [28].

The achievement of the first two chapters is to enhance existing process
algebraic verification languages (e.g. LOTOS [38], nCRL [57]) with state-of-the-
art abstract interpretation techniques that exist for state-based reactive systems.
This chapter is dedicated to introducing the abstraction of transition systems,
and the next chapter to the abstraction of process algebraic specifications.

There exist different techniques to relate abstractions with concrete systems.
The two classical approaches use homomorphisms [26, 36] or Galois Connec-
tions [85, 31, 75, 55] . The first one is conceptually simpler, although the latter
produces more precise abstractions that are sound for safety as well as for live-
ness properties. We adapt both approaches to action-based systems, commonly
used to describe the semantics of process algebraic specifications, allowing ab-
straction of states, transitions and action labels.

Semantically, our method is based on Modal Labelled Transition Systems [84,
83]. MLTSs are mized transition systems in which transitions are labelled with
actions and with two modalities: may and must. They are appropriate struc-
tures to define abstraction/refinement relations between processes. May transi-
tions determine the actions that possibly occur in all refinements of the system
while must transitions denote the ones that do necessarily happen. On the
one hand, the may part corresponds to an over-approximation that preserves
safety properties of the concrete instance and on the other hand the must part
under-approximates the model and reflects liveness properties.

A three-valued logic ensures that the theory can be used for proofs and refu-
tations of temporal properties. We define approximations and prove that they
are sound for all properties in the full (action-based) p-calculus [81], including
negation. To achieve this result, we had to extend existing theory by allowing
abstraction and information ordering of action labels, which is already visible
in the semantics of u-calculus formulas.

The chapter is organised as follows. First we present the main results about
MLTSs and the semantic abstraction of a Labelled Transition Systems (LTS)
to modal LTSs following different approaches. Then, we introduce the logical
characterisation of the abstractions, and the inference rules for satisfaction or
refutation of properties from abstract to concrete systems. The fundamental
proofs of the results of this theory are attached at the end of the chapter. At
the conclusion, we give some explanation about the relation of this work with
respect to the main references of the field. The next chapter is dedicated to the
explanation of how to construct the abstraction directly from process algebraic
specifications.
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1.2 Abstraction of Transition Systems

The set of techniques, used to translate a concrete system to a “safe” abstract
instance of it, is normally called abstract interpretation and it has already been
studied for many years. These techniques have their roots in the seminal papers
of Abstract Interpretation! by Cousot and Cousot [29, 30]. The main idea is to
provide a relation between the concrete data domain and an abstract version of
it in such a way that the interpretation of the system over the abstract domain
preserves and/or reflects some properties of the original. Although, part of the
results included in this section are well known in the field, we adapt classical
frameworks for generating safe abstract approximations, by doing a non-trivial
extension of them in order to allow the explicit abstraction of action labels. This
will allow to build more expressive abstractions and, furthermore, to manipulate
infinitely branching systems. Furthermore, we integrate in a uniform theory two
broadly used approaches, the one based on homomorphic mappings between
concrete and abstract domains and the other one based on Galois Connections
introduced by Cousot and Cousot.

We start by presenting a small example that will be used as illustration of
the techniques. The system is composed from two processes that communicate
by sending natural numbers through a channel described as a FIFO buffer of
size N (from now on, we assume N > 2), see Figure 1.1 below. The system may
have an arbitrary number of states due to the size of the buffer. Furthermore
it can be infinite if it receives data belonging to an infinite data domain:

0 1 N
Write(5) - Read(7)
D 5|17 N
producer __ consumer

Figure 1.1: Simple buffer of size N

In order to verify properties of the system such as “If the buffer is full, the
producer cannot write anything” we need to know neither how many items are
in the buffer (we only have to know whether it is full or not) nor what is the
exact value of the stored data. Therefore, we may consider an abstract and
finite version of the system in which all these irrelevant details are omitted and
that preserves the properties we are interested in. On the one hand, the content
of the transferred items can be removed keeping only the information about the
type of action performed (read or write) and, on the other hand, the FIFO list
can be abstracted to a set of values determining the state of the buffer: empty,
full, or anything in between: middle. The abstract representation of the system,
although it loses some information of the original model, allows to check some
interesting properties, as the ones presented above.

1'We use abstract interpretation when we speak about the general framework and Abstract
Interpretation (with capitals) to refer to Cousots’ work.
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Now, let us define some general concepts and then we will continue by in-
troducing the different abstraction techniques. The semantics of a system can
be defined by a Labelled Transition System:

Definition 1.2.1 We define a Labelled Transition System (LTS) as a tuple
(S, Act,—, sg) in which S is a non-empty set S of states, Act a non-empty set
of transition labels, — is a possibly infinite set of transitions and s in S is the
initial state. A transition is a triple s — s’ with a € Act and s,s’ € S.

Figure 1.2 illustrates the LTS corresponding to the example introduced above.
Actions R and W denote respectively read and write operations.

QSN,O QSN,1 O -. "u

SN2

Figure 1.2: LTS of the buffer system

To model abstractions we are going to use a different structure that allows
to represent approximations of the concrete system in a more suitable way. As
introduced before, in Modal Labelled Transition Systems transitions have two
modalities may and must which denote the possible and necessary steps in the
refinements. This concept was introduced by Larsen and Thomsen [84]:

Definition 1.2.2 A Modal Labelled Transition System (MLTS) is a tuple (S,
Act, —¢,—n,s0) where S, Act and sg are as in definition 1.2.1 and —¢, —ng
are possibly infinite sets of (may or must) transitions of the form s -5, s’ with
s,8' € S, a € Act and = € {<$,0}. We require that every must-transition is a
may-transition (—55C—%e).
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MLTSs are suitable structures for stepwise refinements and abstractions. A
refinement step of a system is done by preserving or extending the existing must-
transitions and by preserving or removing the may-transitions. Abstraction is
done the other way around (formal definitions will be presented in following
sections). Note that every LTS corresponds to a trivially equivalent MLTS in
which —¢=—q, we called it concrete MLTS. Now, we introduce how to relate
concrete and abstract systems.

1.2.1 Abstraction by Homomorphism

The first approach to extract abstract Modal Labelled Transition Systems from
concrete MLTSs that we are going to present is based on homomorphisms that
map concrete states and action labels to their abstract versions. This theory
was introduced by Clarke and Long [26]. It is intuitively simple and it allows
significant reductions of the state space.

Having a set of states S and a set of action labels Act with their correspond-
ing abstract sets, denoted by S and Act, we define a homomorphism H as a pair
of total and surjective functions (hg, ha), where hg is a mapping from states to
abstract states, i.e., hg : § — S , and h 4 maps action labels to abstract action
labels, i.e., hy : Act — Act. The abstract state § corresponds to all the states
s for which hg(s) = S, and the abstract action label @ corresponds to all the
actions a for which h4(a) =a. Then:

Definition 1.2.3 Given a concrete MLTS M = (S, Act, —o,—n, s0), with
—o=—pg and a homomorphism H = (hg,ha), we define the MLTS M =
(S, Act, o, —qg, 80), called the minimalg -abstraction (denoted by ming(M))
where 5 is equal to hg(sp) and the following conditions hold:

a

¢ 5507 = 3s,ra.hs(s) =SAhs(r) =FAhaa) =GAs 57
o 5507 = Vs.hs(s) =5 (3r,a. hs(r) =FAhala) =G A s %)

This definition gives the most accurate abstraction of a concrete system
by using a given pair of homomorphisms, in other words the one that preserves
most information of the original system. Less precise abstractions would contain
more may transitions and/or fewer must transitions.

Figure? 1.3 shows the minimal abstraction of the buffer model in which only
the states have been abstracted, action labels remain as in the original. H is
equal to the pair (hg,Id4) in which hg is defined as follows: it maps the initial
state to the abstract state e, which means empty, the states in which there are
N entries in the buffer to f, which represents full, and the rest of the states to
m, which means something in the middle.

2In figures, must-transitions are represented by solid lines and may-transitions by dashed
ones. For clarity, when there is a must transition we do not include the corresponding may
one.
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Figure 1.3: Abstract buffer size N; abstraction of states

We see that the system cannot be completely represented, even if the set
of states is finite, because it is infinitely branching. Abstraction frameworks
only based on abstraction of states cannot handle this kind of problems. We
need also to apply abstraction on action labels in order to be able to use model
checking techniques over the abstract system. We define h 4 as follows: it maps
all the write actions to w and all the read actions to 7.

Figure 1.4: Abstract buffer size N; abstraction of states and action labels

In the final system (see Figure 1.4), by the combination of both abstractions,
we have removed all the information about the values that are in the buffer and
the transferred data, only preserving the information about whether the buffer
is empty, full or neither of them. This abstraction allows to have a small finite
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model which keeps some information about the original. The example clearly
illustrates the importance of the abstraction of action labels to avoid infinitely
branching abstractions.

Figure 1.5 illustrates the abstraction definition. We have the abstract must

~ b ~ ~ ..
transition $7 —g S5 because all the states related to §7 have a transition to

a concrete state related to $3 (the same applies to S Lo 50) . Furthermore,
if there is some concrete state related to an abstract state s with a transition
to another state related to an abstract state 7, then there is a may transition
between s and 7. In the figure, these abstract transitions are marked by the
dashed arrows. Actions labels can also be abstracted, in the example the con-
crete labels {ag, a1} are mapped to the abstract label @ and {bg,b1} to b as is
shown in the figure.

<)

So v/

@ Concrete States
Q Abstract States

Concrete Transitions
— — —p Abstract May Transition:
——p Abstract Must Transitior

Figure 1.5: Example of modal abstraction of an LTS.

1.2.2 Abstraction by Galois Connection

Instead of using mappings between concrete and abstract domains we can define
more complicated relations. For instance, the approach defined by Cousot and
Cousot is based on Galois Connections [96] between domains. Formally:

Definition 1.2.4 Two functions « and ~y over two partially ordered sets (P, C)
and (@, <) such that a : P — @Q and v : Q — P form a Galois Connection if
and only if the following conditions hold:

1. « and ~y are total and monotonic.
2. Vp: Pp Cvyoap).

3. Vg: Q.aov(q) < q.



18 Chapter 1 Modal Abstractions of Labelled Transition Systems

« is the lower adjoint and +y is the upper adjoint of the Galois Connection,
and they uniquely determine each other. Galois Connections enjoy suitable
properties to perform abstractions (see for example [31, 34]).

In this case we consider the concrete system built over the power-sets of
states and actions. P(S) and P(Act) are partially ordered sets ordered by the
set inclusion operator. The abstract system is built over S and ZE, both being
posets equipped with some order <. The order is a relation based on the preci-
sion of the information contained in the elements of the domain. To relate both
systems, we define a pair G of Galois Connections: G = ((as,7s), (@a,v4)).
« is usually called the abstraction function and ~ the concretisation function.
Before giving the definition of abstraction, let us see the data domains for the
running example.

{0..N} T
{O...N—m...N} . ﬂOﬂﬂEmpty

empty middle full
A 7 N

{0 {13 & ... {N}

{
Figure 1.6: Concrete and abstract lattices of bounded buffers

Figure 1.6 shows two lattices corresponding to the representation of bounded
buffers. The concrete lattice, left hand side, is built over the power sets of
naturals, the upper and lower bounds are represented by the full set (0,... ,N)
and the empty set ({}). It corresponds to the possible lengths of the buffer3.
For instance the set {2} means that the buffer contains exactly two elements,
{1,4} means that it contains either {1} or {4} elements. The top element
{0, ..., N} represents all buffers of any length (< N). The abstract domain is
the previously used set of abstract naturals empty, middle and full extended
with two new values nonEmpty and nonFull and with T and L in order to
complete the lattice. We abbreviate the names as {L,e,m, f,nE,nF, T}. The
definition of ag(L) for L is the states of the buffer which contain | € L number
of elements:

3Note that this way of representing the buffers is already an abstraction.
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if L = {0} then empty else if ¥l € L.0 < I < N then middle
else if L = {N} then full else if Vi € L.0 < s < N then nonEmpty
else if VI € L.l < N then nonFull else if L = {} then L otherwise T

We define v5(5) as:

if §= 1 then {} else if § = empty then {0}
else if § = middle then {1,...,N — 1} else if § = full then {N}
else if § = nonEmpty then {1, ..., N} else if § = nonFull then {0,...,N — 1}
else Nat

It is trivial to see that P(Nat), {L,e,m, f,nE,nF, T}, ag and vg form a
Galois Connection. We can also define the abstraction of the action labels, the
abstract lattice is presented in Figure 1.7. a4 of a set of action labels B only
composed from write actions will be equal to @, a4 (B) with B composed from
read actions will be equal to 7, and if there are read and write actions in B then
aa(B) will be T and a4 ({}) will be L. 4 is defined according to a4, as:

-
N/
L

Figure 1.7: Lattice of abstract actions

We could have defined a more complicated lattice for abstract labels, for
example, one that distinguishes between sending even and odd naturals. As in
the case of the homomorphism, we define the minimal abstraction, as follows:

Definition 1.2.5 Given two systems M and M defined as in Definition 1.2.3
and a pair of Galois Connections G, M is the minimalg-abstraction (denoted
by ming(M)) if and only if sg € v5(Sp) and the following conditions hold:
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RS

e 557 < 3s€ys5(8), r€vs(7), a € ya(@).s S r

b

e 5 g7 &= Vs€s(3).Fr€s(P), a€va(@).s =)
The next figure presents part of the minimal abstraction of the buffer sys-

tem?.

WRITE READ
-\

Figure 1.8: Abstract buffer size N (Galois Connection)

The order defined over the abstract lattices gives a relation about the preci-
sion of the information contained in the values. For example, empty has more
accurate information than nonFull and the latter more than T. Furthermore,
the order induces a precision relation between transitions, for example:

w . . . w
e empty —ng middle is more precise than empty —o nonEmpty because the
transition points to a more precise state (middle < nonEmpty),

e empty Lo nonEmpty is more precise than empty Lo T, and

m) T
e empty %0 middle is more precise than empty —g middle, because the
transition is labelled with a more precise label (W < T) ...

Due to the order over the abstract states and actions, the minimal system
defined by the above presented definition is saturated by may and must transi-
tions, i.e. there are transitions that do not add any extra information. We can
easily see in the previous figure that the must part is saturated for example,

the transition e —>g nE does not add any information because we have e Lam
which is more precise. We can restrict our definition by requiring that the
abstract transitions are performed only between the most precise descriptions

4For readability, we separate write transitions: % and read transitions —» and we do not
include transitions to and from the state T, or labelled with the action T.
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of the concrete transitions, as done in Dams’ theory [31]. To do so, for every
abstract MLTS M, first we define:

e For every 3, let M50y be equal to the set of pairs (R, B) with R in P(S)
and B in P(Act) such that 3s € y5(5), r € R, a € B such that s ¢ 7
is in M.

Basically, M 5,6y represents all sets of possible may-continuations of the

concrete set of states related with 5. Then we define, gig) as the set of
minimal elements in Mz o)

° E%jg) = {(RmaBm) € M(’s\,O) | \V/(R,B) S M(’S\’Q)._‘(R C RhwANB C
Bu)}.

The definition says that among all possible sets of continuations we select
the ones that do not have any subset, i.e., the minimal ones. Observe that

Z’gg) will be always composed from pairs of singleton sets. Finally:

o Let ./T/l\(g’o

y be the set of pairs: {(7,@) | 3 (Rmin, Bmin) € Mgfg).? =
as(Rmin) Na

= A (Bmzn)}

M (5,0) is the abstraction of the minimal sets. Then, for every 5, we keep

the transitions of M such that § s 7 if and only if (7,a) € ./(/l\(gyo). This rule
eliminates the redundant may transitions. To remove redundant must ones we
proceed in the same way, the only change is in the first definition:

e For every 5, the set M50y equals the set of pairs of (R, B) such that
Vs€vs(5)3r € R, a € B.s g risin M.,

n

In the must case Mgfm) is not necessarily composed from only singleton
sets. After removing the redundant may and must transitions, in general the
condition —5C—s will not hold anymore. To preserve this property we add an
extra rule requiring that for every must transition the system also has a may
one.

Definition 1.2.6 Given a concrete system M the minimal restricted abstrac-
tion w.r.t. the Galois Connection G, denoted by M| is the MLTS obtained by
applying the restriction rules to ming(M)

Note that by doing the restriction no information is removed because only
imprecise transitions are eliminated. Let us compute the restricted set of tran-
sitions for the example for the case s equals empty:

e The following pairs will be in M (cpmpty, 0"

5We denote by sg the initial state of Figure 1.2, by s1,, the concrete states of the first row,
by s2,z the states of the second row etc...Note that for the states of the first row , s1 4 is
reached after the after the insertion of one entry x.
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= ({510}, {w(0)})

= ({50, 51,0}, {w(1),w(0)})
= ({512} {w(2)})

= ({51,0, 5,1}, {w(0),7(0)})

Therefore, M (cmpiy, ) Will be composed from an infinite number of pairs
(R, B) such that there is at least one ’s; ;’ in R and w(d) in B with d = z.

e The set of the minimal pairs M?xspfy o) will be:
{({s1.0}, {w(@)})} for any .

e Considering that ag({s1.}) is equal to middle and a4 ({w(zx)}) is equal
to w for any x, then M (cmpiy,0) Will be equal to {(middle, w)}.

e Therefore, we just keep the transition empty %o middle and we remove
all the rest of outgoing transitions from empty.

For the complete system, the following transitions are removed from Fig-

w w0 W A T
ure 1.8: e oo nF, e oo nE, m —¢ nF, m —¢ nE, f —on nF,
a w,r

f —Tvop nkE, nF 1&:0 nk, nE —o nE, nF —Ti><> nE and nFE ﬁ;o nF. Fig-
ure 1.9 shows the result of the restriction.

WRITE

Figure 1.9: Minimal restricted abstract buffer

In general we would not compute the minimal restricted abstraction, but just
approximations of it. The restricted form will be useful in order to characterise
the information preserved by the abstractions as we will see in following sections.
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1.3 Modal LTSs Approximations

So far, we have seen the definition of the minimal abstractions using either a
homomorphism or a Galois Connection. However, we can have, as well, non min-
imal abstractions; let us formalise the approximation relation between MLTSs:

Definition 1.3.1 Given two MLTSs M = (S, Act, —o,—n,50) and N = (S,
Act, —¢,—>n, s() built over the same partially ordered sets of states (S, <s)
and actions (Act,<4); N is an abstraction of M, denoted by M C N, if the
following conditions hold:

® 50 <5 S)

’
a a
e Vs,a,r,s.s—orANs<gs = Ja',r.s wor ANr<g7 Na<sd

’

a a
e Vs a,r' s.s g1 ANs<gs = Ja,r.s—orAr<sr'ANa<yd

Mg N means that A is more abstract than M and it preserves all the
information of the may-transitions of M and at least all must transitions present
in NV are reflected in M. The may part of A is an over-approximation of M
and the must part is an under-approximation. The refinement relation is the
dual of the abstraction.

Note that for the homomorphism approach there is no order defined be-
tween states or actions so we substitute < by =. In this case abstractions are
done simply by preserving or adding more may transitions and by preserving
or removing some must transitions, i.e.:

a a
® S —o T —> S—2>oT
a a
e S—>n T — S— T

Note that for arbitrary MLTSs and arbitrary orders <, the abstraction pred-
icate C is not a partial order. This is because it is not reflexive. Let us consider
a counter-example:

e M equals s 5g r and s 5 r, with

e s

o If M C4 M, then by definition there should exists o’ and ' with r < r/,

a<a and s’ %o ', which is not the case for M
1.4 Logical Characterisation
To express properties about systems [101], we are going to adapt the highly

expressive temporal logic (action-based) p-calculus [81], see also [114], which is
defined by the following syntax, where A stands for a set of action labels:
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pu=T|F|=p|lpiAp2 |1V |[Ale| (A |Y | pY.o|vYe

To give some intuition about the semantics, first we are going to present the
standard semantics of the logic for labelled transition systems and later we will
define them for Modal Labelled Transition Systems.

All states satisfy T and none F. A matches all the states that match two
subformulas. V matches all the states that match one of two formulas. The
negation of a formula ¢ matches all the states that do not satisfy the formula ¢.
The universal operator [A]p holds in a state in which all possible continuations
by actions of A satisfy ¢. The existential operator (A)¢ holds in a state in
which there exists a transition by an action belonging to A that satisfies p. Y
denotes a propositional variable. p and v are the minimal and maximal fixpoint
operators respectively. We assume that propositional variable Y always appear
under the scope of a fixpoint operator.

In order to guarantee the existence of fixpoints, formulas have to be syntac-
tically monotonic. Since the negation is not monotonic, to get the monotonicity,
every occurrence of a fixpoint variable has to be under the scope of an even num-
ber of negations. As illustration, Figure 1.10 presents the standard semantics
of the logic.

[F1, 0
[[T]]p =5
[=el, = S\lel,
[1 A @2l = 1] N [02],
[p1 V2], = 1], U [ 2],
MAlel, ={s|Vraac ArnsSr = re[¢],}
[(A)el, :{s|E|r,a.a€A/\si>r/\r€[[go]]p}
Y1, =p(Y)
[Yel, =N{S|lelpers/yy €S}
[vY.ol, =U{S|S Celpers/ynt

Figure 1.10: Semantics of the action based u-calculus on LTSs

p represents the propositional context, it is a function that assigns sets of
states to propositional variables, i.e., p : ¥ — 29 The fixpoint is defined
using the results of Tarski’s fixpoint theorems [115]. p @ [S/Y] denotes context
overriding, the value of the propositional variable Y is set to S. Normally,
the following equivalences are used to reduce the complexity of manipulating
properties:

o T=-F



1.4 Logical Characterisation 25

® 01 Vpr = (-1 A p2)

o pY.p(Y) = wY.—p(mY)

Now we proceed by presenting the semantics of the formulas over Modal-LTS.
Following [75], a given formula is interpreted dually over an MLTS, i.e. there
will be two sets of states that satisfy it. A set of states that necessarily satisfy
the formula and a set of states that possibly satisfy it. Thus, the semantics
of the formulas are given by [¢], € 2% x 25 and the projections [l and
[[gaﬂp"s give the first and the second component, respectively. We show below
the simultaneous recursive definitions of the evaluation of a state formula.

[FI, = <0.0)
[[T]]p =(5,5)
[=¢l, = (S\[el5*®, S\[¢]}°¢) (Note the switch of pos and nec)
o1 A w2l = ([erl5e N Iw2l5%¢, [e1]5°° N [p2]50°)
[1 V @2lp = (lea]5e U [2]5% [n]57° U [2]57%)
[[Alel, = {s|Vra,d.ac ANa< a/\s—><>r2r€[[go]]2'“},

{s|Vra,d’.ae And g an s Sor = r € [¢]5°})
[(A¢l, =({s|3ra,a.ac And gansSorAre [o]rel,

{s|3r,s,a’.a€AAa<a’Asi>oTAT€[[QP]]%OSH

Figure 1.11: Semantics of the action based u-calculus on Modal-LTSs (part 1)

We remark, also, that from the semantics of the negation follows:
e s necessarily satisfies - if and only if s not possibly satisfies (.
e s possibly satisfies =y if and only if s not necessarily satisfies .

Note that the precise order between action labels plays an important role in
the definition of the semantics of the modalities. Let us consider the following
simple example:

e Given the MLTS, s inj r and s lo T
e Witha<xb=<c

e Suppose we want to prove s € [({a})T]5°°. Then, even if there is not an a
transition from s, the formula will be true because there exists a possible
transition from s labelled with some label less precise than a.
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e Therefore, if we can possibly do an imprecise action then we should be
able to do a more precise one.

e Suppose we want to prove s € [({c})T];° (from s we can necessarily do
a ¢ step). The formula will be true because we can necessarily do a more
precise action.

e Therefore, if we can necessarily do a more precise action then we should
be able to do a more abstract one.

In this case, the propositional context p : Y — 2% x 29 assigns two sets of
states to propositional variable. p™¢¢ denotes the first component of the image
of the function and pP°® the second component. Now we proceed with the
semantics of the fixpoint operators.

[Yl, =p)

1Y <20l = (UpenlnY?.olpe,
U,@<,\[[MYB-<P]]ZEOS>

Yl = (Lele gy <> 01,7
[l ooty <>.e1,/v1)

vy <*.¢], = <n,3<,\[[VYB-<P]]Z'eCa
NparlvY?.o]5%)

Y*elp = elissimy <> o1, vy

pos
L)ooy <> er,/v))

Figure 1.12: Semantics of the action based u-calculus on Modal-LTSs (part II)

The definition of the fixpoints is done by simultaneous recursion on the
ordinal \. Instead of using the standard way of defining the fixpoints as in
Figure 1.10, we have defined them by approximants. It is known (see for ex-
ample [114]) that, for monotonic functions in a lattice, we can construct the
least fixpoint by iterating from the bottom element in an increasing chain un-
til the limit which is the fixed point. In both finite and countable domains,
the length of the iteration is bounded. In the second case the length will be
transfinite. The minimal necessary fixpoint [1Y.¢]}° is the smallest ordinal
for which [[uY“\gpﬂZ"‘c = [[uY’\.gpﬂz"‘c, the same holds for the possible minimal
fixpoint and for the maximal fixpoints.

We have chosen this representation of the fixpoint operators because it allows
to prove results about the inference of properties between systems applying
simple induction schemes on the ordinals (hence, on the values of the context
p). By using, the standard way, as in Figure 1.10, we would have to deal with
arbitrary contexts p which complicates the task of proving the results.

We remark that:
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[y <00, = (0, 0)
Y=<l = (S, )

(1Y), = [looro.) /vy

[vY°.0], = [elporis.s)/v]

We say that a state s necessarily satisfies a formula ¢, denoted by s )z,’;ec ©,
if and only if s € [[(p]]g“ and dually s possibly satisfies a formula ¢, denoted by
s = o, if and only if s € []5?°. The notation M, s =3¢ ¢ or s € [¢]}%
means that the state s satisfies the formula ¢ on M. We sometimes omit the
context p or the model M, when it is not needed or can be easily inferred. A
trivial property is that for concrete MLTSs [p]P°% = [¢] <.

Lemma 1.4.1 For the semantics of the p-calculus over MLTS, the following
equivalences hold:

e T = F 01 Vs = (-1 A —p2), [Alp = ~(A)mp and pYip(Y) =

An interesting property of the semantics is that if s necessarily satisfies a
formula ¢ then also s possibly satisfies . As we will see, from this fact follow
some other basic results of the theory. Unfortunately, in general the property
does not hold for the semantics given in Figure 1.11. Let us reconsider the

example of the previous page, with the MLTS containing the transitions s ig r

and s io r, and the action labels a < b < ¢. We want prove the following
properties:

Los e ()T
2. s ot ({c)T

Following the definitions (1) is true however (2) is false, which gives a
counter-example. To avoid this kind of undesired results, we can use some
restriction on the action sets. Let us define the saturated sets of actions, as
follows:

e SAT(A)={d' | da€ ANd K a}
Now we can formally formulate the property.

Lemma 1.4.2 For any closed formula ¢, containing only saturated sets of ac-
tions, the following property holds:

el C [l
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This follows from the fact that every must-transition is also a may-transition
and the fact that the sets of actions are saturated. Without this condition we
would be able to prove s =" ¢ and s =" - for some ¢, which would lead
to an inconsistent logic. In fact, it cannot be proved for any formula, s "¢ ¢
and also s "¢ —, i.e. the necessarily interpretation is consistent and it is
always possible to prove s =P°® ¢ or s =P°® = which means that the possibly
interpretation is complete. We express this in the two following lemmas:

Lemma 1.4.3 If []"¢ C [¢]P°%, then the necessary interpretation is consis-
tent, i.e., [ A —p]™e =0

Lemma 1.4.4 If [p]™° C [¢]P°°, then the possible interpretation is complete,
ie., oV -op]Pos =S.

The semantics gives a 3-valued logic:

e s necessarily satisfies (.
e s possibly satisfies ¢ but not necessarily satisfies ¢.

e s not possibly satisfies ¢.

Note that for any concrete MLTS (system in which every may transition is
also must) [e]™¢ will be equal to [¢]P°?, although if the formula is interpreted
over an abstract system the set of states that possibly satisfy the formula but
not necessarily represents the loss of information caused by the abstraction.

1.4.1 Property Preservation of MLTSs Approximations

Now, we are going to characterise the relations between the properties satisfied
by different MLTSs. There exists a relation between the abstraction order C
and the properties satisfied. In fact, if a system necessarily satisfies a property
then the formula will hold for all refinements of the system. On the other hand,
if a system does not possibly satisfy a property then none of the refinements
satisfy it. This idea is stated in the following Theorem:

Theorem 1.4.5 Given two MLTSs M and N, over the same sets of states and
labels S and Act, with M C4 N, for any closed formula ¢ and for all s and s’
in S such that s < §';:

° N,S/ ':necsp :> M7S’:necw

o N, s" FEPOS p = M, s [£EPS

This result is useful because, by performing symbolic abstractions (see the
next chapter) we generate approximations of the minimal abstraction, so the
Theorem states that we can still infer the satisfaction/refutation of properties
from the approximation to the original. The proof of the Theorem can be found
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at the end of the chapter. Note that we are not requiring ¢ to be composed
by saturated set of actions, this condition is only needed for consistency and
completeness.

1.4.2 Property Preservation of MLTSs Abstractions

Since the abstraction of a system preserves some information of the original one,
the idea is to prove properties on the abstract and then to infer the result for
the original. In order to define the inference rules we have to consider the fact
that actions are abstracted, so action labels of the concrete and of the abstract
system belong to different sets. Abstract formulas are built over labels from a
set Act and we want to infer the satisfaction to a system built over concrete
actions of a set Act. To characterise the inference rules, we can think of different
approaches:

Option 1 (Wrong). We would like to have some rules of the type:

e If the state S necessarily satisfies the formula @ on the abstract model,
then s (with s € v5(5)) satisfies the formula ¢ on the concrete.

e If the state 5 does not possibly satisfy the formula ¢ on the abstract model,
then s (with s € v5(8)) does not satisfy the formula on the concrete.

Where ¢ is a concrete formula (over concrete action labels) and @ is an ab-
stract formula obtained by substituting every action set A in ¢ by its abstraction
a4(A). And the semantics of the satisfaction of a formula over a concrete sys-
tem is the one defined in Figure 1.10. This approach would give problems. Let
us consider the following counter-example:

0
o Let s a(—>)(<>,g) r be the concrete system.

e as({s}) =5, as({r}) =7, and aa({a(0)}) = ca({a(1)}) =@

e A correct abstraction of the system could be: 5~ 7 and § o 7

e We want to prove s =" ({a(1)})T (which is trivially false on the concrete
system).

e The abstraction of the formula would be ({@})T, which is necessarily true
on the abstract system. Which contradicts the concrete result.

The problem is that § S0 7 means that between all the concrete states
related to S exists a transition to a state related to 7 labelled with an action
related to @. And not that for all actions related to @ there exists such a
transition. So, we know that there is a transition but we do not know exactly
which one. In order to deal with this lack of information we propose a second

option.
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Option 2 (Correct). We are going to define the meaning of the satisfaction
relation of an abstract formula @ on a concrete state. Let [¢],c, represent
the concrete states that satisfy an abstract formula. G 4 is a Galois Connection
(ca,7v4) on the action labels (G4 is replaced by hy4 for the homomorphisms).
The semantics is as in Figure 1.10, the only change is in the modal operators:

[A@s, ={s|3rG,aac Anacya@) AsSorAreplrs, )
lAlp hEa = {s|Vra,aac Ana<sas({a})As Bor = re [[@]]Z%A}

Figure 1.13: Necessary semantics of an abstract formula over a concrete system

The possible semantics are equivalent. A concrete state s necessarily satisfies
the abstract formula @, denoted by s =%, @, if and only if s € []}%,. Note
that the only change from the abstract semantics is done in the existential
operator, we see that a concrete state satisfies a formula of the type ({a})e if
there exists a transition labelled with a concrete action that is included in the
concretisation of @. In this case the equivalence [A]¢ = —(A)—¢ does not hold
in general, the other equivalences do

Now we can give the property preservation result, for the Galois Connection

approach:

Theorem 1.4.6 Let M be the concrete MLTS (S, Act, —o,—n, So), in which
—o=—n, G = ((ag,7s),(®a,74)) be a Galois Connection between the sets
(P(S), P(Act)) and (S, Act), M| be the MLTS (S, Act, —»¢, -0, 50) denoting
the minimal (restricted) abstraction of M, w.r.t. G. And finally let ¢ be a
closed formula over Act. Then for all s € S and § € § such that s € ~vs(5):

e M,sE" 0 = M,s g

o MGG — M,s 55 ¢

The proof (see Section 1.6) follows from the fact that every may trace of M
is mimicked on M\L by some related states and, on the other hand, every must
trace of M| is present in M. For the homomorphic case the Theorem can be
stated similarly:

Theorem 1.4.7 Let M be the concrete MLTS (S, Act,—¢,—n, So), in which
—o=—n, H = (hg,ha) be a pair or homomorphisms between (S, Act) and
(§, Zaf), M\l be the MLTS (§,ZE§,—><>,—>D,§6) denoting the minimal (re-
stricted) abstraction of M, w.r.t. H. And finally let @ be a closed formula over
Act. Then for all s € S and 5 € S such that s = hs(8):

o MIGE"§ = M,skEpc§
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o MIGIEP® 5 = M,s b §

In this case the semantics are as follows®:

(AR, = {s|3ra,a.a€ ANha(a) =aAsSarAre [@]05,}
AR, = {s|Vrd,a.ae ANhala) =aAs Sor = 7€ [F]15,}

Figure 1.14: Necessary semantics of an abstract formula over a concrete system

1.5 Conclusion

This chapter includes the basic definitions to abstract action-based systems that
are used, in general, to describe the semantics of process algebraic specifications.
We support three kinds of abstractions:

o Abstraction of states: It is done either by providing a mapping between
concrete and abstract states, or by using a Galois Connection between two
partially ordered sets representing the concrete and the abstract universe
of states. In the second case we have an order that defines the precision
of the states. More precise states contain more information.

e Abstraction of transitions: By using the modalities (may and must) we
join two approximations of the behaviours of the concrete system and over-
and under-approximation. Adding may-transitions or removing must-
transitions produces more abstracted systems.

e Abstraction of actions: Actions are abstracted in the same way as states,
this can produce more expressive abstractions and furthermore helps to
deal with infinitely branching systems.

The three abstractions and the approaches to relate abstract and concrete
systems are combined in a homogeneous manner. Abstract systems are proved to
preserve properties described in the action-based p-calculus. The next chapter
is dedicated to explaining how to extract correct approximations from system
specifications.

Related Work: A complete description of the work of the past almost thirty
years (from the former papers of Cousot and Cousot [29, 30]) would be an
enormous task. A good overview is presented in [28]. There, the author presents
a brief overview of the theory and pointers to some selected work. An extended
version of the paper can be found on the author’s web site that counts 47 pages
of bibliography. The amount of references gives an idea of the influence of the
theory on the field of static analysis and program verification.

6]a)e = —(a)—¢ holds for the homomorphic case.
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The first papers by Cousots were difficult to digest and some time had to
pass in order to be assimilated by the verification community. Important con-
tributions were done by Jones and Nielson [77], Dams [31] and Loiseaux and
al. [85], to make the former theories suitable to apply in automatic verification.
They give characterisations of the abstract and concrete systems in terms of the
properties that they satisfy. The characterisations are presented by consider-
ing different fragments of the logic. Some more effort was needed to unify the
different results in a homogeneous theory.

Kelb in [78] integrates the possibility of inferring the satisfaction and the
refutation of properties by defining a 3-valued semantics of a logic. This work is
continued by Huth, Godefroid and al. [75, 55]. They base their models in modal
transition systems which where previously defined by Larsen and Thomsen [84,
83]. Modal transitions system, as we have seen, are suitable structures to model
under-specified systems.

On the other side, the work in [36, 26] use a different framework to define
abstractions. The simplicity of their approach strongly influenced the automatic
techniques of verification. One of the main problems of abstraction theories is
how to find good abstractions. The use of simpler ways of relating systems
allowed to partially automate the search for abstractions. [112, 80] worked on
the unification of the different abstraction approaches. Schmidt characterises
abstraction relations in terms of binary relations that define simulations between
systems. Pnueli presents in a homogeneous way control and data abstraction.

Our work inherits from all the cited references. We have done an extension
of the theories to allow the possibility of abstracting actions. Since labelled
transition systems are the most common structure used to define the semantics
of process algebra, our extension permits the integration of classical abstraction
techniques into the process theory [8].

1.6 Proofs

Proof (Lemma 1.4.1):
We prove the necessary semantics, the possible is proved in the same way.
From now on, for simplicity, we only include the context p when it is needed:

Case: Necessary Fulse
1. We have to prove [T]™cc = [-F]™ec.
2. By semantics of negation [-F]™®¢ = —[F]P°%. Therefore,
3. § C = = S which trivially proves the case.
O (Case)
Case: Necessary Disjunction

1. We have to prove [p1 V p2]¢ = [=(—¢1 A —p2)] ™.
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]]71,6(!

2. By semantics of negation [-(—p1 A —p2) = =1 A —p2]P%. So,
3. =([¢1]P°% N [~p2]P°%) which is equal to —=(=[p1]™ N =[] ™€), then

4. =(=lpa]" N =[] ™) equals [or]™ U 2] " = [e1 V 2], which
proves the case.

O (Case)
Case: Necessary Universal
1. We have to prove [[A]p]™¢ = [~(A)—p]™°
2. By semantics of negation [-(A)—]"°¢ is =[-(A4)—¢]P°?, which is equal to

3. 7{s|3Ir,a,d.ac Ana=gd Ns O T AT € [—¢]P°5}, which is equal to
{s|Vr,a,a.ac Ana<ad NsSor = r¢ [P} which is equal to

4. {s|Vr,a,d.ac ANa<a As St => 1€ []™<} which is equal to
[[A]e]™e¢ and proves the case.

O (Case)
Case: Necessary Fizpoint

We are going to prove that the equivalence is true by applying transfinite
induction on the ordinals. So, for all value of A assuming that the lemma is
true for any 5 < A. Note that we treat all ordinals as limits of the lower ones,
therefore we do not need to distinguish different inductive cases.

1. We have to prove:

(a) [uY <N p(V)ee = [w¥ <X ~p(=Y e

(b) ¥ oY) = [w¥ A~ (=Y )]

2. By Induction Hypothesis, we know that for all § < A, [[uYﬁ.go(Y)]]Z“ =
0¥ (Y

3. From definition we know: [[ﬁVYO‘.ﬂga(—'Y)]]Z“ = ﬂ[[l/Y<)‘.—|<p(ﬂY)]]g°S
which is equal to - ﬂB<A[[VYB.ﬂ<p(—\Y)]]ﬁ°S, which is equal to

4. Usnr S[vY P =p(RY)]pos = Uﬁ<>\[[ﬂyYﬁ.ﬂ<p(—\Y)]]Z'“ by L.H. this is equal
to

5. U5<A[[VYB.30(Y)]}Z"‘C = [vY <*.o(Y)]2° which proves (1.a).

6. We proceed with (1.b), [-wY *.—p(=Y)]2¢¢ = =[vY*.—p(=Y)]5°° which
equals —[—p(—[[VY < .= (=Y )[5°%])]P°%, which is equal to
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7. [o([[~vY <t = (=Y )]3e])] "¢, then

8. by (1.a), equals [o([[nY <*.o(Y)]2Y])]" = [uY *.o(Y)]2¢¢, that proves
the case

O (Case)
O(Lemma)

Proof (Lemma 1.4.2):

The proof is done by performing simultaneously structural induction over
the formula ¢ and transfinite induction on the ordinal A. We need the lemma
for closed formulas only. The semantics of closed formulas is independent of the
valuation. However, because we will do the proof by induction on the formula,
we have to consider open subformulas as well. Because the lemma does not hold
for open formulas for all valuations, we must formulate the induction formula
with care. So we will prove that for all open formulas ¢, for all valuations p
such that for any Y, p"¢¢(Y") C pP°*(Y") holds, the following statement holds:

o [elpe < [elp

This means in particular that in order to apply the induction hypothesis
in the fixpoint cases, we must check that the modified valuation satisfies the
constraint. Then, for any property ¢, for any p (under the constrain explained
above), and for any A assuming that the lemma is true for any 8 < A, we con-
sider the following cases:

Case: Fulse

1. We have to prove” [F]™¢¢ C [F]P°*, which is trivial because § C ()
O (Case)
Case: Negation

1. We have to prove [-@]™¢ C [—¢]P°%, which is equivalent to —[p]?°* C
~fel

2. By Induction Hypothesis, we have [¢] ¢ C [¢]P°%, which trivially proves
the case.

O (Case)
Case: Conjunction

1. We have to prove [p1 A @2]™° C [e1 A @2]P°%, which is equivalent to
[ea]™ee N 2] C [@a]P2° N [pa]Po°

7For now on, for simplicity, we drop the propositional context when it is not needed.
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2. By Induction Hypothesis, we have [p1]"¢ C [p1]P?® and [pa]™¢¢ C
[=2]?°%, which trivially proves the case.

O (Case)
Case: Eristential operator
1. We have to prove that for all A, [(SAT(A))¢]™ C [(SAT(A))e]?®

2. By Induction Hypothesis, we have [¢]"¢ C [¢]P°°

3. Assume s € [(SAT(A))¢]™*, then by definition 37, a,a’.a € SAT(A) A
ad <ahsSorAre [p]rec

4. Let us assume 7, a and a’ such that:

’

(a)
(b)
(©)
(d) e [e]"

5. By definition of MLTS for every must transition there is a may transition,

V2]

L
a € SAT(A)

ad<a

hence s i/><> T.
6. By definition of saturated, (4.b) and (4.c) imply o’ € SAT(A).
7. By LH., r € [¢]P°. So,

8. if s € [(SAT(A))p]™° then Ir,a’ € SAT(A).s T AT € []P°® which
implies

9. s € [(SAT(A))p]P°° that proves the case.
O (Case)

Case: Variable Valuation
1. We have to prove [Y]7e¢ C [Y]bos.

2. By the constrain on the propositional context, we know p™¢¢(Y") C pP°%(Y)
which proves the case.

O (Case)
Case: Minimal Fixpoint

1. We have to prove that for any A:

(a) [uY <*.g]nee C [uy <*.p]Ees



36

Chapter 1 Modal Abstractions of Labelled Transition Systems

(b) [uY*.]nee C [uY . p]bes

assuming (a) and (b) are true for all § < A.

. By definition [[uY“\cpﬂZec = Uﬁd[[uYﬁ-@ﬂZ“

. By (trans)-Induction Hypothesis we know that for any 8 < A the following

equality holds, [uY”? wplpee C N «p[h°®, therefore

: U5<)\[[MY5.30]}"“ - U5<A[[uYﬁ.gaﬂp°S, which proves (1.a).

. We proceed with (1.b), by definition [uY . = [[go]]?

LecC
po[[pY <*.¢],/Y])
pos

and [V 2150 = [P0 v <n o1, /v)

. By (1.a), we know that [[MYO‘.QO]};“"C C [[uYO‘.(p]]ﬁ"s SO
. p@ [[pY <*.¢],/Y] satisfies the constrain presented above. Therefore,

. By Induction Hypothesis on the structure of ¢, [@]]E‘peé[[[“y< xol,/v]) S
. P

pos

1% (ollsY <> 01,/ Y]) which proves the case.

O (Case)

O(Lemma)

Proof (Lemma 1.4.3):

L []™e € [el*** < [e]™ n=[e]P =0

2. By the semantics of negation and conjunction, § = [p]™ N —[¢]?* =

[e]™ee N [—]™c = [p A =)™, which proves the Lemma.

O(Lemma)

Proof (Lemma 1.4.4):

1. Je]™c C [e]P® <= [e]™ N =[e]P?® = 0 which is equivalent to

el el = 5

2. By the semantics of negation and disjunction, S = =[p]™¢ U [¢]P°* =

[—]Pes U ] = [~ V ¢]P°%, which proves the Lemma.

O(Lemma)
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Proof: (Theorem 1.4.5) Following the same reasoning of the proof of pre-
vious Lemma 1.4.2 (see above), we will prove the following stronger statement:
for all s,s” with s < s, for all open formulas ¢, and for all p and p, such that:

e s € [)nec(y) — s¢€ pnec(Y)
o s€pls(Y) = s € pP(Y)
it holds that:

o Nis' 5% = Mis=p e

o Nos' L7 ¢ = M, s [EE ¢

This in turn is proved by induction on the structure of the formula ¢ con-
sidering at the same time the possible and necessary semantics and transfinite
induction on the ordinal A. We consider the following cases®:

Case: Necessary False
1. We have to prove N, s’ " F = M, s ="° F

2. [F]f© and [F]R$ are both ) which trivially proves the case.
O (Case)
Case: Necessary Negation

1. We have to prove N, s’ "¢ =p = M, s " —p

2. By the semantics of the negation (1) is equal to N,s’ KPS o —
M, s EP o

3. By Induction Hypothesis, we know N, s’ [£P°% o = M, s F£P°S © which
trivially proves the case.

O (Case)
Case: Necessary Congjunction

1. We have to prove N, s" =" o1 Ao = M, s E" p1 A 2

2. By Induction Hypothesis, we know N, s" =" 1 = M, s ="°° ¢ and
N, s ':nec o M,s ):"ec P2 therefore,

3. By the semantics of the conjunction N, s’ E"¢ p1 A po = N, 5" "¢
1 AN, s E"C oy, then by L.H. follows trivially the case.

8Remember that we denote with — the transitions of M and — the ones of N, and N is
more abstract than M, i.e., M Cg N
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O (Case)

Case: Necessary Existential
1. We have to prove N, s" =" (A)p = M, s =" (A)p
2. Assume N,s' ="¢ (A)p, then 37/,a,a’.a € ANd < alhs g’ A
N7 7,.,/ ':nec (p
3. Assume some 7', a and a’ such that

a

(
(b

) a
) a
(c) ¢ Sg !

(d) N, 7 ="ee o

4. By Induction Hypothesis, we know that for all r € M and r’ € N, such
that r < r’ follows N, 7" =" o = M,r "

5. By definition of approximation, s < s’ and (3.c), there exist b and r such

that Sg[\ randr <1’ A b<a, then
6. Assume some b and r such that:
(a) r <o
(b) bxd
(c) s Lo
7. By transitivity of <, (3.b) and (6.b) follows that b < a
8. By L.H,, (3.d) and (6.a) follows M,r "¢ ¢

9. Therefore, if N,s’ "¢ (A)p we have proved that 3r,a,b.a € AN

ans SorA M,r ="¢¢ ¢ or what is the same M,s "¢ (A)p, which
proves the case.

O (Case)

Case: Necessary Variable Valuation
1. We have to prove N, s’ E2°Y = M,s ;Y

2. By the restriction on p and p, we know s’ € p"¢(Y) = s € p"(Y)
which trivially proves the case.

O (Case)
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Case: Necessary Minimal Fizpoint

1.

10.

11.

We have to prove that for any A:

(a) '€ [[NYO‘.QDH%? = s¢€ HNY</\~50H2,€XA
(b) ' € [ oli% = s € [ el
assuming (a) and (b) are true for all 8 < A.
By definition [uY <*. go]]”ec U5<)\[[MY5,¢]}25@

By (trans)-Induction Hypothesis we know that for any 8 < A, s’ €
[uY 5. P = sE€ [uYﬁ.wﬂz%.

If ' € U,@<>\[[HYB- 7 implies there exists some § < A such that s €
[[uYﬁ.ap]]gfc , then

Assuming s’ € [uYP.o > by (3) implies s € [uY .o eln%, so

s € UB<>\[[/.LYB @l implies s € UB</\[[HYB.¢]]Z'%, which proves the
1.a).

We proceed with (1.b). [uY*.]2% = ﬂ@]]?fé[[[“yo_q,]]ﬁ‘N/y])’N
The same holds for M, [uY*.¢ pot = 105 gy <> Clprt/ YD) M
By (1.a), we know that s’ € [[,LLY<>‘.<,0 Py = sE€ [nY <*. b SO

p o [[Y <Plan/Y] and pa @ [[uY <P plpa/Y] satisfy the constrain
presented above. Therefore,

Then we apply the Induction Hypothesis on the structure of ¢, s’ €

LVGoty < etpn/vpar = o € [[@]]”fé[wd Ao/ ¥, M- Therefore,
s e [uyre PN = sE€ [nY .o b which proves the case.

O (Case)

The rest of the proofs for the necessary part follow by the equivalences proved
in Lemma 1.4.1. The proofs for the possible part are as follows:

e F, A, - and variable valuation are analogous as the necessary ones.

e The possible existential is dual to the one presented, it is included below

for illustration.

e The fizpoint operator is identical to the necessary one. It is enough to

change nec for pos and to swap M with NV.

Case: Possible Existential
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1. We have to prove N, s’ [£P5 (Ayp = M, s P (A)p or what is the
same M, s =7 (A)g = N8’ = (A}

2. Assume M, s |=P%° (A)p, then 37, a,a’.a € ANa < a’As il><> rAM, 1 =P8
¥

3. Assume some r,a and a’ such that

4. By Induction Hypothesis, we know that for all » € M and ' € N, such
that r < 7’ follows M, r PO o = N 1’ PO

5. By definition of approximation, s < s’ and (3.c), there exist b and r’ such
that s’ —bi><> r"and r <1’ A a’ <b, then
6. Assume some b and r’ such that:
(a) r <o
(b) ' b
(c) ¢ —bi><> r!
7. By transitivity of <, (3.b) and (6.b) follows that a < b.
8. By LH., (3.d) and (6.a) follows N, 7’ =P°5

9. Therefore, if M, s =P (A)p we have proved that 3r',a,b.a € ANa <

b
bAS —o " AN, T/ EP ¢, or what is the same N, s" P (A)p which
proves the case.

O (Case)
O (Lemma)

Proof: (Theorem 1.4.6) The proof is done by structural induction over the
formula ¢ simultaneously over the necessary and possible parts. As in the proof
of Theorem 1.4.5 we are going to prove the statement for open formulas, or all
s, 8 with s € y5(5), for all open formulas ¢, and for all p and p, such that:

o M|, 5€pm(Y) = M, M€ prc(Y)

o M,s€pr(Y) = M|,5€e(Y)
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the following statement holds:

o MLTERG = M,sENG, @

NA| o LLPOS ~ pos
o MI,sWS" ¢ = M,siE) G, @
The base cases: F, = and A are trivial. We just consider the following cases:

Case: Necessary Existential
1. We have to prove M|, 5 =" (A)p = M, s e (A A
2. Assume 5 "¢ (A}@ (from now on we drop the reference to the system)
P P PO Py
then 37,a,b.a € ANV GAS o TAT E"CQ

3. Assume some 7,a and b such that

)

(a
(b
(c
(d

) Q)
‘L@) A m
Q)

E\
':ne(‘ A

4. By Induction Hypothesis, we know that for all » and 7 such that r € vg(7),
r ':ne(: (p ﬁ r ':nGeAC (p

=) »)

)
)
)
)

5. By definition of minimal restricted abstraction and (3.c), exists a pair
(Rmins Bmin) in MZ%, such that:

(a) 7= as(Rmin)
(b) b= aa(Bumin)
6. By definition, (Rmin, Bmin) in /\7?%?3) implies (Rynin, Bmin) in ./T/l\(’s\’[]),
hence:

(a) Vs € v5(5), implies 37 € Rumin, @ € Bpin.s Lar
7. Assume r and a, such that:

(a) 7 € Rmin

(b) a € Buin

(c) s Sor
8. Then,

(a) By monotonicity of ag and (7.a), as({7}) < as(Rmin)
(b) by (5.a), as({r}) <7, so



42

9.

10.

Chapter 1 Modal Abstractions of Labelled Transition Systems

(¢) by monotonicity of vg, vs(as({r})) C vs(¥), so
(d) by the properties of the Galois Connection, s € v5(7), therefore
(e) 