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1

Introduction

The central keywords of this thesis are \v eri¯cation" and \distribution". Veri¯c ation
refers to the processof ¯nding, by formal means,designerrors in complex hardware
and software systems,or assessingtheir absence.The necessity of formal veri¯cation
is supported by many examplesof fatal, dramatic, expensive, or just annoying design
errors, seefor example [Der]. Distribution , the art of making many di®erent, some-
times geographicallydistant, computers cooperate to achieve a commongoal, plays a
role in this thesis both as means(Part I) and as object (Part I I) of veri¯cation.

Veri¯cation is usually performed by use of various formal methods that allow the
precisedescription of systemsand their desiredproperties, aswell as reasoningabout
them. The systems are modeled in a language with clear mathematically de¯ned
syntax and semantics, like logics, automata and processalgebra. Using axioms, rules
and proof techniques, one can check whether properties are met, show that di®erent
models have equivalent behaviors, etc.

This thesis consistsof two parts, one about distributed tools to support the veri-
¯cation processand the other about verifying a speci¯c type of distributed software
architectures. The following sectionsdetail the background and contributions of each
part separately.

Distributed veri¯cation

Analyzing formal speci¯cations canbedonemanually for simple systems,but for large
real-life systems automated support is essential. The formal veri¯cation tools fall
roughly in two categories:theorem proversand model checkers [CGP00]. In the theo-
rem proving approach, the systemand the desiredproperty are expressedas formulas
in somelogic, then the theorem prover assistsin ¯nding a proof of that property for
that system. This requiressomedegreeof human expert intervention, which makesit
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an insightful approach, but alsospecializedand time-consuming. In the model check-
ing approach, on which we focusin this thesis,a ¯nite model (state space)of a system
is built and the required properties are checked against it. Model checking doesnot
require a high degreeof expertise from the usersand can be completely automatized,
which makes it a usually fast operation. Moreover, when violations of the properties
are found, counterexamplesare produced (representing subtle errors in design) that
can be very helpful for debugging.

But there is one seriousproblem that model checking has: the combinatorial ex-
plosion of the state spacewhen the system speci¯ed is made up of many interacting
components. For complex industrial systems,the state spacecan becomehuge,much
larger than the internal memory of one machine. Many techniques have beendevel-
oped to copewith this problem: symbolic representations, abstractions, compositional
veri¯cation, partial order reduction, on-the-°y processing,using the disk asextra stor-
age, or using clusters of computers. The latter approach, distributed processing,is
the topic of intensive research in recent years, due to the availabilit y at low cost of
clusters. Distributed solutions for many veri¯cation problems are produced, from
state spacegeneration to the actual model checking.

The ¯rst part of this thesis contributes to this direction by proposing distributed
messagepassingalgorithms for computing state spaceequivalences.Thesealgorithms
allow reducing huge state spaceswhile preserving interesting properties. It is often
the casethat a state spaceneedsthe memory of a few machines to be stored, while
its equivalent minimized version does ¯t in the memory of one machine and can be
model checked by single-threadedtools. The algorithms and implementations that we
proposeachieve the property that the memory usageper machine decreasesalmost
linearly with the number of machinesemployed. Sincememory usageis the bottleneck,
this is an important feature that ensuresthat linearly larger state spacescan now be
veri¯ed.

The equivalencereduction algorithms can be usedfor equivalencechecking as well.
Equivalencechecking is a way to comparea speci¯cation with an implementation. If
the two modelscanbe identi¯ed, then this is a proof that the implementation correctly
implements the speci¯cation, according to the notion of correctnesscaptured by the
chosenequivalence.

Veri¯ed distribution

A distributed software systemis generally seenas a number of single-threadedappli-
cations together with a distributed communication layer that coordinates them. To
solve the task of coordination, various models have beenproposed,among which the
shared dataspace is one of the most popular. A shared dataspacearchitecture is a
(possibly distributed) storageof information and/or resources,viewed as an abstract
global store, that applications useto coordinate their actions by reading, writing and
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removing piecesof data. These architecture models are used in parallel computing
applications (Linda, Gamma), network applications (Bonita), WCL), command and
control systems(Splice), management of federations of devices(JavaSpaces).

There is a vast literature devoted to modeling, analysisand veri¯cation of this type
of architectures. Research issuesinclude comparisonof the expressive power of di®er-
ent shareddataspaceparadigms,formal semantics for them, e±cient implementations,
etc. The attention is justi¯ed by the vital role that the choice and implementation of
the architecture plays in the correctnessand the performanceof a software system.

In the secondpart of this thesis, we approach some of these issueswith process
algebraic modeling and proof techniques and we explore the possibility of applying
existing model checking tools to the veri¯cation of shareddataspacearchitectures.

Overview

In order to facilitate reading, we have kept the chapters as self-contained as possible.
The two parts can be read independently and each has its own intro ductory chapter.

Part I

Chapter 2 provides an intro duction to parallel and distributed model checking, out-
lines our framework and ¯xes the most important de¯nitions, notations and conven-
tions occurring in the ¯rst part.

In Chapter 3 we present two distributed algorithms for the reduction of state spaces
modulo strong bisimulation equivalence. Until now this problem hasonly beensolved
by sequential or parallel (shared memory) algorithms. Our algorithms are a straight-
forward and an optimized distributed version of the \naiv e" reduction method given
by Kanellakis and Smolka in [KS83]. We give a detailed description and analysis
of both, including correctnessand complexity proofs. We also show by performance
data that they scaleup well in both memory and time and comment on how the two
solutions compareto existing (sequential) tools and to each other.

Chapter 4 continuesthe development of the basicalgorithm from Chapter 3 by adapt-
ing it to deal with another behavior equivalence,namely branching bisimulation. This
is more complicated due to the fact that the transitiv e closure of the ¿-transitions
must be taken into account. We prove the correctnessof the adapted basicalgorithm,
discussits complexity and show that the implementation scalesup. This is the ¯rst
non-sequential solution given for branching bisimulation.

Chapter 5 treats the well known problem of detecting strongly connectedcomponents
of a graph. This problem has a linear sequential solution, but which unfortunately
is di±cult to implement in a parallel/distributed setting. However, for the speci¯c
type of graphs that represent state spaces,we give a collection of heuristics that solve
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it (distributedly) in reasonabletime. Finding the strongly connected components
has applications both to the reduction modulo branching bisimulation and to model
checking state spacesagainst LTL/CTL formulas.

Part I I

Chapter 6 provides a short literature survey on coordination models, shared data-
spacesand issuesregarding their distribution.

Chapter 7 is a study on the expressivenessand distributed implementation of the
simplest imaginable shared dataspacecoordination architecture, namely a data set
with two primitiv es: one to write an element and another to read an element. First
we give | and prove correct | a distributed implementation of this architecture,
where the global storage is replaced by local caches. Next, we formalize a notion
of implementation on this architecture and we show that in fact any speci¯cation of
system requirements admits such an implementation. This proves that this minimal
setting has maximal expressiveness.

Chapter 8 intro ducesa modeling language(spacecalculus) for distributed dataspace
architectures. We give a syntax and an operational semantics to this languageand
provide tool support for the functional and performance analysis of its expressions.
This is also a step towards establishing a formal link between the implementation
model and the actual implementation, for the speci¯c caseof distributed dataspace
systems.We illustrate the approach with two small examplesof studying transparent
replication in Splice and transparent distribution in JavaSpaces.

Chapter 9 draws someglobal conclusionsand examinespossiblefuture plans.

Chapters 3 and 4 are the result of joint work with Stefan Blom and have beenpub-
lished as [BO02, BO03b, BO03a]. An extended version of [BO02] will appear as
[BO05]. Chapters 5, 7 and 8 are joint work with Jaco van de Pol. The latter two are
basedon [OP02, OP03]. Chapter 5 has not yet beenpublished.
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2

ParallelandDistributedModelChecking

Parallel and distributed data processingis a very active areaof research, driven by the
ever growing needfor speedand space. Many scienti¯c and engineeringapplications
use fast multipro cessorsupercomputers or networks of computers to deliver better
performance. Examples include real-time video processing,factoring large numbers,
large-scalesimulations for di±cult problemslike weather forecasting,numerical appli-
cations, etc. Our main concern and motivation is the veri¯cation of large industrial
systems, which is a big challenge to the current technological possibilities. From
the many techniques and tools being developed for it, we choose to concentrate on
exploiting the power of distributed memory machines, or clusters of workstations.

Part I presents four distributed algorithms belonging to the area of enumerative
model checking of large state spaces.In this chapter, we intro duce the most relevant
concepts, namely enumerative model checking (Section 2.1), distributed algorithms
(Section 2.2) and state spaces(Section 2.3).

2.1 Model checking

Symbolic versus enumerative. Veri¯cation by model checking has been developing
in two main directions: symbolic model checking, and enumerative, or explicit state,
model checking. In the symbolic approach, compressedrepresentations of state spaces
areused. They seemespecially advantageousfor hardwareveri¯cation, wherea system
is describedasa set of processesprogressingtogether synchronously. The enumerative
approach, where all the states are generatedand all transitions computed, is usually
consideredmore appropriate for software veri¯cation. The enumerative generation
tools can be sub-divided into on-the-°y and ful l-generation. An on-the-°y tool will
compute the transitions of a state on demand, while it is checking a property. (Sym-
bolic tools can also work on-the-°y.) A full-generation tool will ¯rst compute the
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whole state spaceand only then start checking the property. The main advantage of
on-the-°y tools is that if the property can be proved or refuted by exploring only a
small part of the state space,the unnecessarygenerationof the rest of the state space
is avoided. However, if proving a property requiresvisiting the whole state spacethen
full-generation tools have an important advantage: after generating a state spaceit
can be reducedmodulo an equivalencethat preservesthe properties to be checked.

State spaceexplosion. The most seriousproblem that all veri¯cation methods have
to face, and especially the full-generation ones,is the state space explosion, which is
the combinatorial growth of the state spaceof a processwhen it is madeout of several
parallel components. State spaceexplosionis the reasonwhy the sizeof systemsthat
veri¯cation tools can handle is traditionally very small, and why many interesting
applications still remain out of reach.

2.1.1 Parallel and distributed approaches to model checking

The easiestsolution to solving this memory shortage problem is to use a machine
with more memory. However, machines with a really big amount of memory are very
expensive. Due to recent advances in the development of networks, clusters have
becomean appealing low-cost alternativ e platform for parallel computing. Besides
wide availabilit y and scalability, they alsohave the advantage of open-sourcesoftware
like Linux, ¯le systems (NFS, PVFS) and communication libraries (MPI, PVM).
Therefore, a lot of e®ort is currently invested in building distributed tools, in both
the symbolic and the enumerative veri¯cation communities.

Below we highlight di®erent problemsthat occur in the model checking processand
we take a look at someparallel and distributed algorithms developed for them.

State spacegeneration. Quite a few state spacegeneration methods have beenpro-
posedthat usesharedand distributed memory to obtain better performance. A few
examplesare [HBB99, CCM01, Cia01]. In [GMS01], large state spacesare generated
on a cluster of workstations.The run time performance is drastically improved with
respect to similar sequential tools, but the sizeof the state spacesthat can be gener-
ated is not bigger, sincein the end the whole state spaceis collectedon onemachine.
In [BLL03], the state spaceis generated in a distributed format [BLL03] (see also
paragraph 2.3.4), on which the reduction tools described in the next three chapters
are applied.

Equivalence reduction. Reduction of a state spacemodulo someproperty preserv-
ing equivalencecan considerably decreasethe size of the state spacethat needsto
be veri¯ed. This operation is particularly important in caseswhere the original state
spaceis too big to ¯t on a single machine, as it happenedin somerecent casestudies
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with the ¹ CRL toolset [PFHV03, PV03], whereonly the reducedstate spacecould ¯t
on onemachine. The most well known solutions for the reduction problem have been
given by Kanellakis-Smolka [KS83] and Paige-Tarjan [PT87]. These are sequential
algorithms, and based on them parallel shared memory algorithms have been con-
structed as well [ZS93, RL98]. The algorithms that we proposein this thesis are the
¯rst that make useof distributed memory.

Equivalencechecking. Sincethe reduction algorithms actually compute the equiva-
lenceclasses,it turns out that they can also be used for checking equivalence of two
state spaces.More precisely, if we apply the reduction algorithm on the union of the
two state spaces,their roots get collapsedto the samereducedstate if and only if the
state spacesare equivalent. This holds for any equivalence. Unlike equivalencereduc-
tion, equivalencechecking can easily and naturally be performed on-the-°y. Recently ,
on-the-°y equivalencereduction has beendistributed [JM04].

State spaceexploration and model checking. To actually check desired properties
on the generated(and possibly reduced) state space,or on-the-°y, a logic to specify
these properties is used. Common logics are LTL (Linear Temporal Logic), CTL
(Computation Tree Logic) and ¹ -calculus. The properties expressedare of two basic
types: safety, stating that \something bad never happens", and liveness,stating
that \something good eventually happens". Parallel and distributed model checking
started with the parallelization of the Mur Á veri¯er [SD97] and continued with the
distribution of the algorithm used by SPIN to verify safety properties [LS99] and
the distribution of the symbolic model checker UPPAAL [BHV00]. The algorithm
in [LS99] was later extended [BBS01] in order to cover livenessproperties too. Also
¹ -calculus model checking has beenparallelized [BLW01].

2.2 Distributed algorithms

We now intro duce a number of useful notions and explain the context and the as-
sumptions under which we later develop the algorithms in Chapters 3, 4 and 5.

2.2.1 Distributed algorithms and parallel algorithms

A clear distinction should be made between the parallelism on shared memory ma-
chines(SMM) (for instance[RL98, KR90]) and the parallelism on distributed memory
machines (DMM) (for instance [BBS01, FHP00], this thesis). The algorithms in the
¯rst categoryusually assume,besidesa hugeamount of memory, the presenceof many
processorsas well. The number of processorsavailable is in the order of the problem
size,while for distributed memory machines the number of processorsis much much
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smaller. Also, for sharedmemory, communication betweenprocessorsis not an issue,
while for distributed memory the latency of communication plays an important role.

So, in our opinion, programs designedfor shared memory cannot easily run on a
DMM, becausemost of the time the latenciesof a virtual sharedmemory systemare
too high. (However, if the algorithm is really tolerant to high latenciesthen of course
this is possible. In this case, there is also the possibility of using a disk as extra
storagerather than remote memory.) In the other direction however (from DMM to
SMM), program migration doesproduce acceptableresults, as we will show on some
examplesin Chapter 3.

2.2.2 Distributed algorithms and distributed algorithms

The term \distributed algorithms" as usedin the emerging¯eld of distributed veri¯-
cation { and in this thesis { doesnot refer to classicaldistributed algorithms like the
Dining Philosophers,LeaderElection, Stabilization etc. From our viewpoint theselat-
ter algorithms arerather distributed protocols, sincecommunication plays the essential
role and the goal is mostly to achieve somekind of global decision, synchronization
or consistency.

Our distributed algorithms act on top of such distributed protocolsand could some-
times use them as communication primitiv es. They focus on the computation side,
on solving together a large problem. They are actually parallel algorithms working
on distributed memory machines. But we prefer to call them distributed in order to
make the distinction with parallel algorithms working on shared memory machines,
for which the problem is again di®erent. The main di±cult y in designing \our" dis-
tributed algorithms is dividing the computation in such a way that communication is
triggered rather infrequently , but in the sametime avoiding large idle times.

Another relevant di®erenceis that in a classicaldistributed algorithm the network
topologyplays an important role, while our distributed algorithms liveat a higher level
of abstraction and are not aware of topology aspects. We take the simple approach
that every two processorscan send/receive messagesto each other.

2.2.3 Complexity measuresfor distributed algorithms

To evaluate the performanceof our designs,we usethe time/message/bit complexity
measuresfor distributed algorithms, asde¯ned in [AW98]. We call the parallel pieces
of such an algorithm workers.

De¯nition 2.1 (time complexity) The worst-casetime complexity is the maximal time,
amongall possibleexecutions for all possibleinputs, elapsed between the moment when
the ¯rst worker starts execution and the moment when last worker stops.

Sendinga messagecounts as one time unit.



2.2 Distributed algorithms 11

De¯nition 2.2 (messagecomplexity) The worst-casemessagecomplexity is the maxi-
mal number of messagessent by all workers during a run (largestout of all runs).

De¯nition 2.3 (bit complexity) The worst-casebit complexity is the maximal number
of bits (messages£ their size) sent by all workers during a run (again, largestout of
all possibleruns).

2.2.4 Performance measuresfor distributed algorithms

In many cases,the worst-casetheoretical complexity of a distributed algorithm is not
a good indication of its usefulnessin practice. To show the qualities of a distributed
tool, also performancemeasurements are made, usually on input types to which the
tool is targeted (in our case,state spaces).

An important measurefor the practical performanceof a (parallel or) distributed
algorithm is the speedup. If D is a distributed algorithm, S its fastest sequential
version, and T(D, p), T(S) the times they need on p processorsand one processor,
respectively, then the speedupof D on p processorsis

speedupp
D =

T(S)
T(D, p)

2.2.5 Clusters of workstations

The target architecture of the algorithms that we develop is a cluster whosenodesare
connectedby a high bandwidth network (a Distributed Memory Machine). Weassume
that both the nodesand the network are reliable (no node failure, no messageloss)and
that the order of messagesbetweennodes is preserved (the communication channels
are FIFO queues). We also assumethat the channels are unbounded. Processes
communicate by executing SEND TO and RECEIVE operations; SEND TO is non-
blocking, RECEIVE is blocking. A few other communication primitiv esbuilt on top
of thesetwo will be usedas well. They will be explained when they ¯rst occur.

We implemented all communication primitiv esusing the LAM/MPI library (Mes-
sagePassingInterface) [SL03]. The correctnessproofs of our distributed algorithms
assumecorrectnessof these primitiv es. For a thorough discussionregarding imple-
mentation of communication primitiv es in the distributed model checking literature,
see[Jou03].

We will sometimemention the latency, bandwidth or throughput of a network. These
notions are explained below.

The messagedelay D(s) of a messageof sizes is its travel time.
The latency of a network is the time it takesa small packet to travel from its source

to its destination. Formally, it is D (s0 ), meaning the messagedelay of the smallest
messageadmissibleby the communication system (s0).
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The (asymptotic) bandwidth of a network is the amount of data that can be trans-
mitted in a ¯xed amount of time. Formally, it is the value of the function size

D (size ) as
size > 0 approaches in¯nit y. Bandwidth is expressedin bps (bits per second). The
most often encountered networks nowadays are Fast Ethernet, with a bandwidth of
100 Mbps, and Gigabit Ethernet (bandwidth 1 Gbps).

The (tr ansmission) throughput is the transfer rate measuredat the sender,that is
the data rate at which an in¯nite stream of messagescan be pushedinto the network
without causingdata loss.

2.2.6 P-completeness

In complexity theory, P is the class of problems for which an e±cient (i.e. deter-
ministic polynomial time) solution exists. When moving from sequential to parallel
computation models, the question ariseswhich problems in P also admit an e±cient
parallel solution, that is one that runs in polylogarithmic time (O ((log N )O (1) ))
using a polynomial number of processors(O (N O (1) )). The classNC contains the
problems with an e±cient parallel solution. It is known that NC µ P µ NP and it is
widely believed that both inclusionsare strict, although the proofsof that are di±cult
open problems. Just like NP-complete problems are collected in order to shedsome
light on the di®erencebetweenP and NP, P-completeproblems are believed to form
the di®erencebetween NC and P and consideredto be not e±ciently parallelizable,
or inherently sequential. Formally, a problem is P-complete if it is in P and reducing
any other problem in P to it is in NC.

The relational coarsestpartition problem [KS83], which is the basisof equivalence
checking problems, has been proved P-complete [ABG91]. Also the standard depth
¯rst search, typically usedby the algorithms for detection of strongly connectedcom-
ponents, is P-complete [Rei85]. Although these results do not directly apply to our
setting, which is distributed, rather than parallel (O (1) processorsinstead of O (N )),
they are an indication that the equivalencechecking and the detection of strongly con-
nected components are challenging problems to solve in a distributed manner. Note
that for veri¯cation purposesgood memory performanceis more important than time
and also that the P-completenessresults do not exclude the existenceof polynomial
time parallel algorithms that could still give a good speedup.

2.3 State spaces

2.3.1 Labeled transition systems

Let Act be a ¯xed set of labels, representing actions. Act contains a special action
¿ that stands for an internal (silent) step. A labeled transition system (LTS) is a
triple (S; T; s0) consisting of a set of states S, a set of transitions T µ S £ Act £ S
and an initial state s0 2 S. The transition relation will also be denoted by ¡! and
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we will write p a¡! T q for (p;a;q) 2 T or p a¡! q when T is understood. LTSs
are a convenient representation format for the behavior of systems, requirements
speci¯cations, implementations etc.

2.3.2 Behavioral equivalences

Veri¯cation techniques use behavioral equivalencesand preorders to decide, prove,
check or test that two systems can be identi¯ed, or that a system implements a
speci¯cation. Someequivalencesare also congruenceswith respect to parallel com-
position and thus allow application of e±cient compositional veri¯cation techniques
(see for example [TLG03]). A comprehensive presentation of many equivalencesis
given in [Gla01]. Here we intro duce four popular LTS equivalencesthat are used or
mentioned at various points in the thesis. They are all basedon the conceptof bisim-
ulation, which captures the relation between two systems that behave in a similar
manner, matching each other's moves.

Strong bisimulation equivalenceis the most powerful behavioral equivalence. It lets
two systemsbe equal only if they perfectly simulate each other.

De¯nition 2.4 (strong bisimulation equivalence[Par81]) Let (S1; ¡! 1; s1
0) and (S2; ¡! 2

; s2
0) be two LTSs. A binary relation Rµ S1 £ S2 is a strong bisimulation if for all

a 2 Act and all p 2 S1, q 2 S2 such that p R q:

² if p a¡! 1 p0 then 9q0 2 S2 : q a¡! 2 q0 ^ p0 R q0

² if q a¡! 2 q0 then 9p0 2 S1 : p a¡! 1 p0 ^ p0 R q0

The union of all strong bisimulation relations is itself a strong bisimulation and more-
over an equivalence relation; it is therefore named strong bisimulation equivalence.
Two states identi¯e d by strong bisimulation equivalence are called strongly bisimilar.
Two LTSs are bisimilar if their initial states are bisimilar.

Bisimulations that abstract from internal computation are particularly useful, be-
causethey equate more states while preserving interesting properties. Weak bisim-
ulation equivalenceis the equivalenceobtained from strong bisimulation equivalence
by relaxing the transition relation such that an arbitrary number of internal steps
( ¿¡¡! ) is allowed beforeand after a visible step ( a¡! ). Branching bisimulation abstracts
from the execution of internal steps too, but only of those that do not participate in
a choice, so that the branching structure of processesis preserved. ¿¤a-equivalence,
weaker than branching and stronger than weak equivalence,is useful becauseit pre-
servessafety properties (\something bad never happens").

De¯nition 2.5 (weak bisimulation equivalence[Mil89 ]) Let (S1; ¡! 1; s1
0) and (S2; ¡! 2

; s2
0) be two LTSs. A binary relation Rµ S1 £ S2 is a weak bisimulation if for all

a 2 Act and all p 2 S1; q 2 S2 such that p R q:
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² if p a¡! 1 p0 then (a ´ ¿ ^ p0 R q) _ (9q0 2 S2 : q ¿¡¡!
¤
2

a¡! 2
¿¡¡!

¤
2 q0 ^ p0 R q0)

² if q a¡! 2 q0 then (a ´ ¿ ^ p R q0) _ (9p0 2 S1 : p ¿¡¡!
¤
1

a¡! 1
¿¡¡!

¤
1 p0 ^ p0 R q0)

Weak bisimulation equivalence, or observationalequivalence, is the union of all weak
bisimulations and it is the largest weak bisimulation [Mil89]. Two LTSs are weakly
bisimilar if their initial states are weakly bisimulation equivalent.

De¯nition 2.6 (branching bisimulation equivalence[GW96]) Let (S1; ¡! 1; s1
0) and

(S2; ¡! 2; s2
0) be two LTSs. A binary relation Rµ S1 £ S2 is a branching bisimulation

if for all a 2 Act and all p 2 S1, q 2 S2 such that p R q:

² if p a¡! 1 p0 then
(a ´ ¿ ^ p0 R q) _ (9q0; s 2 S2 : q ¿¡¡!

¤
2 q0 a¡! 2 s ^ p R q0^ p0 R s)

² if q a¡! 2 q0 then
(a ´ ¿ ^ p R q0) _ (9p0; s 2 S1 : p ¿¡¡!

¤
1 p0 a¡! 1 s ^ p0 R q ^ s R q0)

Like in the strong bisimulation case, it turns out that the union of all branching
bisimulations is an equivalence relation [Bas96], branching bisimulation equivalence,
or branching bisimilarity. Two LTSs are branching bisimilar if their initial statesare
branching bisimilar.

De¯nition 2.7 (¿¤a-equivalence[BFG+ 91]) Let (S1; ¡! 1; s1
0) and (S2; ¡! 2; s2

0) be two
LTSs. A binary relation Rµ S1 £ S2 is a ¿¤a-bisimulation if for all a 2 Act and all
p 2 S1, q 2 S2 such that p R q:

² if p a¡! 1 p0 then (a ´ ¿ ^ p0 R q) _ (9q0 2 S2 : q ¿¡¡!
¤
2

a¡! 2 q0 ^ p0 R q0)

² if q a¡! 2 q0 then (a ´ ¿ ^ p R q0) _ (9p0 2 S1 : p ¿¡¡!
¤
1

a¡! 1 p0 ^ p0 R q0)

The ¿¤a-equivalence is the equivalence relation obtained by considering the union of
all ¿¤a-bisimulations. Two LTSs are ¿¤a-equivalent if their initial states are.

2.3.3 State spacesare special!

All the algorithms that we proposeexploit the fact that the LTSs on which they act
represent state spaces.Due to the way they are generated,namely as interleavings of
several parallel processes,state spaceshave somespecial characteristics:

² there is a special initial state (root);

² there are multiple labels, but in a small constant number compared to the
number of states;

² the number of transitions originating in each state is bounded by a constant
(bounded fanout);
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² the depth (i.e. longestdistancebetweenany state and the root) is relatively small
comparedto the sizeof the state space(given by the number of transitions);

² the diameter (longest shortest path between any two connectedstates) is also
much smaller than the size;

² strongly connected components (SCCs) are usually not very long cycles, but
small denseknots, and many larger SCCsare built out of smaller ones.

An analysisof typical state spacecharacteristics has recently beenmade in [Pel04].
The tool proposedin [GH03] o®ersinsights in the structure of state spacesby means
of visualization techniques. Someof the characteristics mentioned above are visible
on the 3D imagesof various state spaces.A collection of state spacesis created and
maintained [CI] under the name VLTS benchmark.

The input of our algorithms is always an LTS (S; T; s0) with N states and M tran-
sitions. Sinceit represents a state space,this LTS usually conformsto the description
above. Our algorithms, presented in the following three chapters, are designedwith
these characteristics in mind and will perform best on state spaces. This does not
imply any technical restriction on the input { our algorithms are correct and work for
any LTS.

2.3.4 Input/output formats

Due to the growing number of model checking tools and the many di®erent directions
in which they evolve, e®orts are now being made on the development of standard
state spacestorage formats and standard interfaces. Some examples are the FC2
¯le format [Mad92], Aldebaran's textual format AUT [FGK + 96], the Binary Coded
Graphs format BCG [FGK + 96], the SVC format [BLL03].

The main input/output format used by the tools described in this thesis is SVC2
[BLL03], which wasespecially designedfor distributed settings. In this format, the set
of statesis divided into n subsets(segments) and the set of transitions into n2 subsets,
accordingly (one transition subset for each pair of segments). In order to allow easy
access,each transition subset is ordered { i.e., transformed into a list { and split into
3 sublists: sourcestates, labels, destination states. In the current implementation,
every sublist is stored as a di®erent ¯le. Our sequential tools (Sections3.2, 3.4, 4.3)
accept inputs in AUT and BCG format.
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StrongBisimulation Reduction

In this chapter two distributed algorithms for strong bisimulation reduction of LTSs
are presented. They are useful in the context of enumerative veri¯cation, when large
state spaces(represented as transition systems) are ¯rst fully generated, and only
then analyzed. To make analysis easy, such a state spaceis ¯rst reduced modulo
an equivalence preserving interesting properties. Strong bisimulation preserves all
properties expressibleas HML formulas [HM80].

Related work Very good sequential algorithms have beendescribed for bisimilarit y
reduction and bisimilarit y checking: [KS83, PT87] and basedon these, [Fer90]. In
[BGS92], the bisimilarit y checking problem wasproved P-complete,which meansthat
it is hard to have it parallelized e±ciently (Section 2.2.6 contains detailed explana-
tions).

Parallel versions of [KS83] and [PT87] have been proposed [ZS93, RL98], with
time complexity O (N 1+ ² ) using M

N ² CREW PRAM processors(for any ¯xed ² <
1), and O (N logN ) with O ( M

N ) CREW PRAM processors,respectively. These
algorithms aredesignedfor sharedmemory machinesand they aredi±cult to translate
e±ciently to a distributed memory setting. [JKOK98] proposesa randomizedparallel
implementation of the Kanellakis-Smolka algorithm for bisimilarit y checking, that
works in linear time O (N ) on O (N 2) processors.This solution does not consider
the caseof multiple labels, and it is not precise(has somesmall probabilit y of error).

Like the Kanellakis-Smolka [KS83] and Paige-Tarjan [PT87] solutions, our algo-
rithms are based on partition re¯nement. The computed re¯nements are precisely
the re¯nements computed by the \naiv e" reduction algorithm mentioned by Kanel-
lakis and Smolka. That is, in the initial partition all states are in the same block
and in every re¯nement step the next partition distinguishes everything that can
be distinguished with respect to the previous partition. This is di®erent from the



18 3 Strong Bisimulation Reduction

Kanellakis-Smolka and Paige-Tarjan algorithms, which in each iteration will select
two blocks and a label and then re¯ne the ¯rst block with respect to possibletransi-
tions to the secondblock, having the selectedlabel.

In our implementations, a unique ID (an integer) is assignedto each block and
partitions are represented asarrays of IDs indexed by states. The signature of a state
x with respect to a partition is a set of pairs of labelsand IDs, such that a pair (a; id)
is in the set if and only if there is a transition with the label a from the state x to
another state belonging to the block with the ID id. Two states are distinguishable
with respect to a partition if they have di®erent signatures with respect to that
partition.

The straightforward implementation, presented in Sections3.2 and 3.3, computes
the signaturesof all states in every iteration and randomly assignsIDs to each signa-
ture. It terminates if the number of signaturesbecomesstable.

The optimized implementation, discussedin Sections3.4 and 3.5, doesnot recom-
pute the signatures on each iteration. Instead, it modi¯es the old signatures. While
this recomputation goeson, the stateswith modi¯ed signaturesare marked. Next, we
assignnew IDs to the signaturesof marked states as follows: if someof the states in
a block are unmarked then the signaturesof the marked states all get new IDs; if all
states in a block are marked then the old ID is reusedfor the signature which occurs
most often and new IDs are assignedto the others. The algorithm terminates if there
are no more changes.By assigningthe old ID to the most often occurring signature,
we minimize the number of signatures which must be recomputed in the next iter-
ation. Note that this is similar to the strategy used in the Paige-Tarjan algorithm,
which always splits with respect to the smallest block.

Why Kanellakis-Smolka and not Paige-Tarjan? As starting point for our distributed
algorithms, we chosea very simple bisimulation reduction, called \the naive method"
by Kanellakis and Smolka [KS83]. From the point of view of theoretical complexity,
it cannot compete with the Paige-Tarjan algorithm (O (M N + N 2) vs. O (M logN )),
but in practice it performs quite well. Moreover, the Paige-Tarjan algorithm cannot
easily be extended to branching bisimulation and weak bisimulation. For the naive
algorithm this is feasible(seeChapter 3).

Both the Paige-Tarjan algorithm and the naivealgorithm useiterations. The Paige-
Tarjan algorithm in each iteration carefully selectsa number of states to work on.
The naive algorithm works on all states independently . The data structures needed
to make the selection cost a lot of memory in any caseand require modi¯cation to
allow an e±cient distributed implementation. In contrast, the naive algorithm has
a natural parallel implementation. For both algorithms the worst casenumber of
iterations is the number of states. However, in practice the Paige-Tarjan algorithm
needsmany more iterations then the naive algorithm.

Another practically relevant di®erenceis that Paige-Tarjan is e±cient for unlabeled
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transition systems.Adapting it to work on LTSs is at the cost of acceptingextra iter-
ations, while the naive algorithm exploits the di®erent labels, by multi-w ay splitting,
precisely to reducethe number of iterations.

3.1 The relational coarsestpartition problem

For the de¯nitions of LTS and strong bisimulation equivalence,we refer to the pre-
liminaries chapter, Section 2.3.1.

The problem that we focuson, bisimulation minimization , is to ¯nd the equivalence
classesof the largest strong bisimulation on the states of a given LTS. Or, in other
words, given an LTS, ¯nd the LTS that is strongly bisimilar to it and hasthe minimal
number of states.

A related problem is that of bisimilarity checking: given an LTS S = (S; T; s0)
and two states p;q 2 S, decidewhether p and q are strongly bisimilar. This problem
reducesto the minimization problem, since it su±ces to check whether p and q are
in the same equivalence class of the largest bisimulation relation de¯nable on the
states of S. The way of deciding whether two transition systemsrepresent the same
behavior is to apply a bisimulation minimization algorithm to the compound LTS
(S1 [ S2; T1 [ T2; s1

0) and seewhether s1
0 and s2

0 end up in the sameclass.
For an LTS (S; T; s0), a partition of the elements of S is a set of disjoint blocks

f B i j i 2 I g s.t. [ i 2 I B i = S. An equivalence relation can be represented as a
partition with a block for every equivalenceclass. A partition ¼0 is a re¯nement of ¼
if every block of ¼0 is contained in a block of ¼: 8C 2 ¼0 : 9B 2 ¼: C µ B .

The bisimilarit y minimization problem is equivalent to the relational coarsest par-
tition problemwhich is to ¯nd, for a given LTS and a given initial partition ¼0 of S,
a partition ¼s.t.:

1. ¼is a re¯nement of ¼0

2. 8p;q 2 B 2 ¼: 8a 2 Act : 8B 0 2 ¼:
9p0 2 B 0 : (p;a;p0) 2 T i® 9q0 2 B 0 (q; a;q0) 2 T

3. ¼has the fewest blocks among all partitions satisfying 1 and 2.

The algorithms discussedin this chapter solve the bisimulation minimization prob-
lem by solving the Relational CoarsestPartition Problem with ¼0 = f Sg.

3.2 A naive sequential solution

In Figure 3.1 we have described an implementation of the naive algorithm, for a given
LTS (S; T; s0). The idea is that signatures computed with respect to the current
partition determine the next partition. More precisely, the blocks of the new partition
are sets of states with identical signatures. Keeping track of the current partition is
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1 for x 2 S do ID(x) := 0 enddo
2 oldcount := 0; newcount := 1
3 while oldcount 6= newcount do
4 /* compute the signatures */
5 for x 2 S do
6 sig(x) := f (a; ID(y)) j x a¡! yg
7 enddo
8 for x 2 S do
9 insert sig(x) in HashTable

10 and get new value for ID(x)
11 enddo
12 /* count the blocks of the new partition */
13 oldcount := newcount
14 newcount := card (f ID(x) j x 2 Sg)
15 enddo
16 return ID

Figure 3.1: (SSN). Single threaded implementation of the naive algorithm

done by assigningevery block an unique identi¯er (natural number). The function
ID : S ! N indicates to which block every state belongs. Thus, the current partition
is represented by the ID function. We de¯ne the signature of a state x with respect
to it as

sig(x) = f (a; ID(y)) j x a¡! yg:

Since our signatures of interest are always computed with respect to the current
partition, we will not index them; instead, we will make sure it is always clear what
the current partition is. In steps 8-11, new values are assignedto ID, such that
8x; y 2 S :

the new value of ID(x) = the new value of ID(y)
i®

sig(x) w.r.t. the old ID = sig(y) w.r.t. the old ID:

A hash table HashTable, being a set of holdsig; newIDi pairs, is usedfor this purpose.
The hashvaluesaresignatures. Let usdenoteby IDf the ID returned by the algorithm;
IDf determinesthe ¯nal partition.

Note that, unlike the generalpartition re¯nement scheme,SSN(Sequential Strong
bisimulation Naive algorithm) only computesthe new signaturesand doesnot explic-
itly replaceblocks of the old partition with new blocks. The following lemma justi¯es
that the partitions computed in this manner are indeedsuccessive re¯nements, under
the hypothesis that the initial partition is f Sg:
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Lemma 3.1 For n ¸ 0, denote IDn , sign the ID and sig functions as they are before
execution of step 8 of the nth iteration of SSN(¯rst iteration has index 0). Then for
every n > 0 and for every x; y 2 S:

sign ¡ 1(x) 6= sign ¡ 1(y) = : sign (x) 6= sign (y):

Proof: Let us ¯rst examine the relation between the IDn (n ¸ 0) and sign (n ¸ 0)
seriesof functions. Due to step 6, for every x 2 S and every n ¸ 0,

sign (x) = f (a; IDn (y)) j x a¡! yg (3.1)

Also, steps8-11 of the (n ¡ 1)th iteration (8n ¸ 0) take care that, for every x; y 2 S,

IDn (x) = IDn (y) i® sign ¡ 1(x) = sign ¡ 1(y): (3.2)

We prove the lemma by induction on n. The initial partition is f Sg, which means
that 8x; y 2 S : sig0(x) = sig0(y). Therefore the claim is true for n = 1. Let n > 1
and supposethere exists a pair of states x; y 2 S for which

sign ¡ 1(x) 6= sign ¡ 1(y) (3.3)

and sign (x) = sign (y) (3.4)

Then (w.l.o.g.) there must exist a transition x a¡! z (a 2 Act, z 2 S) such that
(a; IDn ¡ 1(z)) =2 sign ¡ 1(y), meaning that

@t 2 S : (y a¡! t ^ IDn ¡ 1(t) = IDn ¡ 1(z)) (3.5)

The pair (a; IDn (z)) occurs in sign (x) (3.1). From 3.4 it then follows that there exist
a state v 2 S such that y a¡! v and IDn (v) = IDn (z). From this last equality we derive
(3.2) that sign ¡ 1(v) = sign ¡ 1(z) and, from the induction hypothesis, sign ¡ 2(v) =
sign ¡ 2(z). But that also means,applying 3.2 once more, that IDn ¡ 1(v) = IDn ¡ 1(z),
which givesa contradiction with 3.5. Â

3.3 ...and its distributed implementation

The obvious way to distribute a partition re¯nement algorithm is to distribute the data
and keepthe control °ow centralized. More precisely, the workersperform iterations in
which they independently do somere¯nement and then synchronize the results. This
approach is ¯ne in theory, but in practice it turns out that synchronization can take a
lot of time. This is another reasonto choosethe naive algorithm: typically it needsfar
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1 read Inj i (8j ); read Out ij (8j )
2 newcount := 1
3 for ever do
4 /* phase 1: compute signatures */
5 for x 2 Si do
6 sig(x) := f (a; p) j hx; a; pi 2 Out ij ; 0 · j < W g
7 enddo
8 /* phase 2: compute new IDs */
9 N expected answers := 0

10 Send Signatur es
f

H andle M essages
11 /* decide whether this is the last iteration */
12 oldcount := newcount
13 DBSUM (newcount i ; newcount)
14 if (oldcount = newcount) break ¯
15 /* phase 3: update ID */
16 Update IDs
17 enddo
18 return ID

Figure 3.2: (DSN) Distributed version of SSN(WORKER i )

1 for x 2 Si do
2 SEND / hash insert : i; sig(x) . TO worker(hash(sig(x)))
3 N expected answers := N expected answers + 1
4 enddo
5 for j : 0 · j < W do SEND / endsig: . TO j enddo

Figure 3.3: The Send Signatur es routine of WORKER i

lessiterations than Kanellakis-Smolka and Paige-Tarjan, thus fewer synchronizations.

3.3.1 Description

Our distributed reduction algorithm (Figure 3.2) is basedon the sequential one (Fig-
ure 3.1). The statesof the input LTS are evenly divided over the W workers. Worker
i is in chargeof the set of states Si . Every iteration, it has to compute the signatures
of states in Si and keep track of the ID of thesesignatures. It is also responsible for
the administration of a part of the hash table usedat step 10 (step 8-11 in SSN). We
denote i 's part by HashTablei .

Let Tij be the indexed list of transitions having the source state in Si and the
destination state in Sj . About a transition in Tij , worker i needsto know its source
state, its label and the current ID of its destination state, in order to be able to
compute the sourcestate's signature. It is worker j 's job to keep i informed about
the current ID of the destination state. Therefore, the Tij -concernedknowledgeneeded
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1 N activ e workers := W
2 while N activ e workers > 0 _ N expected answers > 0
3 do
4 RECEIVE msg
5 case msg
6 / hash insert : j; s .
7 insert s in HashTablei and obtain ID(s)
8 SEND / hash ID : s; ID(s) . TO j
9 / endsig: .

10 N activ e workers := N activ e workers ¡ 1
11 / hash ID : s; sid .
12 ID(s) := sid
13 N expected answers := N expected answers ¡ 1
14 endcase
15 enddo
16 newcount i := card (HashTablei )

Figure 3.4: The H andle M essages routine of WORKER i

1 for j : 0 · j < W do
2 SEND / update : i; [ID(y) j y 2 Inj i ] . TO j
3 enddo
4 received := 0
5 while received < W do
6 RECEIVE / update : w; IDList .
7 received := received + 1
8 update Out iw with IDList
9 enddo

Figure 3.5: The Update IDs routine of WORKER i

and maintained by workers i and j is captured in two lists orderedby the sameindex
as Tij :

Outij = [hx; a; ID(y)i j x a¡! y ^ x 2 Si ^ y 2 Sj ], residing in the memory of i
Inij = [y j x a¡! y ^ x 2 Si ^ y 2 Sj ], in the memory of j

Note that elements can occur repeatedly in a list { for instance, a state shows up
twice in Inij if it is the destination of two transitions coming from states on i . Inij

and the ¯rst two ¯elds of the elements from Outij represent static information about
the structure of the LTS. The data that changesthroughout the run of the algorithm
are the functions sig and ID. Furthermore, workers need to know the number of
di®erent signaturesof the states in S in the current and in the previous iteration, in
order to decide whether the ¯nal partition has been reached. As in the sequential
case,denote IDf the ¯nal assignment for ID, returned at the end of the algorithm.
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The LTS is provided to the workers in the form of the lists Inij and Outij , 8i; j ,
the latter using a constant initial ID function: ID(x) = 0 that re°ects the initial par-
tition f Sg. Each iteration of DSN (Distributed Strong bisimulation Naive algorithm)
consistsof three phases:

1. signature computation (steps 5-7),

2. computing globally unique IDs for signatures(step 10) and

3. exchanging ID information. (step 16)

In the ¯rst phase(5-7) of every iteration, each worker computesthe signaturesof its
own states.

In the secondphase(10, detailed in Figure 3.3 and 3.4), all signaturesare inserted
in the distributed hash table and are assignedunique IDs. The insertion is basedon
a hash function hash: 2Act£ N ! N and the distribution of the hash table is done by
a function worker : N ! f 0¢¢¢W ¡ 1g. We assumethat worker is capableof ensuring
a balancedload of signatureson workers. WORKER i runs two threads. One is busy
with sendingeach signature to the worker responsible for the part of the hash table
where it should be inserted (determined using worker). When all signaturesare sent,
an endsigmessageis sent to all workers, to mark the end of the stream. The other
thread handlesthe incoming messages.A requestfor inserting a signature in the local
hash table (hashinsert) is handled by looking up the signature and fetching its ID,
or, if not found, adding it to the table and assigning it a new ID. The ID is then
returned to the owner of the signature. When receiving an answer (hashID) to a
requestsent earlier by Send Signatur es, H andle M essages ¯lls in the new ID value
and decreasesthe counter of expectedanswers. Finally, on receivingan end-of-stream
message(endsig), it decreasesthe counter of workers that might still sendhashinsert
requests.The H andle M essages thread terminates when all workersannouncedthat
they have no more signatures to sendto i and all i 's requestshave beenanswered.

After the secondphase,we compute how many di®erent signatures there are now
(steps12-13). If the number of signaturesdid not increasew.r.t. the previousiteration,
the stable partition has beenreached and the computation must stop (14).

In the third phase(16, shown in detail in Figure 3.5), the lists Outij are updated.
For every transition of the LTS, the new ID of the destination state's signature is
sent to the owner of the sourcestate. More precisely, every worker j sendsID(Inij )
to worker i , who will substitute this information on the last ¯elds of its Outij . This
happenscorrectly due to the fact that the lists Inij and Outij have the sameindex.

At the end of the lo op , the IDs are the states of the reduced LTS and its set of
transitions is [ i;j fhID(x); a;pi j hx; a;pi 2 Outij g. They canbedumpedindependently
by the workers, possibly after renumbering the IDs to consecutive numbers.
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3.3.2 Correctnessand complexity

We now justify that the algorithm described above is correct, i.e. it terminates and
it producesthe minimal LTS bisimilar to the input LTS. We also give an analysis of
its performancein terms of time, memory and number of messagesneededduring the
computation.

Theorem 3.2 (correctness) Let S ´ (S; T; s0) be an LTS. Then DSN applied to any
distribution of S terminates and the resulting IDf satis¯es:

(f IDf (x) j x 2 Sg; fhIDf (x); a; IDf (y)i j hx; a; yi 2 Tg; IDf (s0))

is the minimal LTS bisimilar to S.

Proof: We ¯rst argue that every iteration (steps 5-16) of DSN terminates. For this,
we take a closer look at the steps involving communication (10,12-13and 16). The
¯rst thread of step 10 obviously terminates, since it only executesa ¯nite number of
SEND TO calls (that are always successful).

H andle M essages's exit condition

N active workers = 0 ^ N expectedanswers = 0

will eventually be satis¯ed. N active workers becomes0 when W hashID messages
sent to i will have beenreceived. Note that N active workers being 0 is a sign that
all hashinsert messagesdirected to i have beenreceived, and also that all hashinsert
messages,originating from all workers, including i itself, have been sent. In par-
ticular, this meansthat when N active workers of i is 0, N expectedanswers of i
will not increaseanymore. This property rules out the undesired situation that the
exit condition is ful¯lled while messagesfor i are still pending. The termination of
Update IDs is justi¯ed mainly by the ¯xed number of messagesexchanged. Every
worker successfullysendsexactly W messages(these messagescan be very large, but
this is not a problem, sincewe assumedunboundedchannels,seeSection2.2.5), then
picks up from the network the W messagesaddressedto it.

It can be easily proved by induction that DSN mimics faithfully the sequential
version SSN, depicted in Figure 3.1. That is, formally: for any r , if we considerIDseq
= SSN's ID, after step 11 of the r th iteration and IDdbi = WORKER i 's ID, after
step 10 of the r th iteration (8i ), then

8i; j 8x 2 Si ; y 2 Sj IDdbi (x) = IDdbj (y) i® IDseq(x) = IDseq(y):

From this and from the fact that the exit condition from DSN and SSNare identical,
it follows that the loop 3-17 of DSN eventually terminates. Moreover, the LTS de-
termined by the IDf valuesis exactly the one found by SSN, thus the solution of our
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problem. Â

To evaluate the performanceof DSN, we usethe classicaltime/messagecomplexity
measuresfor distributed algorithms, asde¯ned in [AW98] and recalledin Section2.2.3.

Theorem 3.3 (complexity) Worst-case time complexity of DSN is O ( M N + N 2

W ) and
messagecomplexity is O (N 2).

Proof: For computing the signatures,every state hasto beconsideredand weassumed
that the cost per state is linear in the number of outgoing transitions of that state.
As workers do this computation independently and we assumedeven distribution of
states, the time neededis O ( M + N

W ).
The number of signatureseach worker has to insert into the global hash table is at

most the number of states it processes:dN
W e. Assuming that worker is a perfect hash

function, each worker has to send
l

d N
W e
W

m
signatures to every other worker. Every

worker therefore receives at most W ¢
l

d N
W e
W

m
signatures. (The insertion in the local

hash table takes constant time, as well as the computation of a new ID.) The same
amount of replies must be sent back. Thus, the cost of computing globally unique

identi¯ers for signatures is O
³

W ¢
l

d N
W e
W

m´
: Under the assumption that W ¿ N ,

we can forget about rounding upwards and we evaluate the cost to O
¡

N
W

¢
:

To decidetermination, we needto compute the total number of di®erent signatures.
The cost of this operation is W .

To exchangethe new IDs, every worker hasto prepareW bu®ersof total sizeO( M
W ),

representing the total number of incoming transitions (seeSection 2.2.5). It also has
to receive and processW such bu®ers,from workers that are in charge of successor
states.

Summing up, the cost of an iteration is O( M + N
W ). Since as many as N iterations

might be needed,the worst casetime complexity is O( M N + N 2

W ).
The messagecomplexity is givenby the total number of messagessent by all workers

in the whole run of the algorithm. In the worst case,exchanging signatures takesN
messages(if every signature has to be sent to another worker), and the update phase
W 2 messages.Synchronizing at steps 12-13 takes always W messages.This results
in at most N (N + W + W 2) messagesover the whole run, that is O (N 2 + N W 2).
Since W is insigni¯cant compared to N , we may conclude a messagecomplexity of
O (N 2). Â

The number of iterations is the most important factor in the performance of the
algorithm. The worst caseis that the number of iterations is the number of states.
An examplethat has this worst casebehavior is an LTS whosestate are the numbers
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Figure 3.6: Evolution of a set data structure

0..N and the transitions are i ! i + 1(i = 0::(N ¡ 1)). However, such a long seriesof
events is not typical in state spaces.The typical phenomenonin state spacesis state
spaceexplosion: the system would consist of P processeseach having N states that
run in parallel. The sizeof the state spacewould then be N P , which is a hugenumber
for relatively small N and P. However, if the processesare completely independent
then the reduction algorithm needsat most N + 1 iterations. Of courseneither the
long thread nor the complete independenceof processesoccurs in practice, but they
give someintuition about the worst caseand why it is unlikely.

The memory neededby one worker can be estimated as follows: O ( M + N
W ) for the

signature information, O ( M
W ) for the (destination ID, destination state) of incoming

transitions, O ( M
W ) for the (sourcestate, label, destination ID) of outgoing transitions.

In total, O ( M + N
W ), which is the best that can be achieved, W times less than the

spaceusedby the single-threadedimplementation.

3.3.3 Implementation details

The distributed protot ype implements the algorithm in Figure 3.2. In the actual
MPI implementation, messagesare not sent one by one, but bu®ered into larger
messages.For the update phase(step 16), we issueall the SEND TO messagesand
post RECEIVE requests,then wait for all RECEIVE requeststo be completed. The
two threads from step 10 are implemented with explicit interleaving.

For computing signatureswe have useda set datatype on which it is easyto add a
single element and decideequality. The idea is to maintain a directed graph, whose
vertexesare setsand whoselabelededgesare an 'obtained by insertion' relation. That
is, an edgeS e¡! S0 is only allowed if S0 = S [ f eg. In order to e±ciently decide if
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a certain set is present or not, we maintain the graph in such a way that the edges

S n f max(S)g max (S)¡¡ ¡ ¡ ¡ ¡ ¡! S form a spanning tree. By doing this the set corresponding
to an ordered list can be found by starting in the empty set and then following the
edgescorresponding to the elements in the list. There may be other paths from the
empty set to the sameset, but if a set exists then this path exists. In Figure 3.6, we
have drawn the data structure as it would look when starting with an empty set and
adding the elements 1, 1, 3 and 2 in that order. Notice that adding 1 twice createsa
cycle in the graph.

On this data structure, we can decideequality of sets in constant time. The com-
plexity of inserting a single element into a set is linear in the sizeof the set the ¯rst
time and constant afterwards. (The ¯rst time we have to create one or more edges
and 0 or more vertexes,afterwards we can ¯nd the edgein constant time using a hash
table.)

Using this structure it is very easyto write code that computes signatures. How-
ever, the order in which the signatures are built matters for the performanceof the
algorithm. If a set is built in the sameorder every time then quadratic time is needed
for the ¯rst build and linear time for every rebuild. The danger comesfrom the fact
that quadratic time and memory may be used for every di®erent order in which the
signature is built. This meansthat to obtain decent performance,we have to sort the
transitions ensuring that the amount of di®erent orders is minimal.

3.4 An optimized sequential solution

In the previous two sections, an algorithm was presented that uses the set of all
outgoing transitions (signatures) as criteria to distinguish states, as opposedto the-
oretically more e±cient algorithms that check the states of the sameblock against
certain other blocks. The main advantage of the new signatures approach is that it
admits a natural distributed implementation.

See the sequential version of this algorithm in Figure 3.1. In that scheme, all
signaturesare recomputed in every iteration, which can be an unnecessaryand costly
e®ort in the caseof large input LTSs with a structure that needsa lot of iterations
to stabilize and where very few partition blocks can be split per iteration (very few
signaturesactually change).

The main idea of our secondapproach, which we will refer to as \optimized", is to
mark, in every iteration, thosestates that might have su®ereda signature change,i.e.
the states that have an outgoing transition to a state whoseID changedin the current
iteration. (As before, we indicate the current partition by a function ID : S ¡ ! N
that assignsblock identi¯ers to states.) In the next iteration, only the signatures
of the marked states need to be recomputed. We will refer to the marked states as
unstable. Note that, unlike other algorithms, that mark whole blocks as unstable, we
insist on reasoningabout unstable statesand not assumingthat the states belonging
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1 E := 1; c(0) := card (S) ; U := S
2 for x 2 S do ID(x) := 0 ; sig(x) := ; enddo
3 while U 6= ; do
4 for x 2 U do sig(x) := f (a; ID(y)) j x a¡! yg enddo
5 Reusable := f i j 0 · i < E ^ c(i ) = card (U \ f x j ID(x) = ig)g
6 ST := ; ; º U := ;
7 for x 2 U do
8 oid := ID(x)
9 if (sig(x); i ) 2 ST

10 then ID(x) := i
11 else if ID(x) =2 Reusable
12 then
13 c(E) := 0
14 ID(x) := E
15 E := E + 1
16 else Reusable := Reusable¡ f ID(x)g
17 ¯
18 ST := ST [ f (sig(x); ID(x))g
19 if oid 6= ID(x)
20 then
21 º U := º U [ f y 2 S j y a¡! xg
22 c(oid) := c(oid) ¡ 1
23 c(ID(x)) := c(ID(x)) + 1
24 ¯
25 ¯
26 enddo
27 U := º U
28 enddo
29 for x 2 S IDf (x) := ID(x)

Figure 3.7: (SSO) The optimized algorithm

to the sameblock are easily retrievable. Extra attention has to be paid to ensurethe
correctnessof the splitting procedure,but it pays o®,sincethe abilit y to work directly
on statesprovidesparallel/distributed workerswith a high(er) degreeof independence.

The optimized algorithm, SSO (Sequential Strong bisimulation Optimized algo-
rithm), is presented in Figure 3.7 and usesthe following notations and data struc-
tures:

¡ U, º U - the set of unstable states for the current and the next iteration,
respectively

¡ E - the number of blocks in the current partition. Throughout the algorithm,
the invariant is kept that the blocks of the current partition arenumberedf 0: : : E¡ 1g.

¡ c : f 0 : : : E ¡ 1g ¡ ! N - the number of states in each block
¡ Reusable- the set of block identi¯ers that can be reusedin the next iteration,

since all the states belonging to those blocks are marked unstable. These identi¯ers
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Figure 3.8: A re¯nement example. The ¯lled circles represent the unstable states at
the beginning of each iteration.

should be reusedin order to preserve the above mentioned invariant. Moreover, the
identi¯er of every block should be reused for one of its own sub-blocks, to ensure
termination of the iterations series.

¡ ST - a signatureshashtable usedto map the signaturesof the current iteration
to new IDs (the block identi¯ers of the next iteration).

IDf is the ¯nal partition, the blocks of which represent the states of the minimized
LTS. The termination and correctnessof SSO follow from a few properties listed
below.

Lemma 3.4 Let Un , sign , IDn , En denote the set of unstable states, the signatures
mapping, the ID mapping, and the number of equivalence classesat the beginning of
the n-th iteration of the optimized algorithm (i.e. before the n-th execution of step 3)
{ the count starts at 0. The following properties hold, for any n ¸ 0:

1. (8x 2 S) IDn (x) < En .

2. (8i : 0 · i < En ¡ 1) 9x 2 S s.t. IDn (x) = IDn ¡ 1(x) = i:
(8i : 0 · i < En ) 9x 2 S s.t. IDn (x) = i .

3. (8x 2 S IDn (x) = IDn ¡ 1(x)) i® Un = ;

4. (8x; y 2 S)
IDn (x) = IDn (y) i® sign (x) = sign (y) and
sign (x) 6= sign (y) = : sign +1 (x) 6= sign +1 (y).

5. En ¡ 1 · En .
En = En ¡ 1 i® (8x 2 S IDn (x) = IDn ¡ 1(x)) .

Proof:
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The properties 1, 3 and 4 will be proved independently , by induction on n. Prop-
erty 2 relies on 4 and property 5 relies on 1 and 2.

1: (8x 2 S) ID0(x) = 0 < 1 = E0. In every iteration, the only place where fresh
valuesare intro duced for ID is step 14 (in step 10 an old value is used). But E is also
immediately increased(step 15), therefore the invariant stays true.

2: For n = 0 the property is obviously true, since ID0(x) = 0 for all states x.
Supposeit is true for En ¡ 1, IDn ¡ 1 and let us look at how En and IDn are computed,
in the n ¡ 1th iteration. First, the set Reusableis constructed (step 5), containing the
identi¯ers of the blocks whosestates are all marked unstable. Let i be any identi¯er
0 · i < En . We distinguish three cases:

¡ i 2 Reusable. Then all statesx with IDn ¡ 1(x) = i (according to the induction
hypothesis, there is at least one) must be in Un ¡ 1. Let y be the ¯rst of thesestates
that is handled in the step 7 of the algorithm. sign (y) cannot be already in ST, since
this would mean that there exist a state z from another block (IDn ¡ 1(z) 6= IDn ¡ 1(y))
with the same signature (sign ¡ 1(z) = sign ¡ 1(y)), which contradicts point 4 of this
lemma. Therefore, y will only be a®ectedby steps16 and 18, that do not modify the
value of ID. Thus, IDn (y) = IDn ¡ 1(y) = i .

¡ i =2 Reusablê i < En ¡ 1. Then there must be a state x for which IDn ¡ 1(x) = i
and x =2 Un ¡ 1. It follows, since the steps sequence7-26 does not regard x, that
IDn (x) = IDn ¡ 1(x) = i .

¡ En ¡ 1 · i < En . This meansthat i is \created" in the steps13-15asidenti¯er
for a new block. In step 14 the IDn of the ¯rst state of this block is explicitly de¯ned
as being i .

3: Let us consider an iteration n that satis¯es 8x 2 S IDn (x) = IDn ¡ 1(x). This
meansthat in the iteration n ¡ 1, the condition in the step 19, that comparesexactly
IDn (x) and IDn ¡ 1(x) was never satis¯ed, thus º U remains ; , that is Un = ; . The
inverseis also true: if Un = ; then º U endedup empty in the previous iteration. This
could only happen if the condition on line 19 was never met, that is the value of ID
was not changedfor any state. Formally, 8x 2 S IDn (x) = IDn ¡ 1(x).

4: We prove this by induction on n ¸ 0. The casen = 0 follows from the fact
that (8x) sig0(x) = 0 and (8x) ID0(x) = 0. To prove the ¯rst half of the invariant for
an arbitrary n, we consider three cases:

¡ x; y 2 Un ¡ 1. In this case, both sign (x) and sign (y) are inserted in the
hashtable ST, which ensuresthe sameID value for (and only for) equal signatures.

¡ x; y =2 Un ¡ 1. Then the sigs and IDs do not change, i.e. sign (x) = sign ¡ 1(x),
IDn (x) = IDn ¡ 1(x) and sign (y) = sign ¡ 1(y), IDn (y) = IDn ¡ 1(y). From the induction
hypothesis, it follows that sign (x) = sign (y) i® IDn (x) = IDn (y).

¡ x 2 Un ¡ 1 and y =2 Un ¡ 1. Then there must be a state z that has causedthe
instabilit y of x, i.e. there is a transition x a¡! z with IDn ¡ 1(z) 6= IDn ¡ 2(z). Then
IDn ¡ 1(z) = i ¸ En ¡ 2, therefore the pair (a; i ) cannot be in sign ¡ 1(y). And since
sign (x) is recomputedand sign (y) not, it follows that sign (x) 6= sign (y). It remains to
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prove that IDn (x) 6= IDn (y) as well. Let us ¯rst notice that

if IDn (x) 6= IDn ¡ 1(x) then IDn (x) ¸ En ¡ 1: (3.6)

If sign ¡ 1(x) = sign ¡ 1(y) = i , then i =2 Reusable(since y =2 Un ¡ 1), thus IDn (x) 6= i ,
thus (3.6) IDn (x) ¸ En ¡ 1, while IDn (y) = IDn ¡ 1(y) < En ¡ 1. If, on the contrary ,
sign ¡ 1(x) 6= sign ¡ 1(y), then IDn ¡ 1(x) 6= IDn ¡ 1(y) (induction hypothesis). IDn (x)
is computed in the fragment 7-26 and the outcome can be IDn (x) = IDn ¡ 1(x) 6=
IDn ¡ 1(y) = IDn (y) or IDn (x) 6= IDn ¡ 1(x). In the latter case,IDn (x) ¸ En ¡ 1 (3.6),
while IDn (y) = IDn ¡ 1(y) < En ¡ 1.

And now we prove the secondhalf of the property. Let x and y be two states for
which sign (x) 6= sign (y). Then (w.l.o.g.) there is somepair (a; IDn ¡ 1(z)) 2 sign (x) and
=2 sign (y). If sign (y) doesnot contain any pair (a; j ) then clearly sign +1 (x) 6= sign +1 (y).
Otherwise, let y a¡! t be any of the a-transitions from y. Then (a; IDn ¡ 1(t)) 2 sign (y)
and IDn ¡ 1(t) 6= IDn ¡ 1(z), which means (induction hypothesis) that sign ¡ 1(t) 6=
sign ¡ 1(z) and, further, sign (t) 6= sign (z). Above we have proved that this is equivalent
to IDn (z) 6= IDn (t). Thus, sign +1 (x) contains the pair (a; IDn (z)) and sign +1 (y) does
not.

5: From the points 1 and 2 of this lemma it follows that (8n) En is exactly the
number of di®erent values for IDn . Therefore, if 8x 2 S IDn (x) = IDn ¡ 1(x) then
obviously En = En ¡ 1.

We will now prove the inversestatement. Let n be so that En = En ¡ 1 and suppose
there exist an x 2 S with IDn (x) = i 6= IDn ¡ 1(x). The property 2 says that there
exists y 2 S such that IDn (y) = IDn ¡ 1(y) = i . But this would mean IDn (x) = IDn (y)
and IDn ¡ 1(x) 6= IDn ¡ 1(y), which comesin contradiction with property 4. Â

Theorem 3.5 (termination and correctnessof SSO)
For any LTS (S; T; s0), SSOterminates and the equivalence relation ¼ determined by
IDf (x ¼ y i® IDf (x) = IDf (y)) is the largeststrong bisimulation on S.

Proof: It is easyto seethat for any iteration n > 0, En ¸ En ¡ 1. It is also clear that
En > En ¡ 1 can happen only ¯nitely often, since from the points 1,2 of Lemma 3.4
follows that 8n En · card (S). Henceeventually En = En ¡ 1 and then the algorithm
stops (3,5 of Lemma 3.4 and the exit condition of the loop at step 3). This proves
termination.

We will now justify that ¼ is a strong bisimulation on S. Let last be the index of
the last iteration, that is IDf := IDlast . Let x and y be any two equivalent statesand
let x a¡! z be any transition from x. To prove that ¼ is a strong bisimulation, we have
to prove that there exists a transition y a¡! t with t ¼ z. From IDlast (x) = IDlast (y)
and property 4 of Lemma 3.4 it follows that siglast (x) = siglast (y). Then, since
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(a; IDlast ¡ 1(z)) must be in siglast , there is a state t with IDlast ¡ 1(t) = IDlast ¡ 1(z)
and (a; IDlast ¡ 1(t)) 2 siglast (y). But last is the ¯nal iteration, thus Ulast = ; , that
implies (Lemma 3.4, property 3) IDlast (t) = IDlast ¡ 1(t) and similarly for z. Thus,
IDlast (t) = IDlast (z), or in other words t ¼ z.

Finally, to prove that ¼ is the coarseststrong bisimulation, let ¼0 be any other
strong bisimulation and show that 8x; y 2 S x ¼0 y = : x ¼ y. To this end, we
prove by induction that 8n ¸ 0 x ¼0 y = : IDn (x) = IDn (y). The basecasen = 0
is immediate. Suppose the statement is true for n ¡ 1 and let x,y be two states
such that x ¼0 y. Then 8x a¡! z9y a¡! t with z ¼0 t, and thus also (induction
hypothesis) IDn ¡ 1(z) = IDn ¡ 1(t). According to the signature de¯nition, this means
that sign (x) = sign (y). From property 4 of Lemma 3.4, IDn (x) = IDn (y). Â

3.5 ...and its distributed implementation

3.5.1 Description

There are W workers, each consistingof two threads: a segment manager, that main-
tains a part (a segment) of the LTS and computes the signatures of the unstable
states, and a signatures server, that maintains a part of the signature table ST and
computesthe new IDs. The data structures occurring in Figure 3.7 are distributed to
the workers as follows:

² worker i , actually the segment manager i , is responsible for a subset Si of S.
Si \ Sj = ; ; 8i 6= j and

S
i Si = S. The function SM : S ¡ ! f 0 : : : W ¡ 1g maps

every state to its basesegment manager.

² transition set T generatesfor every segment manager i the sets

Ini = f (x; a; y) j y 2 Si ^ x a¡! yg

Outi = f (x; a; ID(y)) j x 2 Si ^ x a¡! yg;

where ID identi¯es the current partition.

² the sets of unstable states U, º U are maintained by managersin the form of
Ui = U \ Si and º Ui = º U \ Si , respectively.

² the set of block identi¯ers f 0: : : E ¡ 1g is divided into the disjoint sets IDSET0

: : : IDSETW ¡ 1 and distributed to the W signaturesservers by a mapping
SS : f 0: : : E¡ 1g ! f 0 : : : W ¡ 1g. Server j alsomaintains the part of the counts
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SEGMENT MANA GER i
1 º Ui := ;
2 for x 2 Ui do
3 compute sig(x)
4 SEND / hash insert : ID(x); sig(x); x . TO SS(ID(x))
5 enddo
6 do lo op
7 RECEIVE msg
8 case msg
9 / hash ID : x; i .

10 for y : (y; a; x) 2 Ini do
11 SEND / update : y; a; ID(x); i . TO SM (y)
12 ID(x) := i
13 enddo
14 / update : x; a; oid; i .
15 Out i := Out i ¡ (x; a; oid) + (x; a; i )
16 º Ui := º Ui [ f xg
17 enddo
18 U := º U

SIGNATURES SERVER i
1 STi := ;
2 do lo op
3 RECEIVE / hash insert : oid; s; x .
4 if (oid; s; Lx ) 2 STi

5 then Lx := Lx + [x]
6 elseSTi := STi [ f (oid; s; [x])g
7 ¯
8 Reusablei := f oid 2 IDSETi j c(oid) =

P
( oid;s;Lx ) 2 STi

card (Lx )g
9 enddo

10 decide on º IDSETi

11 for (oid; s; Lx ) 2 STi do
12 if oid =2 Reusablei
13 then take id from º IDSETi

14 else id := oid
15 ¯
16 for x 2 Lx do
17 SEND / hash ID : x; id . TO SM (x) / hash ID : x; id .
18 enddo
19 enddo
20 re-balance c , º IDSET

Figure 3.9: (DSO) A distributed iteration
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array c and of the signature table ST corresponding to IDSETj :

STi = f (oid; s;Lx ) j SS(oid) = i ^

Lx = [x 2 S j ID(x) = oid ^ sig(x) = s]g

HereLx is the list of all unstable statesthat have s assignature. Lx is necessary
becauseunlike in the sequential implementation, in the distributed one it is not
possibleto generatethe new ID at the moment of signature insertion.

The distributed algorithm executes,like the sequential one, a seriesof iterations. In
betweeniterations, workers synchronize in order to decidewhether the ¯nal partition
has beenreached. The computation inside an iteration is asynchronous and directed
only by messages,as sketched in Figure 3.9 (DSO = Distributed Strong bisimulation
Optimized algorithm). There are ¯v e phasesdistinguishable within an iteration:

¡ managers compute the signatures of the unstable states and send them
(hashinsert) to the appropriate servers

¡ servers receive the signatures(hashinsert) and insert them in their local ST
¡ servers compute new IDs for the unstable states and send them (hashID)

back to the managers
¡ managersreceive the new IDs for their unstable states (hashID) and send

messagesto the parent states of its own states that changedthe ID (update)
¡ managersreceive and processthe update messages(update)

In order not to overload the presentation, we leave out the simple mechanism that
ensuresthat the loops SS2-9 and SM6-17 terminate. Since both these loops receive
and treat messagesfrom a ¯xed number of communication parties, it is enoughto let
these parties (the managers,in the caseof the ¯rst loop; the servers in the second)
signal when their stream of data has stopped and let the party executing the loop
count the stop messages.

Due to the division of tasks between managersand servers, the ¯rst and the sec-
ond phasehappen in parallel (steps SM2-5, SS2-9 in Figure 3.9). Also the last three
(steps SM6-17, SS11-19) are overlapped. The overlapping limits the amount of CPU
idle time, by allowing computation and communication to proceed in parallel. For
instance, the servers can already proceedwith inserting signatures in the table while
managersprepare and sendmore signature messages.In the actual runs of the pro-
gram, a worker (manager + server) may use one processor. The main advantage of
overlapping the phasesis memory gain: since the consumersand producers of mes-
sagesare active at the sametime, the messagesdo not have to be stored. Thus, less
memory is used.

3.5.2 Correctnessand complexity

Lemma 3.6 The following properties hold for this distributed algorithm:
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1. in every iteration, the signatures of the states in the sameblock are sent to the
sameserver

2. every time a block splits, one of the new blocks gets the old id

3. in every iteration, ¯nitely many hashinsert and hashID messagesare generated

4. in every iteration, a received hashID messagegenerates ¯nitely many update
messages.

5. (8n > 0) if IDdbn is the state partition at the beginning of iteration n of DSO
and IDseqn is the state partition at the beginning of iteration n of SSO, then

(8x; y 2 S) IDdbn (x) = IDdbn (y) i® IDseqn (x) = IDseqn (y)

Proof: 1: Indeed, if ID(x) = ID(y) = i , both sig(x) and sig(y) are sent (steps 2-5 in
the segment manager) to the signature server responsible for i , SS(i ).

2: Consider a block with the identi¯er i . If there are states x 2 Sj ¡ Uj with
ID(x) = i , then it is clear: all thesestatesare not touched this iteration, i.e. they keep
their old ID. If, on the contrary , all the states x with ID(x) = i are in someunstable
set (8x 2 S ID(x) = i 9j x 2 Uj ) then all signatures will be computed and sent to
the sameserver (steps 2-5 in the segment manager). At the signature server side, all
thesesignaturesare inserted in STi and counted { and i is addedto the Reusablei set.
Further, in SS6-17 when the ¯rst triple (i; s;Lx ) is encountered, all the states in Lx
get i as new ID.

3: The number of hashinsert and hashID messagesis limited by the total sizeof
the setsUi , i.e. by card (S).

4: For each / hashID : x; i . message,card (Ini ) messages(that is · card (S))
with the tag update are sent.

5: By induction on n. Â

Theorem 3.7 (termination and correctnessof DSO) For any LTS (S; T; s0), DSO ter-
minates and the IDdbf function computed is the sameas the IDf computed by SSO.

Proof: The properties (1), (2) from Lemma 3.6 ensure that the invariants from
Lemma 3.4 are also true in the distributed implementation DSO. (3),(4) ensurethat
the computation within an iteration terminates. The global termination is justi¯ed by
the one-to-onemapping between iterations in the sequential algorithm SSOand the
iterations in the distributed implementation DSO (5). From (5) and the correctness
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problem original minimized
states transitions disk space states transitions number of

(in 106 ) (106 ) (M B ) (106 ) (106 ) iterations
CCP 0.21 0.68 15 0.077 0.24 66
1394-LL 0.37 0.64 15 0.034 0.076 73
lift5 2.2 8.7 101 0.032 0.14 86
CCP-2p3t 7.8 59 678 1.0 6.6 94
tok en ring 19.9 132 1513 8.4 51.1 6
lift6 33.9 165 1898 0.12 0.65 91
1394-LE 44.8 387 4430 1.1 7.7 51

Figure 3.10: Problem sizes

of SSO (Theorem 3.5) it follows that the partition computed is indeed the correct
one. Â

3.6 Experiments

To experiment with the distributed protot ype implementations, we used an 8 node
dual CPU PC cluster and an SGI Origin 2000. The cluster nodes are dual AMD
Athlon MP 1600+ machines with 2G memory each, running Linux and connected
by both Fast Ethernet (bandwidth 100Mb/s) and Gigabit Ethernet (1Gb/s). The
Origin 2000is a ccNUMA machine with 32 CPUs and 64G of memory running IRIX,
of which we used1-16 MIPS R10000processors.On the cluster, we usedLAM/MPI
6.5.6 and on the SGI the native MPI implementation.

The casestudies The test set consistsof a variety of state spacesgeneratedby case
studies carried out recently with the ¹ CRL toolset and of the collection of anony-
mous LTSs VLTS (Very Large Transitions Systems)[CI]. The ¹ CRL casestudies are
mentioned below.

² 1394-LL [Lut97] is a model of the Link Layer of the FireWire high speedserial
data bus, usedto connect computers and peripheral devices.

² 1394-LE models the Leader Election protocol implemented within FireWire.
The speci¯cation usedhere is instantiated with 17 nodesand is a variant of the
speci¯cation in [SZ98].

² CCP-2p3t [PFHV03] is a cache coherenceprotocol model for distributed Java
programs. We usethe instancewith 2 processesand 3 threads. CCP is an older
(and smaller) version of it.

² lift5 , lift6 [GPW03] are models of a distributed system for lifting trucks with 5
and 6 legs.
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problem bcg min SSN SSO
time mem time mem time mem

(s) (M) (s) (M) (s) (M)
CCP 15.0 18 21.3 20 4.5 18
1394-LL 18.5 19 6.2 14 3.3 21
lift5 113 184 64 123 43 214
CCP-2p3t 4363 968 779 1187

Figure 3.11: A comparisonof single threaded tools

² token ring is the model of a Token Ring leaderelection protocol for 4 stations 1.
Problem sizesbeforeand after reduction can be found in Figure 3.10.

3.6.1 A comparisonof sequential tools

First, in order to validate the use of the naive algorithm, we have compared the
memory usageand run times of our single threaded implementations with those of
the bcg min reduction tool, which is part of the CADP toolset [FGK + 96].

The test results can be found in Figure 3.11. Thesetests wererun on a PC running
Linux with dual AMD Athlon MP1600+ CPUs and 2G memory. The version of
bcg min usedwas1.3. It is clear from this table that the performanceof our sequential
tools is comparableto that of bcg min. Hence,using the naive algorithm is feasible.

It is also clear that the marking strategy (used for the optimized algorithm) can
give spectacular gains in time { seethe numbers for both cache coherenceprotocols.
The sequential optimized implementation needsmore memory than the naive, since
it keepsboth the straight and the inverse transition systems. On the other hand,
the naive one consumesmore memory for the hashtable { all signatures have to be
inserted, while only some have to be consideredby the optimized implementation.
Therefore, we expect that the optimized algorithm will be less memory expensive
than the naive onewhen it comesto large examples.The distributed implementation
con¯rms this idea.

3.6.2 Comparing the sequential with the distributed implementation

In Figure 3.12, we show how the performanceof the sequential naive implementation
comparesto that of the distributed naive one with 16 workers on SGI, and how the
latter comparesto the performanceon the cluster.

3.6.3 The distributed implementation: scalability

For the tests in this subsection we used the PC cluster. The inputs were 26 case
studies from the VLTS benchmark suite. The selectioncriterion was no lessthan 105

1 the original LOTOS model [GM97 ] was translated to ¹ CRL by Judi Romijn and extended from
3 to 4 stations
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problem SSN DSN DSN DSO
SGI SGI (16) cluster (16) cluster (16)

time mem time mem time mem time mem
(s) (M) (s) (M) (s) (M) (s) (M)

lift5 64 123 33 460 20 480
CCP-2p3t 10480 1380 1249 5438 550 4430 104 1658
tok en ring 2505 4367 299 13416 120 10802 231 4508
lift6 15355 2652 1136 15372 702 5958 346 3834
1394-LE 12111 6566 1136 15372 555 15388 428 8737

Figure 3.12: A comparisonof single threaded and distributed runs

transitions and small enoughto be reducedon a singlenode. All the valuespresented
are averagedfrom 5 runs. The speedupwas computed from the real time (wall clock
time) spent on the reduction only. That is, the time spent on doing I/O operations
for reading the LTS and writing the result is not included. The problem size is the
number of transitions.

Time In Figure 3.13 we have plotted the reduction times for each of the problems,
and their translation to speedupsrelative to the distributed algorithm running on one
node (and one worker). This picture shows clearly that for someproblems we obtain
good speedupsand for others, on the contrary , we get a slow down. Many of the lines
in this pictures curve downwards. This meansthat the e±ciency decreasessomewhat
with the number of processors,due to the increasing in°uence of communication.

Becausewe designedthe algorithm especially for large transition systems,we were
interested in how the problem size in°uences the speedup. First, we looked at the
speedupobtained by moving from a single CPU to a minimal distributed system. In
Figure 3.14, we show the speedup relative to the program running on a single CPU
for three possibilities: a single dual CPU node, two single CPU nodes and two dual
CPU nodes. The considerableamount of extra CPU power in the 2 node, 4 CPU
system seemsto have had an e®ect,but apart from that moving from a single CPU
to a minimal distributed systemdoesnot seemto have much of an advantage. Next,
we looked at the speedupwe got from moving from a minimal distributed system to
larger distributed systems. In Figure 3.15, we show the speedupsachieved by using
4 and 8 nodesrelative to using 2 nodesfor both the single and dual CPU case.Even
though the lines are prett y erratic, it is possibleto seea tendency of the 4 node lines
to convergeto 2 and for the 8 node lines to convergeto 4. In the dual CPU plot it is
also very obvious that using too many CPUs hurts performance.

Finally, the last speedupsgraphswe show (Figure 3.16) relate the distributed algo-
rithm to the fastest sequential algorithm, thus conforming to the standard de¯nition
of the speedupfor parallel programs.
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Memory We also made memory measurements, in order to observe the e±ciency of
the distribution and the scalability of the total memory usage.Figure 3.17shows data
collected by measuring the memory usageof each worker for distributed runs with
2 and with 8 workers. To facilitate comparisonsand seethe scaling up, we divided
these values by the memory used by the distributed base run, i.e. the distributed
implementation when run with one worker. For each problem, the plots show the
minimum/average/maximum value thus obtained. We seein the ¯gure that when
2 workers are used, memory consumption per worker drops to approximately 0.6 of
the distributed baserun and when 8 are used, to approximately 0.2. Thus, the more
workers the lessmemory neededper worker. Note also that only for three problems
there is a substantial di®erencebetween minimum and maximum. This meansthat
the function we have used to distribute states acrossworkers performs reasonably
well: in most casesthe workers needroughly the sameamount of memory.

In Figure 3.18we have plotted the total memory usageagainst the number of work-
ers for small (· 106 transitions) and large (> 106 transitions) systemsrespectively.
Here the memory is divided by the memory of the sequential implementation, in order
to also provide a distributed/sequential comparison. For small systemsthe memory
usageoften increasesquite rapidly with the number of workers,but for large problems
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the total memory usagedoesnot increasemuch. From thesepictures it is quite clear
that for most large problems the memory usageof the distributed tool is between 2
and 3 times as much as the memory usageof the sequential tool. This is not un-
expected: at least two copies of all the signatures must be kept (a local copy and
a global copy) and ID information is sent using bu®ers,whosesize is linear in the
number of transitions.

3.6.4 Distributed naive vs. distributed optimized

Figure 3.12 shows a comparisonof the naive and optimized distributed implementa-
tions on the cluster, for a number of large LTSs. The numbers listed for the memory
usagerepresent the maximum total memory touched on all 8 workstations during a
run.

The runs indicate that the optimized implementation outperforms the naive one
most of the time. The optimized is designedto perform better when the partition
re¯nement seriesneedsa large number of iterations to stabilize, yet very few blocks
split in every iteration. This is exactly the casefor the CCP state space. On the
other hand, for state spaceslike the Token Ring protocol, where almost all blocks
split in every iteration, and the whole processends in just a few rounds, the naive
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Figure 3.19: Runtimes and memory usagefor CCP-2p3t and for lift6

algorithm works faster, since it does not waste time on administration issues. In
all larger examplesthough, the memory gain is obvious { and for the bisimulation
reduction problem, memory is a more critical resourcethan time.

To test how the optimized distributed algorithm scales,we ran on the cluster series
of experiments using 1-8 machines (2-16 processors).Figure 3.19 shows the runtimes
(in seconds)neededto reducelift6 and CCP-2p3t. Sincelift6 is a real industrial case
study with serious memory requirements, it could not be run single threaded on a
cluster node or distributed on less than 3 nodes. We seethat for both distributed
implementations and both casestudies presented, the memory usagescaleswell, i.e.
the total memory neededon the cluster is almost constant, regardlessthe number of
machines used. Hence,more machines available will mean lessresourcesoccupied on
each machine.

On runtimes however, the naive implementation scalesin a more predictable man-
ner, while the optimized times do not seemto scaleup asnicely. This is partly due to
the nondeterminism present in the optimized implementation { signaturescan arrive
at servers in any order, the order in°uences the new IDs assignment to states, the
new IDs determine how many unstable states are there in the next iteration, thus
how much time will that iteration cost etc. It is also due to the possibly unbalanced
distribution of signaturesto servers, which intro ducesunpredictable idle times. Last,
there is somelatency due to the MPI implementation. We compared (Figure 3.21)
the reduction of lift5 on the cluster with the reduction on a sharedmemory machine
that usesits native MPI implementation. It appears that the optimized algorithm
doesscalebetter on this other MPI.

After analyzing the behavior of the two algorithms on somespecial casestudies,we
turn to \anonymous" state spacesfrom the VLTS benchmark [CI]. Figure 3.20shows
the times and total memory usageof the optimized algorithm relative to those of the
naive algorithm. Unlike the other measurements presented, the times considerednow
are total, that is the I/O operations are included. The 25 state spacesin this selection



3.6 Experiments 47

 0

 0.25

 0.5

 0.75

 1

 1.25

 1.5

 1.75

 2

 2.25

 2.5

 2.75

 3

 0  20  40  60  80  100

tim
e 

op
tim

iz
ed

 / 
tim

e 
na

iv
e

number of iterations

Total runtimes on 8 processors

 0

 0.25

 0.5

 0.75

 1

 1.25

 1.5

 1.75

 2

 2.25

 2.5

 2.75

 3

 0  20  40  60  80  100

to
ta

l m
em

or
y 

op
tim

iz
ed

 / 
to

ta
l m

em
or

y 
na

iv
e

number of iterations

Total memory used on 8 processors (4 machines)

Figure 3.20: (DSO) The VLTS test suite



48 3 Strong Bisimulation Reduction

0

50

100

150

200

250

300

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0

125

250

375

500

625

750

tim
e(

cl
us

te
r)

tim
e(

S
G

I)

CPU

cluster, single CPU/node
cluster, dual CPU/node
cluster, single threaded

SGI
SGI, single threaded

Figure 3.21: (DSO) Runtimes for lift5 on SGI and on the cluster

are small to medium size(between0.06and 12 million states,and between0.3 million
and 60 million transitions) and they get reduced modulo strong bisimulation in less
than 100 iterations. The stars mark the very small state spaces,i.e. those that are
reducedin lessthan 5 secondsby both algorithms.

We present the state spacesordered by the number of iterations in which the
reduction procedurestabilizes. This is a relevant order only for the time performance,
not for the memory usage.

As apparent from the ¯gure, the relative time performanceof the optimized algo-
rithm is indeed in°uenced by the number of iterations and the sizeof the state space.
This is roughly because,compared to the naive one, it spends (much) more time on
the initial setup - and this time pays back only if the reduction processhas some
length. Note that for very short reductions, it can be almost 3 times slower than the
naive, but for lengthy onesit is usually much faster (up to 6 times faster).

Regardingthe memory usage,we may notice that the optimized algorithm is indeed
almost always an improvement. Exceptionsare the small state spaces,wherethe ¯xed
sizebu®ersusedby the optimized are signi¯cantly larger than needed.This could be
¯xed by using dynamic bu®ers.
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problem DSN DSN DSN
cluster fast cluster gbit SGI

1394-LE 1520 475 540
CCP-2p3t 1685 530 670

Figure 3.22: Network analysis

3.6.5 Hardware matters

The Fast Ethernet network connectionsworks at 100 Mbps. The Gigabit Ethernet
works at 1000Mbps. The performancedi®erencebetweenthesetwo networks can be
seenin Figure 3.22, where the reduction times on di®erent network connectionsare
shown { as expected, the Gigabit Ethernet outperforms the Fast one.

During our experiments with the 6 leg lift problem, we found that reducing the LTS
is not the only problem. The ext3 ¯le systemas implemented in the Linux 2.4 kernels
is not suitable for reading/writing multiple large ¯les in parallel. As a result, reading
the LTS from disk actually took more time than reducing it. For later experiments
we have usedPVFS (Parallel Virtual File System[CLRT00]) instead of NFS. This is
a distributed ¯le system,which usesthe disks of multiple machines to present a large
¯le systemto the user. Per node the performanceof PVFS was roughly equal to that
of NFS, but the performance of PVFS scaleslinearly with the number of nodes so
e®ectively it was 8 times better.

3.7 Conclusions

We took a simple algorithm for strong bisimulation reduction and designedand im-
plemented two distributed versionsof it: a straightforward one (3.2,3.3) and a more
elaborated and \optimized" one(3.4,3.5). The latter employs a marking technique for
incremental computation of partitions and a setting where communication and com-
putation can proceedin parallel. Therefore the performanceis improved in memory
and in somecasesalso in time.

We argued that, despite a poor worst-casetheoretical complexity, in practice both
distributed implementations have a decent speedup for large examples and, more
importantly , the total memory consumeddoes not grow too much with the number
of machines used.

The concept of signature re¯nement also works for other equivalences,like branch-
ing bisimulation (treated in the next chapter), weakbisimulation and ¿¤a equivalence.
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BranchingBisimulation Reduction

In the previous chapter, a few sequential and distributed algorithms were presented,
for reduction of large LTSs modulo strong bisimulation equivalence. The starting
point was the \naiv e method" of Kanellakis and Smolka [KS83]. In this chapter
we adapt that straightforward solution to another very useful equivalence, namely
branching bisimulation.

Related work The most commonly usedalgorithm for computing branching bisim-
ulation is the one of Groote and Vaandrager [GV90]. It is a very good algorithm,
but there are two reasonswhy one does not really want to use it for developing a
distributed tool. First, the natural parallelism in the algorithm is very ¯ne grained,
which is a bad idea on a cluster, where the often large messagelatency leads to un-
acceptableperformance. The secondreasonis that the Groote-Vaandrageralgorithm
works on LTSs that do not have cycles of silent steps. Cycle elimination requires
detection of strongly connectedcomponents, which is a di±cult problem to solve dis-
tributedly , although sequentially the well known Tarjan algorithm [Tar72] solvesit in
linear time. That sequential algorithm is basedon depth ¯rst search traversal (DFS)
of the graph, an idea very di±cult to parallelize { it has been proved [Rei85] that
DFS is P-complete (seealso Section 2.2.6). The distributed algorithm that we now
proposedoesnot rely on the absenceof ¿ cycles,but we learn from sequential studies
that it would perform better on a cycle-freeLTS. Therefore, it is interesting future
work to integrate an initial distributed cycle elimination phase(seealso Chapter 5)
and optimize the actual reduction algorithm for LTSs without ¿ cycles.

Kripk e structures are directed graphs with labeled states and unlabeled transi-
tions. Branching bisimulation on LTSs resemblesthe stuttering equivalenceon Kripk e
structures [BCG88] up to divergencesensitivity. Namely, stuttering equivalencedis-
tinguishes states where an in¯nite sequenceof invisible steps is possiblefrom states
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wheresuch a sequenceis impossible,while branching bisimulation doesnot. Neverthe-
less,the stuttering equivalencealgorithm presented by Browne, Clarke and Grumberg
[BCG88] resembles ours in that it employs a similar partition re¯nement strategy.
Only the way in which the re¯nements are computed is di®erent: the Browne-Clarke-
Grumberg algorithm calls for explicit computation of the transitiv e re°exive closureof
silent stepswhereasour algorithm avoids doing so. The naive algorithm that we have
chosenas starting point is a brute force approach to state spaceminimization that
employs the extensive resourcesof a cluster. Other approaches to saving spaceand
time in the minimization processinclude exploiting the natural modular structure of
systems[BG01].

Outline This chapter is organizedas follows. Section4.1 revisits somebasic notions
and gives the signature re¯nement algorithm for computing branching bisimulation.
Section 4.2 proves it correct. The single threaded and distributed implementations
are commented in Sections4.3, 4.4 and their performanceis discussedin Section 4.5.
We draw conclusionsin Section 4.6.

4.1 Partition re¯nement basedon signatures computation

The de¯nitions of LTSs and branching bisimulation equivalencehave been given in
Section 2.3.1. Note that the silent action ¿ is a member of the set of labels Act. In
this section we ¯x somenotations, recall the theory behind the partition re¯nement
algorithm basedon signature computation (presented and usedin the previous chap-
ter) and argue that it is applicable to branching bisimulation as well. We work with
a ¯xed LTS (S; ! ; s0) and we usethe following notations:

s a¡! t short for (s;a; t) 2 !
a¡!! the transitiv e re°exive closureof a¡!

a¡¡!R R \ a¡! for any equivalencerelation R
a¡¡!R! the transitiv e re°exive closureof a¡¡!R

¼= f B i j i 2 I g is a partition of S if

(8B 2 ¼: B 6= ; ) and
[

i 2 I

B i = S and (8B 0; B 002 ¼: B 0 = B 00_ B 0 \ B 00= ; ) :

A partition ¼0 is a re¯nement of a partition ¼if

(8B 0 2 ¼0) (9B 2 ¼) B 0 µ B :

The elements of a partition are referred to as blocks. By ¼(x) we denote the unique
block B of ¼such that x 2 B . We alsoview a partition ¼asa relation and abbreviate
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¼(x) = ¼(y) as x ¼y. ¿¡¡!¼! is then a particular caseof a¡¡!R! and represents a sequenceof
0 or more ¿-stepswithin a block of ¼.

In Chapter 3 we de¯ned the notion of signature of a state w.r.t. a partition. We
basedour sequential and distributed algorithms for strong bisimulation reduction on
this notion. Now we rede¯ne it, taking into account the silent steps and the new
goal, which is characterizing and computing the branching bisimulation equivalence
classes.The signature of S w.r.t. a partition ¼of S is a function sig¼ : S ! 2Act£ 2S

:

sig¼(s) = f (a;¼(t)) j 9s0 : s ¿¡¡!¼! s0 a¡! t ^ (a 6= ¿ _ ¼(s) 6= ¼(t))g

The signature re¯nement of ¼is a new partition, denoted sigref¼, where the states of
S having the samesignature w.r.t. ¼are in the sameblock:

sigref¼ = ff s0 2 S j sig¼(s) = sig¼(s0)g j s 2 Sg

A partition ¼ is stable if sigref¼ = ¼. The signature re¯nement algorithm iterativ ely
computes¼n +1 until the stable partition is reached.

¼0 = f Sg
¼n +1 = sigref¼n

(4.1)

For our LTS S ´ (S; ! ; s0), let $ B be the largest branching bisimulation relation
on S, i.e. the one relating most states and the union of all branching bisimulations.
Then the partition determined by $ B

¼B = ff s0 2 S j s $ B s0g j s 2 Sg

is the coarsest(has a minimal number of blocks) among all partitions determined by
branching bisimulations. Thus, the LTS with the minimal number of states that is
branching bisimilar to S is

SB ´ (¼B ; f (¼B (s); a;¼B (t)) j s a¡! t ^ (s $ B t = : a 6= ¿)g; ¼B (s0))

Our goal is to compute $ B and we claim that the simple signature re¯nement algo-
rithm above (4.1) does exactly that. However, becauseof the complex in°uence of
the silent stepson the branching bisimulation relation, this is not trivial to prove.

4.2 Correctnessof the naive algorithm

We ¯rst prove that the iterations of the algorithm (4.1) produce successive partition
re¯nements (Lemma 4.2). Then we show that throughout the algorithm branching
bisimilar states are kept together (Lemma 4.3) and that when the algorithm stops,
a branching bisimulation relation has been reached (Lemma 4.4). Finally, in The-



54 4 Branching Bisimulation Reduction

orem 4.5 we put these facts together and justify that (4.1) correctly computes the
minimal branching bisimulation.

Lemma 4.1 If s0
¿¡¡!! s1

¿¡¡!! s2 and s0 $ B s2 then s0 $ B s1.

Proof: Follows from the stuttering lemma in [GW96].

Lemma 4.2 (8n ¸ 0) ¼n +1 is a re¯nement of ¼n :

Proof: We prove this claim by induction on n. The induction basis is immediate:
any partition is a re¯nement of ¼0, so in particular ¼1 is. As induction hypothesis
supposethat for all i < n, ¼i +1 is a re¯nement of ¼i . This guarantees that for any
states x and y and any i , j such that i < j · n:

if ¼i (x) 6= ¼i (y) then ¼j (x) 6= ¼j (y) (4.2)

if ¼j (x) = ¼j (y) then ¼i (x) = ¼i (y) (4.3)

if x ¿¡¡!
¼j y then x ¿¡¡!

¼i y (4.4)

To show that ¼n +1 is a re¯nement of ¼n , we proceedby supposing that this is not
the caseand deriving a contradiction. If ¼n +1 is not a re¯nement of ¼n then there
exist two states s, t for which ¼n (s) 6= ¼n (t) and ¼n +1 (s) = ¼n +1 (t): Then

sig¼n (s) = sig¼n (t) (4.5)

From the induction hypothesis and the fact that ¼0(s) = ¼0(t) it follows that there
is a partition ¼k (k < n) such that

(8j : 0 · j · k) ¼j (s) = ¼j (t) and (8j : k < j · n) ¼j (s) 6= ¼j (t)

So, sig¼k (s) 6= sig¼k (t). Without loss of generality, there exists a pair (a;B ) with
a 6= ¿ or B 6= ¼k (s) such that

(a;B ) 2 sig¼k (s) (4.6)

(a;B ) 62 sig¼k (t) (4.7)

(4.6) translates to (9s1 ¢¢¢sq 2 S; 9x 2 B 2 ¼k ) s ¿¡¡ ¡!
¼k s1

¿¡¡ ¡!
¼k ¢¢¢ ¿¡¡ ¡!

¼k sq
a¡! x. When

we turn to partition ¼n , there are two situations possible:

² s1 ¢¢¢sq are all in ¼n (s). Let us then further distinguish two cases:

{ a 6= ¿. Then it is clear that (a;¼n (x)) 2 sig¼n (s) and, according to (4.5),
(a;¼n (x)) 2 sig¼n (t). This meansthat there is a state y with ¼n (y) = ¼n (x)
and a state t0 2 ¼n (t) such that t ¿¡¡ ¡!¼n! t0 a¡! y. With (4.4) and (4.3), it
follows that t ¿¡¡ ¡!

¼k! t0 a¡! y and ¼k (y) = ¼k (x) = B , thus (a;B ) 2 sig¼k (t),
which contradicts (4.7).
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{ a = ¿ and B = ¼k (x) 6= ¼k (s). Then, according to (4.2), ¼n (x) 6= ¼n (s).
Therefore, (¿; ¼n (x)) 2 sig¼n (s) and, becauseof (4.5), (¿; ¼n (x)) 2 sig¼n (t).
Consequently , ¼n (t) 6= ¼n (x) and there is a state y with ¼n (y) = ¼n (x)
and a state t0 2 ¼n (t) such that t ¿¡¡ ¡!¼n! t0 ¿¡¡! y. Note that ¼k (y) = ¼k (x) 6=
¼k (s) = ¼k (t). It immediately follows that (¿; B ) 2 sig¼k (t), contradicting
(4.7).

² Someof the states s1; ¢¢¢; sq are not in ¼n (s). Let x be the ¯rst of these. Then

s ¿¡¡ ¡!¼n s1
¿¡¡ ¡!¼n ¢¢¢ ¿¡¡ ¡!¼n sr

¿¡¡! x =2 ¼n (s) (sr ´ s or 1 · r < q);

therefore (¿; ¼n (x)) 2 sig¼n (s) and thus (4.5) (¿; ¼n (x)) 2 sig¼n (t) as well. This
means that ¼n (x) 6= ¼n (t) and there is a state t0 2 ¼n (t) and a state y with
¼n (y) = ¼n (x) for which t ¿¡¡ ¡!

¼k! t0 ¿¡¡! y. This path exists also in ¼k (4.4):

t ¿¡¡ ¡!¼n! t0 ¿¡¡! y (4.8)

and moreover ¼k (y) = ¼k (x) = ¼k (s) = ¼k (t) (4.3). Becausek < n, ¼k+1 (x) =
¼k+1 (y) and thus sig¼k (y) = sig¼k (x). Since obviously (a;B ) 2 sig¼k (x), it
follows that (a;B ) 2 sig¼k (y) and with (4.8), we obtain (a;B ) 2 sig¼k (t), con-
tradicting (4.7). Â

The following lemma states that re¯ning a partition where branching bisimilar
statesare in the sameblock results in a partition wherebranching bisimilar statesare
still in the sameblock. (Note that saying that ¼B is a re¯nement of ¼ is equivalent
to saying that branching bisimilar states are in the sameblock of ¼.)

Lemma 4.3 For any partition ¼, if ¼B is a re¯nement of ¼ then ¼B is a re¯nement
of sigref¼.

Proof: We must show that for any s0, t0 such that s0 ¼B t0, s0 sigref¼ t0 holds. This
means that we have to show that sig¼(s0) = sig¼(t0), given that s0 ¼ t0. Due to
symmetry it su±ces to show that sig¼(s0) µ sig¼(t0).

For (a;B ) 2 sig¼(s0), we can ¯nd a path s0
¿¡¡!¼ s1

¿¡¡!¼ ¢¢¢sn
a¡! s, such that

¼(s) = B and (a 6= ¿ _ ¼(s0) 6= ¼(s)). We construct a corresponding path starting
from t0: given t i such that t i ¼B si and i < n, we de¯ne t i +1 by distinguishing two
cases:

¡ If si +1 ¼B si then let t i +1 = t i . Then si +1 ¼B t i +1 and t i
¿¡¡!¼! t i +1 .

¡ Otherwise, due to bisimulation and the stuttering lemma we can ¯nd t i +1

such that t i
¿¡¡ ¡!

¼B! t ¿¡¡! t i +1 and si +1 ¼B t i +1 . Sofor somet0
i , we have t i

¿¡¡ ¡!
¼B! t0

i
¿¡¡! t i +1 .

Therefore, t0
i ¼B t i ¼B si ¼ si +1 ¼B t i +1 . Because¼B is a re¯nement of ¼, we
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can conclude that t0
i ¼t i +1 . Thus, we have that t0

i
¿¡¡!¼ t i +1 . Again because¼B is a

re¯nement of ¼, we have that t i
¿¡¡!¼! t0

i , so we have t i
¿¡¡!¼! t i +1 .

If ¼(s0) 6= ¼(s) then ¼B (sn ) 6= ¼B (s), because¼(s0) = ¼(sn ) and ¼B is a re¯nement
of ¼. Sowehavea 6= ¿_ ¼B (s0) 6= ¼B (s). Wealsoknow that sn ¼B tn , soby de¯nition
of branching bisimulation and the stuttering lemmathere existst such that tn

¿¡¡ ¡!
¼B!

a¡! t

and s ¼B t. As ¼B is a re¯nement of ¼, it follows that tn
¿¡¡!¼!

a¡! t and s ¼t. In turn
this implies t0

¿¡¡!¼!
a¡! t, which meansthat (a;B ) 2 sig¼(t0). Â

Finally, we needto establish that a stable partition is a branching bisimulation.

Lemma 4.4 If ¼ is a stablepartition then ¼is a branching bisimulation.

Proof: Given s ¼ t and s a¡! s0, if a = ¿ and s ¼ s0 then s0 ¼ t0. Otherwise
(a;¼(s0)) 2 sig¼(s). Becausethe partition is stable, sig¼(s) = sig¼(t). So for somet0

we have t ¿¡¡!¼! t0 a¡! t00with s0 ¼t00and s ¼t0. Â

From thesethree lemmas,the correctnessof the partition re¯nement algorithm for
¯nite LTSs follows easily:

Theorem 4.5 Given a ¯nite LTS the following program computes¼B in ¼:

¼ := f Sg
repeat

¼0 := ¼
¼ := sigref¼

until ¼= ¼0

Proof: After the nth iteration of the loop, the variable ¼contains ¼n . If the loop exits
after n iterations then the partition ¼ is stable. Due to Lemma 4.4 the resulting ¼
is a branching bisimulation. Due to Lemma 4.3 it must be ¼B . From Lemma 4.2 we
get that sigref¼ is a re¯nement of ¼. This meansthat if sigref¼ is not the sameas ¼
then sigref¼ contains more blocks than ¼. As the number of blocks is limited by the
number of states, termination of the loop is guaranteed. Â

4.3 Sequential branching bisimulation minimization

We now describe a single threaded implementation (depicted in Figure 4.1) of the
algorithm outlined in (4.1) and provedcorrect in Theorem4.5. To represent partitions
weassigna unique (integer) identi¯er to each block and then represent the partition as
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1 for s 2 S do ID[s] := 0 enddo
2 do
3 /* compute signatures */
4 for s 2 S do sig[s] := ; enddo
5 for all transitions (s; a; t) do
6 if a 6= ¿ _ ID[s] 6= ID[t] then insert (s; a; ID[t ]) ¯
7 enddo
8 /* reassign ID according to sig */
9 HashTable := ;

10 count := 0
11 for s 2 S do
12 if sig[s] =2 Keys(HashTable)
13 then hash insert (HashTable; sig[s]; count )
14 count := count + 1
15 ¯
16 enddo
17 for s 2 S do ID[s] := lookup (HashTable; sig[s]) enddo
18 enddoun til ID is stable

insert (t; a; id):
1 if (a; id) =2 sig[t ])
2 then
3 sig[t ] := sig[t ] [ f (a; id)g
4 for all s such that s ¿¡¡! t ^ ID[s] = ID[t] do
5 insert (s; a; id)
6 enddo
7 ¯

Figure 4.1: (SBN) Single threaded naive branching bisimulation minimization

an array of block identi¯ers, which is indexedby states. Thus, the initial partition can
be represented as an array of zeros. The de¯nition of signature considerstransitions
of all statesreachable by ¿-stepswithin blocks. Explicitly computing setsof reachable
states should be avoided becausethis would require too much time and memory. So
instead of starting at a state and searching the reachable states for information, we
start with the information and propagateit back along the ¿-stepswithin blocks using
a backward depth ¯rst traversal. Once all signatures have been computed, unique
identi¯ers are assignedto signatures and from these identi¯ers the next partition is
built. Basedon the number of identi¯ers, we can decideif the partition is stable and
iterate if necessary.

4.3.1 Comments on complexity

For an LTS with N states and M transitions, the worst casecomplexity of our algo-
rithm is O(N 2M ) time and O(N M ) space.This is much worsethan the O(N (N + M ))
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reduce()
1 for s 2 S parallel do ID[s] := 0 enddo
2 do
3 for s 2 S parallel do
4 sig[s] := f (a; ID[t]) j s a¡! t ^ (a 6= ¿ _ ID[s] 6= ID[t])g
5 pred[s] := f t j t ¿¡¡! s ^ ID[s] = ID[t]g
6 enddo
7 new := sig
8 do
9 for s 2 S parallel do nextnew[s] := ; enddo

10 for s 2 S parallel do
11 for t 2 pred[s] do
12 nextnew[t] := nextnew[t] [ (new[s] n sig[t])
13 sig[t] := sig[t] [ new[s]
14 enddo
15 enddo
16 new := nextnew
17 enddoun til 8s : new[s] = ;
18 reassign ID according to sig
19 enddoun til ID is stable

Figure 4.2: (DBN)Distributed branching bisimulation minimization

time and O(N + M ) spacecomplexity of the Groote-Vaandrageralgorithm. However,
we expect that for typical state spaces(Section 2.3.3) both algorithms perform prac-
tically in O(log(N )(N + M )) time and O(N + M ) space. Next we will analyze the
complexity of an examplenear to the worst case.

Example 4.6 Given a natural number N , consider the LTS with states
1; 10; 2; 20¢¢¢; N ; N 0, transitions i a¡! i 0, i + 1 ¿¡¡! i , 1 ¿¡¡! N , (i + 1)0 b¡! i 0 and initial
state N . The signatures for this LTS are

sig¼k (i ) = f (a;¼k (10)) ; ¢¢¢; (a;¼k (N 0))g
sig¼k (10) = ;
sig¼k (( i + 1)0) = f (b;¼k (i 0))g

and the partitions are

¼0 = ff 1; 10; 2; 20¢¢¢; N ; N 0gg
¼k = ff 10g; ¢¢¢; f k0g; f (k + 1)0; ¢¢¢; N 0g; f 1; ¢¢¢; N gg

This means that N + 1 iterations are needed to get to a stablere¯nement of ¼0. The
cost of computing the signature of i 0 is constant in each iteration becausethe signature
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Figure 4.3: Computation of signatures

size is constant. However, the cost of computing the signature of i in the k th linearly
grows with k becausethe size of the signature is k. As we haveN signatures of each
kind, we get time complexity O(N 3) and space complexity O(N 2).

4.4 Distributed branching bisimulation minimization

For details about data distribution and computation of partitions from signatures,we
refer to the ¯rst part of Chapter 3. We recall that the states are divided among a set
of workers and we may apply the function worker to a state to get the worker which
owns the state.

Let us now seehow a distributed version of the algorithm can be implemented.
The single threaded algorithm usessequential depth ¯rst traversal for propagating
signature information. As the order of signature propagation is irrelevant, we chose
breadth ¯rst propagation for the distributed algorithm in Figure 4.2. In order to
present the global picture in a clear way, we write it as a shared memory algorithm
and abstract away the actual location of data. Each worker stores the parts of the
arrays corresponding to its owned states. This meansthat the underlined references
to arrays are potentially remote references. There are remote referencesto three
arrays: ID, newsig and sig . In our distributed implementation remote referencesto
ID are madelocal by copying the relevant parts of ID. That is, every worker keepsnot
only the ID data for its owned states, but also for the successorstates of its owned
states. Remote accessto newsig and sig is solved in a di®erent way. Instead of
letting the owner of the newarray perform the assignments, we let the owner of the
newarray senda messagecontaining s, t , and new[s] to the owner of the newsig and
sig arrays. Upon receiving such a messagethe owner of the newsig and sig arrays
will perform the assignments. This is correct becausethe order of the assignments to
nextnew and sig does not matter as long as they are atomic (no other assignments
carried out in between).

Messagepassingreplacements for lines 3-6 and 10-15of the code in Figure 4.2 can
be found in Figures 4.4 and 4.5, respectively. The replacements consist of multiple
threads which are separatedby

f
. In Figure 4.4, the initialization of sig is donebefore



60 4 Branching Bisimulation Reduction

1 for t 2 S parallel do sig[t] := ; enddo
2 for t 2 S parallel do
3 for s;a such that s a¡! t do
4 SEND / pi : s;a; t; ID[t] . TO worker(s)
5 enddo
6 enddo
7

f

8 while RECEIVE / pi : s;a; t; id . do
9 ID[t] := id

10 if a = ¿ and ID[s] = ID[t]
11 then
12 SEND / pred : t; s . TO worker(t)
13 else
14 sig[s] := sig[s] [ f (a; id)g
15 ¯
16 enddo
17

f

18 while RECEIVE / pred : t; s . do
19 pred[t] := pred[t] [ f sg
20 enddo

Figure 4.4: Messagepassingreplacement for lines 3-6 of DBN

starting the parallel threads. The receive statement blocks until there is a message
returning true or until there are no further messagesin the system and no further
sendscan be initiated in which casethey return false. For performancereasonsthe
actual implementation bu®ersa few KB worth of small messagesbeforesending.

In Figure 4.3 we have illustrated the processof signature computation. When the
computation starts every state is in partition 0. Initially , the signature sets contain
the (transition, id) pairs which are possiblein every state and the new setsare set to
the samevalue. In every iteration, the new setsare forwarded along the inverseof the
invisible ¿-steps,added to the signature setsand the new elements are added to the
new sets. Sofor examplein the ¯rst iteration (b,0) is sent along the top edge,inserted
in the signature of the right state and becauseit is new it is alsoput into new. In the
seconditeration it is sent along the bottom ¿-edgeand inserted, but becauseit was
already present it is not added to new. This forwarding continuesuntil the new sets
are empty.

We have omitted the code for reassigning ID according to sig, becausethe dis-
tributed assignment works the sameas the single threaded, with the exception that
hashtable lookups are performed by meansof messagepassingrather than by means
of memory access.
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1 for t 2 S parallel do
2 for s 2 pred[t] do
3 for all (a; id) 2 new[t] do
4 SEND / new: s;a; id . TO worker(s)
5 enddo
6 enddo
7 enddo
8

f

9 while RECEIVE / new: s;a; id . do
10 if (a; id) =2 sig[s]
11 then
12 sig[s] := sig[s] [ f (a; id)g
13 nextnew[s] := nextnew[s] [ f (a; id)g
14 ¯
15 enddo

Figure 4.5: Messagepassingcode for lines 10-15of DBN

4.5 Experiments

Wehavebuilt protot ype implementations of both sequential and distributed branching
bisimulation minimization algorithms. The distributed implementation usesMPI for
communication. The tests were made on a cluster of 8 dual AMD Athlon MP1600+
machines with 2G memory each, running Linux and connectedby Gigabit Ethernet.

The examplesusedare the state spaceof the FireWire Link Layer protocol [Lut97]
(1394-LL), the FireWire Leader Election protocol [SZ98] with 14 nodes(1394-LE), a
cache coherenceprotocol [PFHV03] (CCP-2p3t ), and a distributed lift system with
5 and 6 legs [GPW03] (lift5, lift6). SeeSection 3.6 for a short description of these
casestudies.

4.5.1 Single-threaded implementations

In order to investigatepossibilities, we have implemented four variants of the branch-
ing bisimulation reduction schemebasedon signatures. They areshowed in Figure 4.6,
all under the samename SBN. The variant called cycle eliminates the ¿ cycles be-
fore starting the iterations series,while dfs and iter do not. Further, iter computes
the signatures by performing propagation sub-iterations, as done in the distributed
implementation. Finally, mark employs a marking procedure that proved helpful in
the strong bisimulation reduction case(seeSection 3.4). Its basic idea is to restrict
the signature recomputation e®ort of an iteration to those signatures that changed
for sure.

Figure 4.6 displays the total run times (read, reduction and write) of these im-
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problem size bcg min SBN SBN SBN SBN number of
1.4 cycle dfs iter mark iterations

states time time time time time
transitions mem mem mem mem mem

1394-LL 0.37 106 2.27s 0.98s 0.97s 2.5s 1.16s 6
0.68 106 2.2M 2.8M 3.5M 3.5M 4M

lift5 2.2 106 2m42s 1m18s 1m20s 9m03s 2m30s 16
8.7 106 174M 108M 152M 116M 410M

1394-LE 2.5 106 1m18s 1m11s 1m08s 1m25s 1m14s 2
17.6 106 316M 220M 411M 220M 340M

CCP-2p3t 7.8 106 19m26s 22m50s 62m52s - - 46
59 106 1051M 736M 968M - -

Figure 4.6: A comparisonof sequential implementations.

plementations and the maximum amount of memory occupied. To show that our
signature re¯nement schemeis comparableto the block basedre¯nement scheme,we
include bcg min (the reduction tool belongingto the CADP toolset; it implements the
Groote-Vaandrager algorithm [GV90]) in this brief comparison. For the CCP-2p3t
example, the iter implementation takestoo much time and mark runs out of memory.
The reason for the iter implementation taking too much time was diagnosedas an
ine±cient implementation of onesub-routine. Thus, we could avoid making the same
mistake in the distributed implementation. We stopped the single threaded tool after
more than 24 hours, with only half the job completed. The distributed tool completes
the task in roughly 12 minutes on 16 processors.

The ¯rst conclusion of this sequential study is that the signature basedreduction
algorithm works for branching bisimulation. The cycle elimination seemsto be an
advantage (cycle vs. dfs), therefore it might be interesting to use it also in the dis-
tributed version. From the performancedata of iter it is clear that there is no serious
e±ciency loss by using mechanisms speci¯c to a distributed implementation. The
marking procedure does not deliver spectacular improvements, in fact no improve-
ments at all. The explanation is that this procedure is e±cient in the iterations
when few changeshappen { typically towards the end of the reduction process.But
the branching bisimulation algorithm usually stabilizes in a rather small number of
iterations, therefore the administrativ e penalties paid in the ¯rst iterations are not
regained later. (1394-LL, for instance, stabilizes in 73 iterations for strong and in 6
for branching; lift5 in 86 for strong, 16 for branching; 1394-LE in 51 for strong and
only 2 for branching.)

4.5.2 Distributed implementation

Figure 4.7 shows the times and memory usageof the distributed protot ype DBN when
run on 4,5,6,7and 8 workstations (with the input lift6 , that cannot be reducedon less
than 4 machines). For comparison,wealsoshow the speedupof the similar distributed
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Figure 4.7: Time and memory usagefor the reduction of lift6 (34 million states, 165
million transitions)

tool developed for strong bisimulation reduction, DSN (Chapter 3). DBN's memory
needsgrow slowly from 7232Mfor 8 processorsto 7656Mfor 16 processors,while DSN
used5752M (8 processors)up to 5958M (16). This shows that the memory usageper
worker decreasesalmost linearly with the number of workers.

As mentioned in the previous subsection, the stable partition with respect to
branching bisimulation is most of the time reached in (a lot) less iterations than
the stable partition with respect to strong bisimulation. This explains why, although
a DBN iteration takeslonger than a DSN one, DBN needson the whole lesstime. As
regard to memory usage,DBN is in all casesmore expensive than DSN. This is due to
two factors. Firstly , the signaturesfor the branching bisimulation caseare in general
larger, sincethe signaturesof a state x must include the signaturesof all statesreach-
able by silent steps. And secondly, our current implementation is a ¯rst protot ype,
not yet optimized for memory usage.We expect that a more careful implementation
will visibly reducethis di®erence.

A more interesting comparison is between the run times of DBN for random and
for sorted input. (Random meaning a copy without caring about the order and
sorted meanssorted into the sameBFS order written by our distributed state space
generation tool.) The data indicates a much better performance in the casewhen
the distribution of the states to the workers is done on BFS order. This meansthat
we should investigate whether other orders exist, which can easily be computed and
show even better performance.

Finally, in Figure 4.8 we show a speedupgraph obtained by dividing the runtimes of
SBN-cycle(the best sequential algorithm) to the runtimes of DBN on 1, 4 and 8 nodes
(i.e., 2, 8 and 16 CPUs). The wild shape of this graph is due ¯rst of all to the fact that
the sequential and the distributed algorithms comparedare fundamentally di®erent:
the sequential eliminates the cyclesof internal steps, while DBN incorporates them.
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For most casestudies eliminating the cycles is a good idea, as sustained also by the
quite small speedupor even slowdown exhibit by DBN on a number of casestudies.
But there are also caseswhen DBN's approach works better.

4.6 Conclusions

The work presented here continues the seriesof distributed minimization algorithms
from Chapter 3. In this chapter we consideredbranching bisimulation as reduction
relation and we developed a signature based partition re¯nement algorithm for it,
that works on LTSs with cyclesof invisible steps. We proved its correctness,brie°y
described its implementation and showed by someexperimental results that it scales
up reasonablyboth in time and memory usage.
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DetectingStronglyConnectedComponents

A strongly connectedcomponent (SCC) of a directed graph is a maximal subgraph in
which every vertex is reachable from every other vertex. The problem of decomposing
a graph into SCCsis a well known and studied oneand hasan elegant solution, linear
in the input size, basedon depth ¯rst search [Tar72]. The SCC detection problem
has applications in many di®erent areas, from data mining to scienti¯c computing
to computer-aided designand model checking. Our motivation to study it comes,as
expected, from veri¯cation by enumerative model checking and our graphsof interest
are state spaces. The SCC detection occurs in several stages of this veri¯cation
process. For instance, the algorithms for branching bisimulation reduction usually
employ a preprocessingstep in which the cyclesof invisible steps(¿s) are eliminated.
In other words, the SCCsof the ¿-subgraph are detected and collapsed. Another use
of SCC detection is in LTL model checking: ¯nding counterexamplesmeans¯nding
cyclesreachable from the root state that contain somespecial accepting states.

In this chapter we investigatedistributed messagepassingsolutions for the detection
of SCCs. We describe a collection of heuristics that explore the characteristic features
of state spaces,especially the small depth and diameter. (Seealso the discussionin
section 2.3.) We state the SCC problem and present the solution in the context of
unlabeled graphs (transition systems). The algorithms can immediately be applied
to deal with labeled graphs in which only SCCswith a certain label must be found {
for instance, the ¿-cyclesin the caseof state spaces.

Related work The sequential very e±cient algorithm of Tarjan [Tar72] essentially
usesdepth ¯rst search and is not likely to have an e±cient parallel implementation
[Rei85]. Therefore, to solve the problem in a parallel/distributed setting, other meth-
ods have been explored. For instance, an NC algorithm for ¯nding SCCs that uses
matrix multiplication is proposed in [GM88] and improved in [CV89]. A more in-
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teresting approach for our application domain is taken in [FHP00] and [MIHPR01],
wherea divide-and-conqueralgorithm is described, analyzedand implemented. How-
ever, that algorithm is aimed at another type of graph: typically much smaller than
our state spacesand with high outgoing degrees. The essential observation is that
the SCC of any state x is exactly the intersection of its successorsand predecessors
sets. Our coloring transformation (Section 5.3.6) also usesthis idea, but instead of
picking a pivot state and splitting the graph in three independent (no crossingSCCs)
parts, we use a set of prioritized colors and split the graph in many parts at once.
This rather brute force approach exhibits more parallelism and it works quite well in
practice. The trimming step usedin [MIHPR01] is similar to our detection of atomic
components.

In the veri¯cation world, the problem of detecting SCCsin a distributed graph has
so far received attention only in the context of (on-the-°y) LTL/CTL model checking
[B ·CKP01, BBC03, ·CP03]. Like in our approach, in [BBC03] the DFS traversal is
abandoned in favor of BFS. The algorithm proposed in [ ·CP03] is inspired by a
symbolic algorithm and it also contains a phasewhere atomic SCCs are eliminated.
We encountered the SCC problem when building a distributed tool for branching
bisimulation reduction (Chapter 4) and therefore we focus on this application.

A related problem is that of detecting connectedcomponents in undirected graphs,
to which also parallel [HMB01] and distributed [BT01] solutions exist. Sincea SCC
is also a CC in the underlying undirected graph, thesealgorithms could be useful as
a ¯rst step in detecting SCCs. But not for our application domain, sincestate spaces
are always connectedgraphs.

Outline Section 5.1 intro ducesthe main de¯nitions, motivation and the SCC detec-
tion problem from the veri¯cation point of view. Our graph transformation routines
are described brie°y in Section 5.2 and in more detail in Section 5.3. In Section 5.4
three SCC reduction algorithms using the transformations are described. Then, in
Section 5.5, someexperiments with the three algorithms are presented. Conclusions
are summarized in Section 5.6.

5.1 Preliminaries

Until now, we consideredLTSs as representation of state spaces.But for the appli-
cations that we are targeting in this chapter, the SCC labels actually do not matter,
therefore we will work with unlabeled state spaces(S; T), where S is, like in an LTS,
a set of states and T is a binary relation on S. When T is understood, we will use
the notation p ! q for (p;q) 2 T and p:q for the re°exive transitiv e closureof T. We
also intro duce the following notations:

T¤ the re°exive transitiv e closureof a binary relation T
T ¡ 1 the binary relation inverseto T
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The incoming degree of a state is the number of transitions that end in that state.
Conversely, the outgoing degree of a state is the number of transitions originating in
that state.

5.1.1 SCC detection as veri¯cation problem

Our intended use of the SCC detection algorithm is as preprocessingstep for two
veri¯cation algorithms: branching bisimulation reduction/equivalenceand LTL model
checking.

The preprocessingphasein the branchingbisimulation algorithm consistsof merging
the states that can reach each other on invisible paths, since they have the same
(branching bisimilar) behavior. In other words, it consistsin collapsing the SCCs in
the graph obtained from the original state spaceby ignoring the visible transitions.
Although observations on sequential implementations show that the preprocessing
phase is a big advantage, the distributed algorithm in Chapter 4 avoided using it
becausea distributed cycleelimination algorithm that can handle very large instances
seemedto be a di±cult and challenging problem in itself. This is our main motivation
to study the SCC problem.

For the LTL model checking algorithm the interesting information is whether a
given state belongs to a cycle, no matter what labels that cycle might contain. In
this casea useful preprocessingstep is to detect the SCCsof the graph obtained from
the original state spaceby ignoring the labels and to mark all the states situated on
a cycle. This procedureconsistsof computing scc, then performing an extra test for
self-loops.

Both applications are instancesof:

The SCC detection problem. Given an unlabeled state space(S; T),
¯nd a representativ e function scc : S ! S such that 8x; y : scc(x) =
scc(y) i® (x; y) 2 T¤ \ T¤¡ 1.

5.1.2 Sequential SCC detection

The classicalapproach to the detection of strongly connectedcomponents is the Tarjan
algorithm [Tar72], that is based on depth-¯rst traversal and solves the problem in
linear time. Wepresent a versionof this algorithm, explainedand justi¯ed in [AHU83].
The input is a state spaceS = (S; T).

SCCTarjan(S):

² Perform a depth ¯rst search traversal of S and compute the ¯nishing times of
all states. This is done by successively calling the DFS routine below for a not
yet visited state until all states have been visited. The ¯nishing time of x is
the moment when the x and all its successorshave beenvisited. The clock I is
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initialized at 0 and increasedwith every new state visited.

DF S(x) :
mark x as visited
for each transition (x; y) do

if y unmarked then DFS(y)
¯nish time[x] := I
I := I + 1

² Construct the reversestate spaceS¡ 1 = (S; T ¡ 1).

² Perform a depth ¯rst search traversal of S¡ 1 starting from the state with the
highest ¯nishing time. While there still are unvisited states, call a new DFS
procedurestarting in the remaining state with the highest ¯nishing time.

² Each DFS tree resulted in the secondtraversal is a strongly connectedcompo-
nent of S.

The correctnessof this algorithm, proved in [AHU83], relieson the key observation
that all the states of a strongly connectedcomponent are contained in the sameDFS
tree. But DFS is a typical di±cult-to-parallelize-e±cien tly algorithm [Rei85]. In the
remainder of this chapter we proposea solution consisting of somelocal and global
transformations on the distributed graph, that are lesstime-expensive than a direct
distributed implementation of the Tarjan algorithm.

5.1.3 Distribution of the state space

In the rest of the exposition we will talk about a ¯xed state spaceS and we assume
a distribution of S on W machines:

S = S0 [ ¢¢¢[ SW ¡ 1 and 8i 6= j : Si \ Sj = ; :

T =
[

0· i;j <W

Tij , where Tij = f (x; y) 2 T j x 2 Si and y 2 Sj g

The machine (or: processor,worker) i ownsthe states Si and the transitions (8j )Tij .
The state spacesare produced in this format by the distributed generation tool
[BLL03] from the ¹ CRL toolset. We also assumea globally known hash function
worker : S ! f 0¢¢¢W ¡ 1g that indicates to which worker every state belongs. In
our implementations the statesare identi¯ed by pairs (worker, o®set),thus the worker
function is just a projection.

We call transitions that crossworker boundaries(i.e. in Tij with i 6= j ) crosstran-
sitions. The performanceof most algorithms on distributed state spacesis in°uenced
by the number of cross transitions. Ideally, we would like to have the state space
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distributed in such a way that the number of crosstransitions is (much) smaller than
that of inside transitions (in Tii ), while the number of statesowned by di®erent work-
ers is almost the same(for all i; j , small j Si ¡ Sj j). Finding such a distribution is a
di±cult problem, therefore in reality we work with a random balanced distribution,
that ensuresabout the samenumber of states to every worker but does not try to
optimize the number of crosstransitions.

5.2 Graph transformations

5.2.1 Identify atomic components

Usually, a state spacewill contain a lot of states that do not connect via cycleswith
any other state. That is, they are SCCs on their own. We call these states atomic
SCCs and we describe now a simple procedure to discover someof them. We start
by the states with incoming degree0. They are for sure atomic components, since
otherwise the state would be reachable from other states. This also meansthat their
outgoing transitions arenot internal to a component, and thereforetheir presencedoes
not changethe SCC structure of the graph. Thus, we may remove the states without
incoming transitions, together with all their outgoing transitions. This step can be
repeateduntil all states have at least one incoming transition. Sinceat every step we
only have to look at the stateswith no incoming transitions and their successors,this
procedureis quite cheap(one BF pass)and allows for much parallelism. Section5.3.3
presents it in more detail.

5.2.2 Partial SCC detection

The very e±cient (linear) Tarjan DFS algorithm (Section 5.1.2) can be exploited
in a distributed environment as well, in several ways. One possibility is to let it
perform on the local subgraph(Si ; Tii ) of each processor,in order to ¯nd and collapse
the local components. For each component, one of the states, say x, is chosen as
representativ e and all the others (y) are identi¯ed with it by meansof the sccfunction:
scc(y) := x. Then all transitions in the global graph have to be renamedfrom (x; y)
to (scc(x); scc(y)).

The other extreme application of SCCTarjanon a distributed state spaceis to send
the whole graph to one manager worker that will then compute its SCCs using the
sequential algorithm and send back the correct values of scc. This is of courseonly
possiblewhen the global graph is { or hasbecome,by meansof other transformations
{ su±ciently small.

A good idea for when the global graph is not small enough and the elimination
of local components does not shrink it substantially , is an intermediate approach:
apply the collapse-global-components transformation on disjoint subsetsof workers,
in parallel. This way, the managersget a smaller global graph (sometimes,this makes
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the di®erencebetween not-feasible and feasible). Moreover, the chance of ¯nding
components is higher than when collapsing locally. By repeatedly collapsing SCCs
on random small sets of workers, we hopefully arrive at a global graph that is small
enough to be further reduced on one worker. This procedure is discussedin more
detail in Section 5.3.4.

5.2.3 Coloring

By a certain coloring of the states of the graph, a partition of the set of states can be
achieved, such that if x and y are in the sameSCC then x and y have the samecolor.
This splits the SCC problem in smaller disjoint instances.

The coloring procedure starts with a color function c : S ! N satisfying the
property

8x; y 2 S if c(x) = c(y) then (x; y) 2 T¤ \ T¤¡ 1 (safety)

If there is no a priori information available that allows the fast construction of such
a c, we can choosethe identit y function, which trivially satis¯es the condition. We
assumean order on the colors, < . The coloring procedure consists in successively
modifying c until no modi¯cation is possible anymore. At each modi¯cation step,
every state x passesits color to every successory for which c(x) < c(y). When
the coloring is done, the transitions having their sourcecolored di®erently than their
destination are de¯nitely betweencomponents (seeSection5.3.6 for the justi¯cation)
and, consequently , they get removed. The result is a set of disconnectedand smaller
state spaces,each of them uniformly colored. Note also that every small state space
has one or more special states that kept their initial color { let us call them roots.

We can now focus on solving separately the subproblems determined by colors.
The ¯nal scc mapping is simply the union of the scc sub-mappings thus resulted.
Optionally , we can ¯rst exploit the colors somewhatmore, by ¯nding and extracting
someSCCs. Pick a root x. Sincethe initial coloring was safe,the states wearing x's
color are preciselythosereachable from x (Section 5.3.6contains more details). Thus,
the states belonging to the SCC of x are those colored the sameas x and that can
reach x.

The distributed implementations of the coloring procedure and of the procedure
for extracting the roots' components are described and discussedin Sections 5.3.6
and 5.3.7, respectively.

5.2.4 Eliminate re°exiv e and multiple transitions

As a result of other transformations, transitions of the form (x; x) and multiple oc-
currences of the same transition can appear, that have no in°uence on the SCC.
Eliminating thesereducesthe sizeof the graph. Sincefor every state all the outgoing
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transitions are kept on the sameworker, this is a simple local operation and requires
no network communication. Therefore, from now on we will ignore it.

5.3 Distributed implementation of the transformation routines

In this section, the distributed implementations of someof the transformations intro-
duced above are presented: the elimination of atomic SCCs(Figure 5.1), the partial
SCC detection (Figure 5.2), coloring (Figures 5.4, 5.5) and an auxiliary routine that
includes elimination of re°exive and multiple transitions (Figure 5.3).

5.3.1 Distributed data structures

The basic data structures are sets and lists. On sets, the usual set union, intersec-
tion and di®erence([ , \ , ¡ ) are de¯ned. Lists are sequencesX = =x1:x2: ¢¢¢:xn =.
We use pairs of lists of equal size to implement relations. For example, the rela-
tion f (1; 1); (2; 1); (2; 5)g is represented as (=1:2:2=;=1:1:5=). This is convenient when
sending/receiving bu®eredmessages(see Section 5.3.2). We consider the following
notations, operations and predicatesfor lists:

= =;=x= the empty list and the singleton list, respectively
X [i ] the element at position i in the list X
X :Y list concatenation
(X ; Y ) pair of lists with the samelength
X ¡ x remove all occurrencesof x in X
X + x X :=x=
(X ; Y ) + (x; y) (X + x; Y + y)
x 2 X there is at least an occurrenceof x in X
(x; y) 2 (X ; Y ) there is at least a position i such that

X [i ] = x and Y [i ] = y.
We will also usenatural extensionsof the function scc to setsand lists as follows.

Let S be any set and X any list. Then

scc(S) def= f scc(x) j x 2 Sg

scc(= =) def= = =

scc(=x=:X ) def= =scc(x)=:scc(X )

We consider the current state space (S, T), the ¯nal set of transitions (finalT )

and the current scc values as global variables. Every transformation expects them
to have a special form, expressedby a precondition, and modi¯es them such that a
postcondition is ensured.

The worker i maintains the following data:
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² Si = the set of owned states.

² scc(Si ) = the current scc mapping of the owned states. scc is initialized as
identit y.

² Tij = (Sourceij ; Destij ), for every worker j , including itself. The set of transi-
tions with the state sourceowned by worker i and destination owned by worker
j is implemented as a pair of lists, one containing the sourcestates (Sourceij )
and the other the destinations (Dest ij ). The order is the samefor both. So,
(x; y) 2 Tij if and only if there is an index p s.t. x is the pth element in Sourceij

and y the pth element in Dest ij .

² finalT ij = the transitions that are de¯nitely in the ¯nal set of transitions,
but possibly with another numbering. More precisely, if (x; y) 2 finalT ij then
(scc(x); scc(y)), with scc the ¯nal mapping, will be a transition in the SCC-
reducedstate space.

We make the convention that all setsor lists occurring in the pseudo-code descriptions
that are not listed as input, are consideredinitialized as ; and = =, respectively.

5.3.2 Communication primitiv es

As already said in Section 2.2.5, our target architecture is a cluster whosenodesare
connectedby a high bandwidth network (Distributed Memory Machine). Our cluster
is not massively distributed, meaning that the number of nodes available is always
much smaller than the problem size(W << N ). Processescommunicate by executing
nonblocking send/receive operations:

² SEND m TO i - messagem to worker i .

² RECEIVE m FROM i - messagem from worker i .

We also use the following two communication patterns, that are easily imple-
mentable with the above primitiv es:

² DBSUM (x i ; xal l ) - for an arbitrary set of local valuesx0 ¢¢¢xW ¡ 1, collectively
compute their sum into a global value xal l and store a copy of the result on
each worker. This is useful when all the workers are executing a loop and the
exit condition dependson a global value.

² REQ-REP j : B := f (B ) - the worker executing this pattern (i ) sendsa bu®er
(request) B to the worker j (not necessarily6= i ) and expects j to do the same,
i.e. send to i a bu®er B 0. Upon receiving B 0, i creates a list C0 of the same
length as B 0, where if B 0[t] = x then C0[t] = f (x). Then it sendsC0 to j and
waits for a similar reply from j , i.e. a list C. In the end, i replacesB with
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elim-atomic-fwd
Postcondition: 8x 2 S9y 2 S s.t. (y; x) 2 T.
(i.e. all trivial components f xg reachable from a start node (node with incoming degree0)
have been identi¯ed and removed)

1 /* compute all the incoming degrees */
2 for x 2 Si do indegree[x] := 0 enddo
3 for all workers j do
4 SEND Dest ij TO j

f
RECEIVE Dest j i FROM j

5 for x 2 Destj i do indegree[x] := indegree[x] + 1 enddo
6 enddo
7 /* loop: eliminate all the initial states */
8 /* and their outgoing transitions */
9 while there still are states with indegree 0 do

10 for all workers j : B ij := ;
11 for x 2 Si : indegree[x] = 0 do
12 Si := Si ¡ f xg
13 for (x; y) 2 Tij do
14 Tij := Tij ¡ (x; y)
15 finalT ij := finalT ij + (x; y)
16 B ij := B ij + y
17 enddo
18 enddo
19 for all workers j do
20 SEND B ij TO j

f
RECEIVE B j i FROM j

21 for x 2 B j i do indegree[x] := indegree[x] ¡ 1 enddo
22 enddo
23 enddo

Figure 5.1: Forward BFS passin order to identify atomic components and ¯nal tran-
sitions (worker i )

the newly received list C and j replacesB 0 with C0. Thus, the e®ectof the
request-reply action is B := f (B ) and B 0 := f (B 0). The implementation
with send/receive:

SEND B TO j and RECEIVE B 0 FROM j
SEND f (B 0) TO j and RECEIVE f (B ) FROM j

Occasionally, in the actual implementation we alsousedMPI primitiv esthat are more
powerful than simple sendsand receives. An example is MPI AlltoAll, that transfers
data, in parallel, from every worker to every worker in a careful order so as to avoid
deadlocks. To keepthe presentation simple, we abstract away from thesedetails, and
basethe exposition of the distributed proceduresonly on the primitiv esabove.
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5.3.3 Distributed identi¯cation of atomic components

Figure 5.1 shows a distributed routine that ¯nds and removes some of the atomic
SCC, namely those reachable only from states without predecessors.Workers begin
by computing together (steps 2-6) the incoming degreesof all states, indegree. As
explained in Section 5.3.1, transitions Tij are stored by worker i as a pair of lists
(Sourceij ; Destij ). The incoming degreeof an arbitrary state x 2 Sj is the number of
transitions that have x as destination state and it is easily computed by counting the
occurrencesof x in all lists Dest ij . To this end, every list Dest ij is sent to worker j
(step 4), wherethe number of occurrencesis updated (step 5). Thus, there will be one
messagefor every pair of workers, and the destination state of every transition will
be transfered once. Therefore, the messagecomplexity of computing the incoming
degreesis O (W 2) and the bit complexity O (M ). The time complexity, under the
balanceddistribution assumption, is O ((M + N )=W).

In the secondpart (steps9- 23), all stateswithout incoming transitions are marked
as atomic SCCs { in non-atomic SCCs, every state is reachable from any other,
therefore it must have at least one incoming transition. Further, any transition with
an atomic SCC as sourcewill not be on a path inside an SCC, therefore removing it
doesn't in°uence the sccpartition (steps 14, 15). Then the destination state of such
a transition has to have its incoming degreeupdated. This happens in steps 19-22.
The total sizeof the bu®ersbeing exchangedin the while loop is at most M . As for
the total number of messages:in the worst case,every bu®er gets always only one
transition, which leadsto a messagecomplexity of O (M ).

In order to detect as many such atomic components as possible, this procedure
should be executedwith regard to both forward and backward transitions. We have
only discussedthe forward pass. The backward passcan be implemented by reversing
the graph (seesteps2 -5 in the heads-o®routine, Figure 5.5) and calling the forward
pass(with the subtle di®erencethat the transitions marked as¯nal should be reversed
again).

Note that this procedureis sound,but not complete. The statesplaced\in between"
two cycleswill never get the degree0 as long as the cyclesare still in place.

5.3.4 Partial SCC detection

For most distributed graphs,and de¯nitely for distributed state spaces,it is usual that
many of the SCCsdo not span over all workers, but over a small subset. Figure 5.2
shows three variants of a transformation that employs the very e±cient sequential
algorithm basedon DFS (seeSection 5.1) in order to detect and collapsethis kind of
small SCCs. Let SOMEbe the subset of workers under consideration and let SSOME=
(SSOME; TSOME) be the subgraph induced by the states owned by workers in SOME. The
idea is to simply sendSSOMEto a special worker M(step 3), that will locally compute
the scc function (step 7) and send it back (step 8) to the workers in SOME. Since
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collapse-partial (SOME)
Postcondition:

(8x; y 2 SSOME) ( (x; y) 2 TSOME
¤ \ TSOME

¤ ¡ 1 i® scc(x) = scc(y) )

1 randomly pick a manager M2 ALL
2 /* send the local graph to the manager*/
3 if i 2 SOMEthen SEND Si ;

S
j 2 SOMETij TO M ¯

4 /* act as manager, if necessary */
5 if i = Mthen
6 for i 2 SOMEdo RECEIVE Si ;

S
j 2 SOMETij FROM i enddo

7 SCCTarjan (SSOME; TSOME; scc p)
8 for i 2 SOMEdo SEND scc p(Si ) TO i enddo
9 ¯

10 /* get the new scc */
11 if i 2 SOMEthen RECEIVE scc(Si ) FROM M ¯
12 update

collapse-partial-with-colors (SOME, col)
Postcondition: sameas collapse-partial

1 for c 2 f 1¢¢¢ng do
2 collapse-partial (SOME)
4 with (f x 2 S j col(x) = cg; T ) as global state space
5 enddo

collapse-partial-all (SOME1 ¢¢¢SOMEm )
Precondition: (8i; j with 1 · i < j · m) SOMEi \ SOMEj = ;

collapse-partial(SOME1 ; scc)
n

¢¢¢
n

collapse-partial(SOMEm ; scc)

Figure 5.2: Partial SCC detection

disjoint subsetsof workers generate disjoint subgraphs, the partial SCC reduction
can be executedin parallel on more subsetsof workers (collapse-partial-all).

The number of messagesused in collapse-partial is O (card (SOME)), with a total
sizeof O (card (SSOME) + card (TSOME)). The time complexity is also O (card (SSOME) +
card (TSOME)).

Another variant of this routine is collapse-partial-with-colors that usesthe color
information (seeSection 5.3.6) to partition the graph SSOMEinto smaller graphs S1

SOME,
S2

SOME¢¢¢ Sn
SOMEand processthem independently (sequentially). The independence

stems from the fact that the states wearing di®erent colors are de¯nitely not in the
same component. This can be exploited to save memory, by letting the manager
solve them sequentially and thus keeping the manager's load low (in Figure 5.2).
Alternativ ely, onecould gain time by collapsing the small graphs in parallel and thus
distributing the managerrole among the workers.
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update

1 /* update and migrate the transitions */
2 for j 2 ALLdo REQ-REP j : Dest ij := scc(Dest ij ) enddo
3 for j 2 ALLdo Sourceij := scc(Sourceij ) enddo
4 for j 2 ALL; (s; d) 2 (Sourceij ; Dest ij ) do
5 k := worker(s)
6 l := worker(d)
7 (Sourceij ; Dest ij ) := (Sourceij ; Destij ) ¡ (s; d)
8 (B Sik l ; B D ik l ) := (B Sik l ; B D ik l ) + (s; d)
9 enddo

10 for k; l 2 ALLdo
11 SEND B Sik l ; B D ik l TO k
12 RECEIVE B Sk il ; B D k il FROM k
13 Sourceil := Sourceil :B Sk il

14 Dest il := Dest il :B D k il

15 enddo
16 for s 2 Si do
17 if scc(s) 6= s then Si := Si ¡ f sg
18 enddo

Figure 5.3: Update

5.3.5 Update

The transformations described until now only assignvaluesto the sccfunction, with-
out actually replacing x with scc(x), that is without renaming the transitions from
(x; y) to (scc(x); scc(y)). This is the role of the up date routine (Figure 5.3). For
any transition (x; y), ¯rst the destination state y is replacedby scc(y) (step 2), then
the sourcestate (step 3) and ¯nally the updated transitions are moved to their new
owners (steps 4-15).

5.3.6 Reducing the problem by coloring

Figure 5.4 shows a distributed procedurethat takesa color function col on the states
of a graph and modi¯es it repeatedly until it stabilizes, that is until col[x] ¸ col[y]
for every transition (x; y). The modifying step identi¯es the transitions (x; y) that do
not conform to this condition and copiesthe color of the parent to the child.

Let (Sstar t ; T star t ); colstar t be a state spaceand an initial color function and let
(S; T); col be the state spaceand color function after the colorify action. Let us also
de¯ne a set Roots = f x 2 S j colstar t (x) = col(x)g. The following facts are true:

² every SCC in T star t (and T) is painted uniformly by col
Proof: at the end of the painting procedure,col[x] ¸ col[y] for every transition
(x; y). This means that col[x] ¸ col[y] for any path x:y. If two states x and
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colorify (colstar t ) returns col
Precondition: (safe) if colstar t (x) = colstar t (y) then x:y:x
Postcondition: 8x; y 2 S 8(x; y) 2 T col(x) = col(y)

1 col := colstar t

2 /* loop:the color of the parent propagates */
3 /* to the child, if the color of the child is weaker */
4 DBSUM (card (Si ) ; totalC )
5 Changed := Si

6 while totalC > 0 do
7 newC := ;
8 for all workers j do
9 B ij := f (y; col[x]) j (x; y) 2 Tij and x 2 Changedg

10 SEND B ij TO j
f

RECEIVE B j i FROM j
11 for (y; c) 2 B j i do
12 if (c < col[y])
13 then
14 col[y] := c
15 newC := newC [ f yg
16 ¯
17 enddo
18 enddo
19 Changed := newC
20 DBSUM (card (Changed) ; totalC )
21 enddo
22 /* mark as final all the transitions between */
23 /* states of different colors */
24 for all workers j do
25 REQ-REP j : Dest ij := col(Dest ij )
26 for (x; y) 2 Tij s.t. col[x] 6= col[y] do
27 Tij := Tij ¡ f (x; y)g
28 finalT := finalT [ f (x; y)g
29 enddo
30 enddo
31 return col

Figure 5.4: Graph coloring (worker i )
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heads-o®(col, Roots)
Precondition: 8(x; y) 2 T col(x) = col(y)

^ 8x 2 S 9 a unique r 2 Roots col(x) = col(r )
1 /* reverse the transitions */
2 for all workers j do
3 SEND Sourceij ; Destij TO j
4 RECEIVE Dest ij ; Sourceij FROM j
5 enddo
6 /* paint the roots with their old color */
7 for x 2 Si do c[x] := N + 1 enddo
8 for r 2 Roots do c(r ) := col(r ) enddo
9 c := colorify (c)

10 for x 2 Si do
11 if c(x) = col(x)
12 then
13 scc(x) := the unique r 2 Roots s.t. col(r ) = col(x)
14 ¯
15 enddo
16 /* reverse the transitions again */
17 for all workers j do
18 SEND Sourceij ; Destij TO j
19 RECEIVE Dest ij ; Sourceij FROM j
20 enddo
21 update

Figure 5.5: Elimination of root components (worker i )

y are in the samestrongly connectedcomponent then there are paths x:y and
y:x. Thus col[x] ¸ col[y] and col[y] ¸ col[x], henceequal.

² if x:T y then col(y) = col(x)
Proof: At the end of the coloring procedure (Figure 5.4, steps 24-30), all the
transitions (x; y) with col(x) 6= col(y) are eliminated.

² if colstar t is safethen: if x 2 Roots then col(y) = col(x) i® x:T y
Proof: Sincecolstar t is safe,all the states z with colstar t (z) = colstar t (x) must
be on a cycle with x. If col(y) = col(x) then there is a path (possibly empty)
from one of these states to y, becausethe colors propagate only on paths. It
follows that there is also a path from x to y. The other way was proved at the
previous point.

Theseobservations justify the claim that the ¯nal coloring partitions S into subsets
S0 ¢¢¢Sn ¡ 1 such that any strongly connected component from the initial graph is
completely contained in one of the subgraphs induced (S0; T0) ¢¢¢ (Sn ¡ 1; Tn ¡ 1).
Solving the problem of detecting the strongly connected components in the initial
graph reducesto solving it for the n subgraphs. Moreover, the subgraphsare actually
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the forward reachabilit y sets of a few selectedstates (roots). The colorify routine
¯nishes in about M ¤diameter steps { this is quite OK for state spaces,that usually
have a very small diameter.

5.3.7 Headso®

This routine gets as input a coloring of the state spacetogether with a set of roots
(one root per color) with the property that every root can reach all (and only) the
states painted in its color. This meansthat the states that are reachable from their
root alsoon backward paths, form the root's strongly connectedcomponent. An easy
way to compute the backward reachable states is reversingthe state space(steps2- 5)
and coloring it again, with an initial color function that leavesall the non-root states
unpainted. The nodesthat get painted in this new coloring round are in their root's
SCC and can be marked as such { and removed from S. In the end, the state space
gets back to the original orientation (17- 20).

5.4 Three example algorithms

The intended use of the graph transformations described until now is as building
blocks for algorithms that compute scc. Extra information on the structure of the
graph can help in choosing an optimal combination of transformations. Note that
every transformation eliminatessomeof the statesand transitions, either by collapsing
SCCsor by proving that certain statesare atomic or certain transitions are de¯nitely
betweendi®erent components. When discovered, the atomic states are thrown away
and the transitions crossing components boundaries are stored in the set finalT .
After a number of transformations, the set of transitions left in the state spacewill
drop to ; . At that moment, scc and finalT de¯ne the reduced graph, which is the
initial one modulo the strong connectivity equivalence relation. But it is possible
that sccof somestates doesnot hook them directly to their head of component, but
via someintermediate states. To get the ¯nal sccde¯nition, a °attening phasemust
be performed, at the end of which 8x 2 S : scc(scc(x)) = scc(x). The distributed
implementation of this phaseusesjust one BFS passof the graph. This is possible
becausethroughout all the transformations, the following invariant is preserved:

8x 2 S 9 a unique y 2 S s.t.scc(y) = y ^ scc(scc(¢¢¢scc(x))) = y:

After °attening, the state spacewithout cyclesis:

Sscc = f scc(x) j x 2 Sg
T scc = f (scc(x); scc(y)) j (x; y) 2 finalT g

We describe below three SCC reduction algorithms basedon the transformations
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Extreme 1:

elim-atomic
groupsize = 1
while groupsize < W do

partition ALL in groups of size (at most) groupsize :
ALL :=

S
0· i<W =groupsizeSOMEi

if 9i :
P

j 2 SOMEi
card (T j ) > MAX

then ERROR : group too large
else

collapse-partial-all (SOME0 ¢¢¢SOMEm)
¯

groupsize := 2 ¤ groupsize
enddo

Extreme 2:

while (T 6= ; ) do
elim-atomic
c := colorify (Self)
Roots := f x 2 S j c(x) = xg
heads-o®(c; Roots)

enddo

Combination:

elim-atomic
while (card (T ) > MAX) do

c := colorify (Self)
Roots := f x 2 S j c(x) = xg
if card (T i ) · MAX)
then

collapse-partial(ALL; 0)
else

if (9T i : card (T i ) > MAX)
then

heads-o®(c; Roots)
else

collapse-partial-with-colors (ALL)
¯

¯
enddo

collapse-partial(ALL; 0)

Figure 5.6: Three examplealgorithms
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proposed(Figure 5.6). A constant MAXis neededto specify the maximum load (in
number of transitions) that a worker can handle.

Extreme 1 Our ¯rst algorithm is aimed at speed. It usesa seriesof collapse-partial-
all calls to reduce quickly the size of the distributed graph. The seriesbegins with
¯nding, in parallel, the SCCson the subgraphslocal to every worker (level 0, collapse-
partial-all with groupsize1). Then the groups of workers double in size every step,
until only one group including all the workers is considered. If at any step the maxi-
mum load is reached, the algorithm stopswith an error. This approach will work well
for relatively small state spacesand for denseones,with many small cyclesinside of
larger ones.

Extreme 2 Our secondexamplealgorithm usesonly the color-basedtransformations.
Self denotes the identit y function, Self(x) = x. The algorithm repeatedly colors
the state space starting with Self as initial color function and extracts the head
components. Note that, with Self as initial color, every color getsa unique root. This
algorithm may in generalbe slower, but it always terminates successfully, becauseits
memory usagestays more-or-lessconstant and, moreover, the bu®erscan be restricted
to a convenient size (while in the caseof Extreme 1, the manager has to be able to
simultaneously store the local graphs of several workers in its memory).

Combination A possiblehybrid algorithm usesthe techniqueof partitioning by colors
only until the graph piecesare small enoughto be collapsedby the groups technique.

5.5 Experiments

We discusssomeaspects of the performance of our cycle elimination algorithms on
a seriesof large distributed state spacesgenerated for the veri¯cation of a system
for lifting trucks [GPW03] (lift5 , lift6 ), a cache coherenceprotocol [PFHV03] (cache),
some instances of the Sokoban game [sok] (screen.706, screen.801, screen.1) and a
sliding window protocol [FGP+ 04] (swp piggy). We also included two state spaces
without invisible cyclesfrom the VLTS [CI] benchmark (vasy 8082, vasy 4338). The
problem sizesand someother relevant structural characteristics are summarized in
Figure 5.7. The reduction times presented in Figure 5.8 are recorded on a cluster
of 4 dual AMD Athlon MP 1600+ nodes with 2G memory each, running Linux and
connectedby Gigabit Ethernet.

The CE1 and CE2 columns in Figure 5.8 show the runtimes of the ¯rst two algo-
rithms, not including the input/output operations. In order to justify that the cycle
elimination algorithms can be useful aspreprocessingstep for branching bisimulation
reduction, we also show the runtimes of a distributed branching bisimulation reduc-
tion tool [BO03a] on the original state spacesand on the SCC-reducedstate spaces.
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state sizeof the ¿-graph size reduced trivial largest
space N M M% N% M% SCCs SCC

(in 106) (in 106) (N%)
cache 7.8 22.8 38.6 99.6 99.7 99.5 248
lift5 2.1 3.8 43.9 99.9 99.9 98.9 165
lift6 33.9 74.1 44.8 99.9 99.9 99.8 486
screen.706 1.2 2.37 87.8 11.4 0 6.6 38
screen.801 20.7 44.9 90.3 9.2 0 4.3 50
screen.1 29.9 65.9 91.2 7.4 3.9 1.2 50
swp piggy 9.6 30.9 57.9 24.9 46.2 10.5 45
vasy 4338 4.3 3.1 19.9 100.0 100.0 100.0 1
vasy 8082 8.0 2.5 5.9 100.0 100.0 100.0 1

Figure 5.7: Somecasestudies: size,structure

state CE1 CE2 BB BB
after CE original

cache 45 47 1331 1394
lift5 8.6 14.7 79 86
lift6 160 305 930 1039
screen.706 7.7 12.4 9.6 106.8
screen.801 172 112.5 43.6 2819.2
screen.1 210 121 36.7 180000
swp piggy 125 237 122 341
vasy 4338 6 6 82 82
vasy 8082 11 11 27 27

Figure 5.8: Reduction times (in seconds)

The important observation here is that the cycle reduction times are usually much
smaller than the branching bisimulation reduction times. This meansthat although
the cycleelimination step is not always advantageous,it is alsonot harmful and could
be always done, just in caseit might provide a spectacular gain (lik e for the Sokoban
screens). Moreover, the current branching bisimulation algorithm is not optimized
for the casewhen the input state spaceis guaranteed not to contain cycles. There
is much spacefor improving in this direction and then the small penalty paid for
eliminating the cycleswould completely pay o®.

The very low runtime of CE on the two vasy casestudies is due to elim-atomic,
which discovers in one pass that all the states are atomic SCCs. The number of
neededcolor iterations in E2 dependson the diameter of the graph, which is usually
rather small for state spaces.
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5.6 Conclusions

The cycle detection problem plays an important role in veri¯cation algorithms, both
explicit and symbolic. In this chapter we concentrated on distributed algorithms
for explicit veri¯cation. We investigated somepractical solutions to the problem of
¯nding strongly connectedcomponents in very large distributed state spaces.Given
that the best single-threadedsolution is not e±ciently parallelizable, we proposedtwo
(orthogonal) heuristics that approach the problem by reducing it to smaller instances,
solvable in parallel.

The ¯rst idea is to use the Tarjan sequential SCC detection algorithm on groups
of workers. The local graphs of several workers get sent to a manager, where the
combined subgraph is solved sequentially . Depending on the size of the workers'
group, this procedurerangesfrom solving all local subgraphsin parallel to solving the
whole global graph. Due to memory limitations, this approach is obviously not always
successful. Therefore we also proposedan alternativ e solution, basedessentially on
computing forwards and backwards reachabilit y sets. A third heuristics that proved
very helpful usesthe observation that if a state is on a non-trivial cycle then it must
be reachable from at least oneother state placedon a cycle. Thus, the stateswithout
parents cannot be on cycles. They are their own (atomic) SCC, and so are also all
the states reachable only from atomic SCC. Removing thesestates is quite cheapand
the state spaceusually becomessigni¯cantly smaller. The same operation applied
on the reversed state spacereduces it even more. The most spectacular e®ectof
eliminating atomic components can be seenon state spaceswithout cycles,when the
SCC detection ¯nishes in one pass,thus linear time.

The reasonableperformanceof our algorithms demonstratesthat cycle elimination
on very large distributed state spacesis feasibleand useful.
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SharedDataspaceSoftwareArchitectures

The complexity of designinga distributed systemis generallymanagedby intro ducing
a software architecture, de¯ning what the components of the system are and how
they are coordinated. The component layer and the coordination layer are usually
designed,analyzed and implemented separately, in order to e±ciently addressissues
like reusability, compositionalit y, maintainabilit y and veri¯cation.

Coordination modelsareeither data-driven, if the components communicate through
a commonpool of data (e.g., Linda [CG89]), or control-driven, if the components com-
municate by adhering to somecommunication patterns (e.g., Manifold [BAdB + 00]).
A comprehensive survey of coordination modelscan be found in [PA98]. In this thesis,
we are only interested in data-driven coordination models. However, the formal veri-
¯cation techniquesthat we advocate are alsoappropriate for analyzing control-driv en
models. In fact, this is already being done [MSA04].

In this chapter, we brie°y review a few coordination models basedon the shared
dataspacemodel. In particular, we intro duce and discussSplice, the software archi-
tecture that provided the main inspiration for the research questions in Part I I. We
also give a quick intro duction to the algebraic speci¯cation language¹ CRL [GR01],
as it plays an important role in the next two chapters.

6.1 Somedistributed shared dataspacecoordination models

Linda [CG89] was the ¯rst coordination languagebasedon shareddata. It is based
on generative communication: components communicate by storing and retrieving
tuples from a global shared tuple space. The most convenient characteristics of this
simple mechanism are the time decouplingand the anonymit y of components. Tuples
can be both passive (data) and active (executablecode). The retrieval works through
associative pattern matching.
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Bonita [RW97] is a successorof Linda and improvesboth its functionalit y and per-
formance. Bonita extends the Linda primitiv es to work with multiple tuple spaces.
For parallel performance reasons,the retrieving operation in Bonita is split into a
requestand an obtain part.

KLAIM [DNFP98] (a Kernel Languagefor Agents Interaction and Mobilit y) is an-
other successorof Linda designedfor distributed environments. Its distinctiv e feature
is the use of explicit localities in the primitiv es. This enables the programmer to
distribute the spaceamong di®erent sites.

WCL [Row98] enriches the basic set of Linda primitiv es, by providing both asyn-
chronous and synchronous tuple spaceaccess,bulk primitiv es and streaming prim-
itiv es. The novelty of this coordination language is that it speci¯cally targets the
situation of geographicallydistributed agents. To this aim, it supports location trans-
parency and dynamic analysis of the tuple space(in order to achieve e±ciency by
migrating data).

JavaSpaces[FHA99] This rather new coordination language,developed by Sun, uses
one central global dataspaceand o®ersa whole range of useful new primitiv es: in-
sertion, destructive and non-destructive lookup of shared objects, distributed event
noti¯cations, transactions, leasing. In order to ¯x a clear semantics for the new primi-
tiv es,a processcalculuswasproposedin [BGZ00a] and someconsequencesof choosing
di®erent semantics were analyzed. The semantics of JavaSpaceshas beenformalized
in ¹ CRL aswell [PV02, PV03], with the goal of allowing automatic veri¯cation. Sev-
eral interesting applications were model-checked on this speci¯cation.

6.2 Views and models of Splice

Splice [Boa93] is a data-oriented software architecture for complex control systems,
developedand usedat the company HollandseSignaalapparatenBV (currently Thales
Nederland). It is based on the publish-subscribe paradigm and it usessome inter-
esting mechanisms (keys, lifecycles, timestamps, joins) to control the distribution of
data from publishers to subscribers. The architecture of a Splice system consistsof
a (variable) number of agentsconnectedby an Ethernet network. Each application
has its own agent, that acts as the application's bu®er to the network and manages
its local databaseof data items. The applications communicate with the agents using
Splice primitiv es like read, write, subscribe, publish. The Splice system takes care of
asynchronously transferring data from the databasesof publishers to those of sub-
scribers. The communication is decoupledand anonymous, which allows components
to join or leave a Splice system at run-time.
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Splicehasbeenregardedand discussedfrom many perspectives. Depending on the
aspects that were put on the foreground, it has beenreferred to as publish-subscribe
software architecture, data distribution middleware, data-driven coordination model,
(real-time) (distributed) shareddataspace,or a combination of these. Roughly three
categoriesof questionsconcerningSplice have beenaddressedin the literature:

Models and formal semantics A dedicated processalgebra for Splice has been de-
¯ned in [DGJU99]. In [DL00], a detailed ¹ CRL speci¯cation of Splice is reported,
where the Ethernet layer is modeled, but the data aspects are not of prime impor-
tance. A later ¹ CRL model of Splice [HP02b] is much simpler and focuseson more
relevant functional aspects. Both modelscontribute to de¯ning a much neededformal
semantics to the Spliceprimitiv es. Also a denotational semantics has beendeveloped
for use in compositional veri¯cation and re¯nements and it was proved equivalent to
the operational semantics [HP02a].

Expressivenessof Splice-like models Expressivenessof coordination models that use
a shared dataspacehas been extensively investigated. [BHJ00, BKZ99a, BKZ99b]
comparea number of such models that di®er in choosing a set or a multiset as data
repository, usingdestructiveor nondestructiveprimitiv es,having oneglobal dataspace
or few local cachesetc. Chapter 7 is an expressivenessstudy on a very simple shared
dataspace model, that reduces the set of coordination primitiv es to the extreme,
namely it only usesr eads and wr ites.

Veri¯cation The veri¯cation e®ort on Splice started with [DL00], where properties
like deadlock freedom, soundnessand weak completenesswere checked in ¹ CRL +
CADP. Theorem proving techniques (PVS) were used in [HH01], where a formal
approach to the top-down designof components on Splice was presented. There the
real-time characteristics play an important part. Both approaches, model checking
with ¹ CRL and theorem-proving with PVS, wereusedto study transparent replication
of applications on top of Splice [HP02b]. Replication possibilities on Splice were ¯rst
explored in [DJ00].

6.3 Intro duction to ¹ CRL

The processalgebra approach to veri¯cation, taken by formalisms like Communi-
cating Sequential Processes(CSP) [BHR84], Calculus of Communicating Systems
(CCS) [Mil80], Algebra of Communicating Processes(ACP) [BK85], provide pow-
erful means to represent and study behaviors, nondeterminism, parallelism, system
equivalences,abstractions.

The speci¯cation language ¹ CRL [GR01] is the result of extending the process
algebraACP with abstract data types,in order to achieve su±cient expressivenessto
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describe real-life applications.
In ¹ CRL, processesare built from atomic actions by certain operators. ¹ CRL in-

herited the typical processalgebra connectivesfrom ACP. For any processesp and q,
p + q denotesnon-deterministic choice betweenp and q, p:q denotestheir sequential
composition, and p k q denotesthe parallel composition (de¯ned in terms of interleav-
ing and synchronous communication). The synchronization is allowed only between
pairs of communicating actions, which are determined by a communication function
° . There is also an encapsulation operator @H , that forcesprocessesto communicate,
by making the actions in H act exclusively in communication. The hiding operator
(¿I ) abstracts away the actions in I . There are two special processes:± (deadlock,
the unit of +) and ¿ (internal action).

In order to useabstract data types in a speci¯cation, a signature of multiple sorts
and functions can be declared,and axiomatized by equations.

The following connectivesconnectprocesseswith abstract data types. First, atomic
actions can be parameterizedwith data elements, as in get(n). Then,

P
n :D P(n) de-

notes alternativ e (possibly in¯nite) choice over data domain D , i.e. for any value
d0 2 D, the processcan behave as P(d0). Alternativ e choice is used to model in-
put. Finally, if b is a term of data domain Bool and p and q are processes,then
the conditional (p / b . q) is the process\ p if b, else q". Conditionals are often
used to put a restriction on the surrounding summation over data. In particular,P

n :Nat get(n):P(n) / n < 20 . ± denotesthe processthat gets an arbitrary n0 < 20,
and continuesas the processP(n0).
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Expressivenessand Distribution of a Simple
SharedDataspaceArchitecture

Inspired by the industrial architecture Splice(intro ducedin Section6.2), we study the
consequencesof choosing an extremely weak and simple coordination model: com-
munication via a global set. The coordination primitiv es between components are
restricted to writing and reading. We imagine that the application components re-
side at certain physical locations, abstractly represented by natural numbers. The
coordination primitiv e write (i; v) represents that the component at location i adds
value v to the global set; if v is present already this action has no e®ect. The other
primitiv e, read(i; v) denotesa non-destructive, blocking read of a particular value (or
template) v by a component at location i . That is, it waits until it actually ¯nds v
in the global set, and then proceeds.Note that test for absenceand deletion of items
is not possible.

Two separate tasks can be distinguished. First, the architecture must be imple-
mented on a distributed network. Second,components must bedesignedthat together
implement the requirements of the systemunder design,using the coordination prim-
itiv esprovided by the architecture.

The two tasks raise two natural questions. The ¯rst question is whether the ar-
chitecture itself has an e±cient distributed implementation. This is addressedin
Section 7.2. We de¯ne a distributed implementation of the architecture, in which
every component has its own local set. Data items are exchangedbetween these lo-
cal sets asynchronously. We prove that the implementation based on local sets is
behaviorally equivalent to the speci¯cation basedon a conceptual global set (that is,
the bottom layer of Figure 7.1(b) is equivalent to the bottom layer of Figure 7.1(c)).
The fact that the di®erencecannot be noticed is mainly due to the careful selec-
tion of the weak coordination primitiv es. This result is essentially the same as
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in [BHJ00, BKZ99a, BKZ99b], albeit in a slightly more general setting. However,
the proof is much simpler due to the application of powerful processalgebraic proof
principles.

The second question is whether the architecture is su±ciently expressive to allow
the distributed implementation of any system speci¯cation. This is investigated in
Section 7.3 from a functional point of view { i.e. without taking into account issues
like performance or fault tolerance. We show that every speci¯cation of functional
behavior has a distributed implementation, i.e. one where di®erent types of actions
are performed at di®erent physical locations. In particular, the components only use
the weak coordination primitiv es read and write on a global set. Figure 7.1(a),(b)
givesa quick view on this implementation. As far as we know, this main result is not
comparableto existing results on expressivenessof coordination models.

Example 7.1 Consider a very simple logging system, with its behavioral speci¯c ation
input :log, indicating that some input action precedes some log action. This system
probably uses two physical devices (e.g. a monitor and an actuator) with their own
controllers, so input and log happen at di®erent locations. A distributed implemen-
tation with our primitives could be: input: write (l1; d) k read(l2; d):log. Here l1 and
l2 are the locations of the components, and d is somedata value. With k we denote
parallel composition. Assuming that the systemstarts with the empty data space, the
second process is initial ly blocked, so the only execution of this little program should
be input :write (l1; d):read(l2; d):log. If we hide the communication actions read and
write , we indeed get the desired systembehavior input :log. We remark that the sys-
tem button1 + button2 , in which non-deterministically either button1 or button2 is
pressed, also hasa distributed implementation, but this is much harder. In particular,
our solution wil l use an unbounded number of internal communications.

Finally, in Section 7.4, we connect the two results. First, the architecture with
local sets (Figure 7.1(c)) is split into parallel agents (Figure 7.1(d)). Using these,
and combining the results from Sections7.2 and 7.3, we obtain for any requirements
speci¯cation, a truly distributed implementation consisting of components communi-
cating by synchronous messagepassing(Figure 7.1(e)). Each component consistsof
an application processand a local data spaceagent.

Relationship with Splice The choice of architecture in this chapter is in°uenced by
Splice (Section 6.2). The advantage of the Splicearchitecture is that the components
are looselycoupled, thus increasingthe amount of fault tolerance. The data is present
at several locations, making replication of components relatively easy. Recent research
papers proposeto view Splice conceptually as a shareddata space,i.e. a set of data
common to all components [BHJ00, DJ00]. Viewing the data as a global data space
has the advantage that all programs perceive the same data at any moment. In
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Figure 7.1: From requirements to a distributed implementation

addition, viewing it as a set (instead of a multi-set) opens the way to transparent
replication of components [DJ00]. SeeSection 7.6.1 for further related work.

A Process-algebraicApproach A common theme has been to embed the coordina-
tion primitiv es in a host languageand give semantics to the resulting coordination
language. As an alternativ e, we adopt a processalgebraic point of view. In this
view everything is a process,or more precisely: the behavior of every system can
be modeled as a process. A system can be modeled as a processat various abstrac-
tion levels. Typically, two descriptionsare distinguished: Spec and Impl . The process
Spec speci¯es the global behavior of the system,whereasthe processImpl describesits
implementation, typically as the parallel composition of certain communicating pro-
cesses.The typical processalgebraic correctnessstatement is then: Spec = ¿I (Impl ),
i.e. the speci¯cation is behaviorally equivalent to the implementation, after abstrac-
tion of internal communications in I .

In our case,the components of the application are processes.Also the architecture
itself will be a process;we will de¯ne our architecture as the processGSRW(Global
Set with Read and Write) in Section 7.1.1. Our ¯rst problem is to ¯nd a distributed
implementation of GSRW, called DSRW (Distributed Set with Read and Write) to-
gether with a proof that GSRW= ¿I (DSRW). The secondproblem requires for any
speci¯cation of a system'sglobal behavior B , a number of components Pi (satisfying
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certain syntactic criteria on locations) such that B = ¿I (P1 k ¢¢¢k Pn k GSRW).
We have chosenthe processalgebraic approach for a number of reasons. First, it

clari¯es the concepts. By choosing a formalism, rather vague claims on realizabil-
it y and expressivenessare turned into clear theorems. Processalgebra provides the
means to focus on the essential interfaces, by distinguishing external and internal
actions, and by encapsulation of data in processes.The next advantage is that our
approach yields rigorous formal proofs, apt for mechanic veri¯cation. The full proofs
are available in Section 7.5. The third advantage is that we can use powerful proof
principles developed for processalgebra. Finally, by using a standard processalge-
bra, existing tools [BFG+ 01] can be used for simulation and model checking. This
hasbeendemonstrated in [HP02b, PV02]. Section7.4 givesa nice exampleof process
algebraic manipulation. By just applying somedistributivit y and associativit y laws,
we transform a system description with two layers (applications and data space)to
a system description with components (each consisting of an application part and a
communication part), that communicate by synchronous messagepassing.

7.1 Processalgebra with data

For good intro ductions to processalgebra see[BW90, Fok00]. We will present and
prove our ideasusing the formalism ¹ CRL (seeSection 6.3).

7.1.1 GSRWin the syntax of ¹ CRL

We will tacitly assumethe following ¹ CRL standard sorts with the usual operations:
Bool (booleans),N at (natural numbers, to represent locations), D (to represent data
values, intentionally left unspeci¯ed) and Set (¯nite sets over D). For A : Set and
v : D , A + v denotesA [ f vg. It is routine to specify thesetypesalgebraically.

To the end of formally de¯ning GSRWin ¹ CRL, we intro duce the parameterized
atomic actions Read(i : N at; v : D ) and Write (i : N at; v : D ), where i denotesthe
location (or: service accesspoint) and v the datum. Given these basic actions, the
architecture GSRWis now de¯ned by the following recursive speci¯cation, parame-
terized with the current set A of valuesof sort D :

GSRW(A : Set) =
X

i :N at

X

v:D

Write (i; v):GSRW(A + v)

+
X

i :N at

X

v:D

Read(i; v):GSRW(A) / v 2 A . ±

Thus, GSRWmaintains the global set A. At any moment this processallows that
either an element is written, or a value can be read, provided it is actually present in
A. In this way, the blocking character of read is captured.

Application processescan read and write by synchronizing with the Read and
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Write of GSRW. To this end we intro duce the actions read(i : N at; v : D ) and
write (i : N at; v : D ). Theseactions should synchronize (cf. function calls or method
invocations), so we de¯ne the communication function as follows: Read j read = R
and Write j write = W . As usual in ¹ CRL, the unsynchronized actions are encap-
sulated by the @f Read ;read ;Write ;write g construct (in order to enforcecommunication),
and the internal communications are hidden using the ¿f R ;W g construct (in order to
abstract from internal detail).

The semantics of Example 7.1 is now captured formally by the following ¹ CRL
expression:

¿f R ;W g(@f Read ;Write ;read ;write g(input :write (l1; d) k read(l2; d):log k GSRW(; )))

And indeed, it is a trivial exerciseto prove that this is behaviorally equivalent to the
speci¯cation input :log:±.

7.1.2 Proof methods from processalgebra

We noted already that the typical processalgebraic notion of re¯nement is given
by the equation ¿I (Impl ) = Spec. As equivalence relation between processeswe
use branching bisimulation. Our results also apply to weak bisimulation, which is a
slightly coarserequivalencerelation. (seeSection 2.3 for the de¯nitions). In [GR01]
branching bisimulation on ¹ CRL processesis axiomatized algebraically. Recent pa-
pers developed more practical proof methods that will be usedhere. Thesemethods
are related to a particular processformat, called linear processequation.

Linear ProcessEquations and Invariants In [Use02] it is demonstrated that the
whole class of ¹ CRL speci¯cations can be transformed to linear processequations
(LPE). Processterms have an implicit notion of state. The point of the LPE format
is that the state is encoded explicitly in a data vector. An LPE is essentially a list of
condition-action-e®ecttriples. Given an index i from a ¯nite index set J , action ai

with data parameter f i (d;ei ) is enabledin state d, if bi (d;ei ) holds. This action leads
to the next state gi (d;ei ). Here ei is a local variable, usedto encode arbitrary input
from a data set E i . Formally, an LPE is a recursive speci¯cation of the following
form:

Impl (d : D ) =
X

i 2 J

X

ei :E i

ai (f i (d;ei )) :Impl (gi (d;ei )) / bi (d;ei ) . ±

The advantage of this format is that properties and proof methods can be uniformly
expressed,in terms of the state d and the constituents f j , gj and bj .

We assumea special action ¿, denoting hidden steps. An LPE is convergent, if it
doesn't admit in¯nite sequencesof ¿-steps. The principle CL-RSP (Recursive Speci-
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¯cation Principle for Convergent LPEs) [BG94, GR01] states that a convergent LPE
has a unique solution.

Reachable states are characterized by meansof invariants. A predicate I (d) is an
invariant if and only if it is preserved by all transitions, formally i® the following
conjunction holds:

(8i 2 J 8d : D 8ei : E i ) ( I (d) ^ bi (d;ei ) ! I (g(d;ei )) )

In [GS01, GR01] the cones and foci method is described for proving equality be-
tweenimplementation and speci¯cations, which we recall in the next paragraph. This
method is only applicable in caseof convergent LPEs. If ¿-loops exist, we need a
fairnessassumption on executionsin order to ensurethat eventually an exit from the
¿-loop is chosen. To this end, a fairnessrule will be intro duced below.

State mappings, conesand focus points The summandsof Impl above can be split
into ¿-stepsand external steps,J = Int ] Ext , where Int = f i 2 J j ai = ¿g. Besides
the implementation, we assumea given speci¯cation:

Spec(d0 : D 0) =
X

i 2 E xt

X

ei :E i

ai (f 0
i (d

0; ei )) :Spec(g0
i (d

0; ei )) / b0
i (d

0; ei ) . ±

Note that the speci¯cation must not contain ¿-steps. We alsoassumethat the imple-
mentation is convergent. Then every state has internal stepsto a focuspoint, i.e. one
in which no further ¿-stepsare possible. The focus points can be easily characterized
by the focus condition:

FC(d) = (8i 2 Int ) (@ei : E i ) bi (d;ei ):

An implementation and a speci¯cation in the format above can be proved behav-
iorally equivalent by providing a state mapping h : D ! D 0, and proving that the
matching criteria M Ch (d) hold, where M Ch (d) is de¯ned as the conjunction of the
following:

1. for each i 2 Int , 8(ei : E i ): bi (d;ei ) ! h(d) = h(gi (d;ei ))
i.e internal stepsdon't changethe related state.

2. for each i 2 Ext , 8(ei : E i ): bi (d;ei ) ! b0
i (h(d); ei )

i.e the speci¯cation can mimic all external stepsof the implementation (sound-
ness).

3. for each i 2 Ext , 8(ei : E i ): b0
i (h(d); ei ) ^ FC(d) ! bi (d;ei )

i.e each external step of the speci¯cation can be mimicked in the related focus
points of the implementation (completeness).
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4. for each i 2 Ext , 8(ei : E i ): bi (d;ei ) ! f i (d;ei ) = f 0
i (h(d); ei )

i.e the data labels on the external transitions coincide.

5. for each i 2 Ext , 8(ei : E i ): bi (d;ei ) ! h(gi (d;ei )) = g0
i (h(d); ei )

i.e the next states after a visible transition are related.

Theorem 7.2 (fr om [GS01]) For speci¯c ation and convergent implementation in the
format above, and given a state mapping h and an invariant I such that I (d) holds
and 8(d : D): I (d) ! M Ch (d), we have

Impl (d) / FC(d) . ¿:Impl (d) = Spec(h(d)) / FC(d) . ¿:Spec(h(d))

The essenceof this proof method is that given a state mapping h, and invariant I ,
the correctnessproof boils down to a check of a number of simple criteria.

Fair abstraction The cones-and-foci method only works for convergent LPEs. But
we will encounter ¿-loops of arbitrary length. In order to eliminate these loops, we
need a fairnessprinciple, which states that eventually an exit of the loop is chosen.
For this we will use Koomen's Fair abstraction rule (KFAR n for n > 1) [BBK87].
Assumewe have a v-loop with exits, of the following form:

X 1 = v:X 2 + s1

X 2 = v:X 3 + s2

¢¢¢
X n = v:X 1 + sn

Then after abstraction from v we would get a non-convergent LPE. However, accord-
ing to KFARn we are sure that after sometime one of the exits si is taken, so we
get:

¿:¿f vg(X 1) = ¿:¿f vg(s1 + ¢¢¢+ sn )

7.2 Distributed implementation

In this section a distributed implementation of GSRWis de¯ned and a correctness
proof is given. We ¯rst intro duce the data type List , representing a list of local
data spaces. It has constructors ² (empty list) and :: (cons). The elements of the
lists are sets of values. Note that GSRW puts no bound on the number of access
points. Therefore, we can not assumea ¯xed length on the list of local data spaces.
In order to avoid in¯nite lists, they are speci¯ed in such a way that they "grow on
demand". We write L i for the i -th element of L (counting from 0). If i exceedsthe
length of L , then L i is taken to be the empty set. With L [i : + v] we denote the list
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L 0; : : : ; L i ¡ 1; L i + v; L i +1 ; : : : ; L n . When necessary, L [i : + v] extends L with empty
sets to have length at least i , and adds v to L i .

² i = ;
(A :: L )0 = A

(A :: L ) i +1 = L i

²[0 : + v] = [f vg]
²[(i + 1) : + v] = ; :: ²[i : + v]

(A :: L )[0 : + v] = (A + v) :: L
(A :: L )[( i + 1) : + v] = A :: (L [i : + v])

In the distributed version DSRW, each component i will write to its private set K i

and reads from its private set L i . Elements of K i are sent to all the L j separately,
by executing for each v an action Send(i : N at; v : D ; j : N at). Therefore, the
distributed implementation of GSRWis a processDSRW, having as parameters the
lists K and L and de¯ned as follows:

DSRW(K ; L : List ) = (7.1)
X

i :N at

X

v:D

Write (i; v):DSRW(K [i : + v]; L )

+
X

i :N at

X

v:D

Read(i; v):DSRW(K ; L) / v 2 L i . ±

+
X

v:D

X

i;j :N at

Send(i; v; j ):DSRW(K ; L [j : + v]) / v 2 K i n L j . ±

According to DSRW, written elements are not immediately available. Data items
might even arrive in a di®erent order in di®erent processes.Nevertheless,we have the
following correctnesstheorem:

Theorem 7.3 GSRW(; ) = ¿f Send g(DSRW(²; ²)) .

Proof: We view GSRW as a speci¯cation and ¿f Send g(DSRW) as its implementa-
tion; the latter equalsDSRW with Send(i; v; j ) replacedby ¿. By the cones-and-foci
method, it su±ces to give a state mapping and an invariant, and check the matching
criteria. As state mapping we de¯ne h(K ; L ) = (

S
K [

S
L). We needthe invariant

Inv (K ; L ) = 8i:L i µ
S

K , which canbecheckedeasily. The focuscondition FC(K ; L )
is @(i; j ; v): v 2 K i nL j . Assuming the invariant, this can be simpli¯ed to 8j :L j =

S
K

(i.e. all written values have arrived and are ready to be read). Convergenceof the
implementation follows easily: in ¿f Send g(DSRW) the number

P
i

P
j #( K i n L j ) de-

creaseswith each ¿-step. Now the matching criteria are (skipping the trivial ones):

(1) v 2 K i n L j !
S

K [
S

L =
S

K [
S

L[i : + v]

(2) v 2 L i ! v 2
S

K [
S

L

(3) (v 2
S

K [
S

L) ^ (8j : L j =
S

K ) ! (v 2 L i )
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(4) (
S

K [
S

L) + v =
S

K [i : + v] [
S

L

Thesecan be proved by simple set-theoretic calculations. Initially , we have Inv (²; ²)
and FC(²; ²), whencethe result follows by Theorem 7.2. Â

In fact this meansthat GSRWand ¿f Send g(DSRW) are indistinguishable. This is a
generalization of [BKZ99a, BHJ00], becausethe application processesmay usenon-
deterministic choice, recursion, or even synchronous communication. Our proof is a
standard application of the cones-and-foci method (seeSection 7.1.2).

7.3 Expressiveness

In this section we investigate the expressivenessof GSRW, from a systemengineering
point of view: given the requirements speci¯cation of a system under design, can a
distributed implementation on GSRWbe constructed? We assumethat the require-
ments speci¯cation is given by a description of the global behavior, and a localization
function. The behavioral speci¯c ation is a processSpec. The alphabet of a processis
the set of action labels that occur in it. Let A be the alphabet of Spec. We also as-
sumesomeset L of locations, describing for instance physical devices.A localization
function is a function ¸ : A ! L .

A component X is consistent with the localization function if there exists a ¯xed
location `, such that the alphabet of X contains only the actions read, write and
external actions a with ¸ (a) = `. For instance, if ¸ (scan) 6= ¸ (log), the implemen-
tation can have a component with the alphabet f read; write ; scang and another with
f read; write ; logg. This notion can be seenas a syntactic criterion to enforcecorrect
distribution and to enforcethat processescan only communicate via the coordination
primitiv es.

A distributed implementation of Spec; ¸ on GSRWconsists of an initial database
A0, together with a number of components X 1; : : : ; X n that are consistent with ¸ ,
and behave like Spec, i.e.

Spec = ¿f R ;W g@f read ;Read ;write ;Write g(X 1 k ¢¢¢ k X n k GSRW(A0)) :

The matter of distributing functionalities of a requirements speci¯cation over more
communicating components was also studied in [Lan92] for LOTOS expressions;the
synchronization is solved there with messagepassing, while GSRWcoordinates the
components using persistent data.

Example 7.4 We describe a possibleimplementation on GSRWof a very simple bu®er
speci¯c ation. For this, we consider the datasort Queue, representinga queueof arbi-
trary data items (data must be sent out in the sameorder in which it was scanned).
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It has the constant em, representing the empty queue,and the operations:

enqueue: Data £ Queue ¡ ! Queue addsan element to a queue;
dequeue: Queue ¡ ! Queue extracts the top element of the

(non-empty) parameter queue;
head: Queue ¡ ! Data returns the top element of the queue;
notempty : Queue ¡ ! Bool true when there is at least one

element in the queue.

The bu®er interacts with the world through the actions IN , which inputs a data ele-
ment to the bu®erand OUT , which outputs a data elementfrom the bu®er. Then the
¹ CRL speci¯c ation of the bu®er is:

BufSpec (Q : Queue) =
X

d:D ata

(IN (d): BufSpec (enqueue(d;Q)) (7.2)

+ OUT (head(d)) :

BufSpec (dequeue(Q)) / notempty(Q) . ±)

In order to build an implementation of BufSpec on GSRW, we usea global set that
memorizesvaluesof sort Nat £ Data, representingpairs (sequence number, data item).
We instantiate the architecture to GSRW(A : Set(Nat £ Data)) and we choosea local-
ization function ¸ : ¸ (IN ) = l1; ¸ (OUT ) = l2. A possibledistributed implementation
on GSRWof the bu®er is :

BufImpl = B in (0) k Bout (0) k GSRW(; ) (7.3)

where
B in (n : N at) =

X

d:N at

IN (d):write (l1; (n; d)) :B in (n + 1)

Bout (n : N at) =
X

d:N at

read(l2; (n; d)) :OUT (d):Bout (n + 1)

(7.3) is indeed an implementation of (7.2), since it can be proved that BufSpec (em)
is branching bisimilar to ¿f R ;W g@f Read ;Write ;read ;write g BufImpl .

7.3.1 The translation scheme

In the sequelwe show how to construct X i and A0 for any requirements speci¯cation.
That is, we describe a translation scheme from an LPE Spec(d) together with a
localization function L to a set of processesX 1; ¢¢¢; X n and someinitial databaseA0

satisfying the above criteria. The localization criterion will be solved by mapping each
action label to a di®erent component. This results in the maximally distributed, most
¯ne-grained implementation of the given speci¯cation, from which an implementation



7.3 Expressiveness 101

with lessparallel components can always be obtained by bundling several components
X i . Then we will prove that this translation schemeis correct.

We assumethat a requirements speci¯cation is given in LPE format (see Sec-
tion 7.1):

Spec (d : D ) =
X

i 2 I

X

ei :E i

ai (f i (d;ei )) :Spec (gi (d;ei )) / bi (d;ei ) . ± (7.4)

Each summand of
P

i 2 I de¯nes a set of transitions from state d to state gi (d;ei ) and
it is enabled for all ei for which the guard bi (d;ei ) is true. Moreover, we assumea
localization function ¸ : f ai j i 2 I g ! L for a set of locations L .

Let n = card (I ). The distributed implementation will have n components, each
responsible for one action ai . They communicate via GSRW, using a global set of
pairs (timestamp; data) of the sort N at £ D . The timestamp represents the moment
when the pair was added to the databaseor, in other words, the number of visible +
invisible stepsexecuteduntil the time of insertion.

Components are triggered in turns, by the timestamp, in a circular in¯nite pass:
component i will be activated at all moments t = k:n + i (8k). When activated, it will
chooseto execute its action or not to execute it. In both cases,it will increasethe
\global time" and passthe turn to its next sister. This cycle is neededto ensurethat
the nondeterminism that may exist in the global speci¯cation Spec(d) is preserved in
the distributed implementation. At any time, all possibleactions must have a chance
to execute.

In a formal de¯nition, the component X i , responsible of action ai is:

X i (m) =
P

d:D read(¸ (ai ); (m; d)) :
(
P

ei :E i
( ai (f i (d;ei )) :write (¸ (ai ); (m + 1; gi (d;ei )))

/ bi (d;ei ) . ± )
+ write (¸ (ai ); (m + 1; d)))
: X i (m + n)

(7.5)

and the initial state of the implementation is

n

i

X i (i ) k GSRW(f (0; d)g) (7.6)

The parameter m of X i is the moment when X i expects to be activated next. As
mentioned before,m is always of the form k:n + i . At moment m, read(`; (m; d)) from
X i synchronizeswith Read(`; (m; d)) from GSRW(A), for somed. This activates X i .
After \acting", X i will set its parameter to the next active moment (k + 1):n + i ,
i.e. m + n. In its life, X i passesonly through the following local states: 0 {ready
to read, 1 {activ ated; make a choice (execute action or pass the turn), 2 {action
performed; passthe turn.
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We will prove that this distributed implementation on GSRWof an LPE is almost
equivalent to the speci¯cation. That is: if we abstract from the actions dealing with
the global set (R, W ), then weget the speci¯cation Spec(d) with an extra initialization
step.

Theorem 7.5 For every requirementsspeci¯c ation expressibleas an LPE Spec(d), the
components X i resulted by applying the translation schemesatisfy:

¿:Spec(d) = ¿:¿f R ;W g@f Read ;Write ;read ;write g(
n

i

X i (i ) k GSRW(f (0; d)g)) :

7.3.2 Correctnessproof

This subsection is devoted to proving that the translation de¯ned above is correct.
That is, to prove Theorem 7.5. We will do this in three steps:

1. First of all, to be able to comparethe two processesappearing in the theorem,
we need to bring the implementation (7.6) to a linearized form (the speci¯cation
Spec(d) already is, by assumption).

2. Further, having both speci¯cation and implementation in linearized form, we
can use the cones-and-foci method to prove their equivalence. But not immediately,
sincethis method requiresthat the implementation should be convergent (without in-
¯nite ¿-loops)and this is not the casefor ours - in¯nite ¿-loopsoccur whenabstracting
from R and W . Therefore, in the secondstep, pre-abstraction, we will consider an
intermediate speci¯cation Y , in which we abstract only from R's and the secondW
(the one generatedby the communication between write (m + 1; d) and Write from
GSRW, see(7.5)), while keepingthe other write (m + 1; gi (d;ei )) as a visible action -
but renamedto an action without arguments v. In Y we also eliminate the database
A.

3. Finally we can prove, using the cones-and-foci method, that the linearized im-
plementation is branching bisimilar to Y . Afterwards we abstract from the remaining
visible action v and prove by fair abstraction that ¿:¿f vgY = ¿:Spec.

The three stepsare detailed below.

1. Linearization of implementation In the linearized version of a process,we view
everything globally. The state of the system will be described by the parametersA,
~m 2 N n , ~l 2 f 0; 1; 2gn and ~d 2 D n . A is the set of pairs, the database appearing
as parameter of processGSRW. ~m is the vector of \moments", an element m i (the
parameter of processX i ) is the moment when X i will be activated next. ~l is the
vector of local states (l i is the current local state of component i ). Finally, ~d is the
vector of data items; di is the data that component i knows of, currently . Although
in principle there is only one global view on data, components may have temporary
di®erent views. That's why we need ~d as parameter, instead of just d.
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In the initial state, A = f (0; d)g (we are at moment 0 and the current data is
the global speci¯cation's parameter d); ~l = 0 (all the components are in the \start"
local state 0); ~m = (0; 1; ¢¢¢; n ¡ 1) (component i waits to be activated at moment i
and ¯rst component to be activated is 0, triggered by (0; d), the only pair from the
databaseA); ~d = ~0 (in the initial state the values in this vector don't matter, since
they will be usedonly after being initialized by a reading action).

Due to the fact that all components X i from (7.6) are independent, the linearized
version is just the sum of their separateinteractions with GSRW(A). After renaming
one of the write actions to v and hiding the read action and the other write, we get
the following linearized implementation:

Impl (A; ~l ; ~m; ~d) =
P n ¡ 1

i =0 (
P

y ¿: Impl (A; ~l [l i := 1]; ~m; ~d[di := y] )
/ l i = 0 ^ (m i ; y) 2 A . ±

+ v: Impl ( A [ f (m i + 1; d)g; ~l [l i := 0]; ~m[m i := mi + n]; ~d)
/ l i = 1 . ±

+
P

ei :E i
(ai (f i (d;ei )) : Impl (A; ~l [ l i = 2]; ~m; ~d[di := gi (d;ei )])

/ l i = 1 ^ bi (d;ei ) . ±)
+ ¿: Impl ( A [ f (m i + 1; di )g; ~l [l i := 0]; ~m[m i := mi + n]; ~d)

/ l i = 2 . ±)

(7.7)

The formula

¿f R ;W g@f Read ;Write ;read ;write g(
n

i

X i (i ) k GSRW(f (0; d)g) )

= ¿f vgImpl (f (0; d)g;~0; (0; 1; ¢¢¢; n ¡ 1);~0) (7.8)

summarizeswhat has happenedin the linearization step.

2. Pre-abstraction We de¯ne the intermediate speci¯cation Y as follows:

Y (c; d) =
P n ¡ 1

i =0 ( v: Y (( i + 1) mod n; d) / i = c . ±
+

P
ei :E i

(ai (f i (d;ei )) : Y (( i + 1) mod n; gi (d;ei ))
/ i = c ^ bi (d; ei ) . ±) )

(7.9)

The parameter c is a natural number from the set f 0; ¢¢¢; n ¡ 1g and points to the
active component X c (mc ). c's values in the successive calls of Y re°ect the order in
which components becomeactive:

Y (0; ); Y (1; ); Y (2; ); ¢¢¢; Y (n ¡ 1; ); Y (0; ); Y (1; ); ¢¢¢

The other parameter, d, is the global state of the system.
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We aim to show, by using an appropriate state mapping, that this intermediate
speci¯cation is equivalent to the linearized implementation, i.e. that

¿:Impl (f (0; d)g;~0; (0; 1; ¢¢¢; n ¡ 1);~0) = ¿:Y (0; d): (7.10)

The state mapping must relate equivalent states of Impl and Y . To ensure this,
the cones-and-foci method (seeSection 7.1.2) requires that certain matching criteria
should be satis¯ed, which are easy(but tedious) to prove, using invariants on Impl 's
states. The complete proof of (7.10), including a list of the invariants, is presented
in Section 7.5. Here we will only show someof the invariants and brie°y discussthe
state mapping.

One of the invariants is that for any \moment" t there is at most one data item
d such that (t; d) 2 A. When this item exists, we will denote it by data (A; t).
Another important invariant is that for any state hA; ~l; ~m; ~di there is exactly one
x 2 f 0¢¢¢n ¡ 1g for which (mx ; ) 2 A (where denotesany data instance). The state
mapping h : States(Impl ) ¡ ! States(Y ) can be now de¯ned as follows:

h( hA; ~l ; ~m; ~di ) =
½

hx; data (A; mx )i if lx 2 f 0; 1g and (mx ; ) 2 A
h(x + 1) mod n; dx i if lx = 2 and (mx ; ) 2 A

The ideaof this mapping is that it extracts from a global state hA; ~l; ~m; ~di the essential
information that characterizesit, namely the index of the active component and the
data that this component gets as input.

If we hide v in both Impl and Y , (7.10) becomes

¿:¿f vgImpl (f (0; d)g;~0; (0; 1; ¢¢¢; n ¡ 1);~0) = ¿:¿f vgY(0; d): (7.11)

3. Abstraction By instantiating the de¯nition (7.9) for c 2 f 0¢¢¢n ¡ 1g and using
the observation that there are no summandsfor which i 6= c, we obtain:

Y (0; d) = v:Y (1; d) +
X

e0 :E 0

a0(f 0(d;e0)) : Y (1; g0(d;e0)) / b0(d;e0) . ±

Y (1; d) = v:Y (2; d) +
X

e1 :E 1

a1(f 1(d;e1)) : Y (2; g1(d;e1)) / b1(d;e1) . ±

...

Y (n ¡ 1; d) = v:Y (0; d) +
X

en ¡ 1 :E n ¡ 1

an ¡ 1(f n ¡ 1(d;en ¡ 1)) : Y (0; gn ¡ 1(d;en ¡ 1))

/ bn ¡ 1(d;en ¡ 1) . ±
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It is easyto seethat Y (0; d) ¢¢¢Y(n ¡ 1; d) form a f vg-cluster, with exits

f ai (f i (d;ei )) : Y (( i + 1) mod n; gi (d;ei )) / bi (d;ei ) . ± j 0 · i < n ; ei 2 E i g

KFARn (Koomen's Fair Abstraction Rule) states that in a fair execution, one of the
exits will eventually be taken. In our case, this means that we can write, for all
k 2 f 0¢¢¢n ¡ 1g:

¿:¿f vgY(k; d) =
¿:

P n ¡ 1
i =0

P
ei :E i

ai (f i (d;ei )) :¿f vg Y(( i + 1) mod n; gi (d;ei ))
/ bi (d;ei ) . ±

(7.12)

The right-hand sideof this formula doesnot depend on k, which allows us to say that
¿:¿f vgY(0; d) = ¿:¿f vgY(1; d) = ¢¢¢= ¿:¿f vgY(n ¡ 1; d). Consequently , we can replace
in (7.12) k with 0 and
ai (f i (d;ei )) :¿f vg Y(( i + 1) mod n; gi (d;ei )) with ai (f i (d;ei )) :¿f vg Y(0; gi (d;ei )) and
obtain:

¿:¿f vgY(0; d) = ¿:
n ¡ 1X

i =0

X

ei :E i

ai (f i (d;ei )) :¿f vg Y(0; gi (d;ei )) / bi (d;ei ) . ±

Comparing with (7.4), we seethat ¿:¿f vgY(0; d) and ¿:Spec(d) are solutions of the
sameequation, thus, by CL-RSP (seeSection 7.1.2), they are equal. This equality,
together with the linearization (7.8) and the equivalenceto the intermediate speci¯-
cation (7.11), provesTheorem 7.5.

7.4 Complete distribution of requirements speci¯cations

In this section,weshow that using the results from the previoussections,and applying
simple algebraic properties, any requirements speci¯cation can be transformed to a
distributed implementation, built of components that communicate by synchronous
messagepassing (an overview of the transformation steps is given in Figure 7.1).
Each component consistsof two parts: an application process,and an agent which
implements the local data spaceand takes care of the communication aspects. We
indicate how this result leadsto a high degreeof compositionalit y.

First, we show how the distributed architecture DSRW can be transformed to a
parallel composition of separateagents. In order to avoid dynamic agent replication,
we only deal with the casethat the set of locations is ¯nite and known in advance.
Therefore, we restrict the de¯nition (7.1) of DSRW to the casewhere the index i of
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locations rangesover a ¯nite set Loc ½ N at { and obtain DSRWLoc :

DSRWLoc (K ; L : List ) =
X

i :Loc

X

v:D

Write (i; v) : DSRWLoc (K [i : + v]; L )

+
X

i :Loc

X

v:D

Read(i; v) : DSRWLoc (K ; L ) / v 2 L i . ±

+
X

v:D

X

i :Loc

X

j :Loc

Send(i; v; j ) : DSRWLoc (K ; L [j : + v]) / v 2 K i n L j . ±

This processis equivalent to (even the linearized version of) a parallel composition
of processesrepresenting applications and local databases(agents). We assumethe
communication function send j SEND = Send.

DSRWLoc (K ; L ) = @f send; SEND g
¡ n

i :Loc

Agent(i; K i ; L i )
¢

(7.13)

Agent (i : N at; A : Set; B : Set) =
X

v:D

Write (i; v):Agent(i; A + v; B )

+
X

v:D

Read(i; v):Agent(i; A; B ) / v 2 B . ±

+
X

v:D

X

j :N at

SEND(i; v; j ):Agent(i; A; B ) / v 2 A . ±

+
X

v:D

X

j :N at

send(j ; v; i ):Agent(i; A; B + v) / v =2 B . ±

+
X

v:D

Send(i; v; i ):Agent(i; A; B + v) / v 2 A n B . ±

Note that a Send(i; v; j ) action of DSRWLoc is expressedas the communication of a
SEND(i; v; j )-action (agent i tries to senditem v to agent j ) with a send(i; v; j )-action
(agent j tries to receive a new item v from agent i ). As processescannot communicate
with themselves,a separateline is neededfor the Send(i; v; i )-actions.

For readability, we adopt the following notations:

P = f R; W g
H = f Read; Write ; read; write g

Let us consider a requirements speci¯cation expressibleas an LPE Spec(d). We can
apply the translation scheme(Section 7.3) and get components X 0 ¢¢¢X n , which sat-
isfy (Theorem 7.5)

¿:Spec(d) = ¿:¿P @H
¡ n

i :f 0::: n g

X i (i ) k GSRW(f (0; d)g)
¢

(7.14)
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From the proof of Theorem 7.3, it follows that for any lists K and L that satisfy
8i:L i µ

S
K :

GSRW(
[

K ) = ¿f Send g(DSRW(K ; L)

In particular, by instantiating K i with f (0; d)g, for every i 2 f 0¢¢¢ng and with ; for
every i > n:

GSRW(f (0; d)g) = ¿f Send g
¡
DSRW([f (0; d)g; ¢¢¢; f (0; d)g]; ²)

¢

With this, (7.14) becomes

¿:Spec(d) = ¿:¿P @H
¡ n

i :f 0::: n g

X i (i ) k ¿f Send g(DSRW([f (0; d)g; ¢¢¢; f (0; d)g]; ²))
¢

and becausethe number of locations usedis ¯nite:

¿:Spec(d) =

¿:¿P @H
¡ n

i :f 0¢¢¢n g

X i (i ) k ¿f Send g(DSRWf 0¢¢¢n g([f (0; d)g; ¢¢¢; f (0; d)g]; ²))
¢
:

Further, let us expand DSRWf 0¢¢¢n g, according to (7.13) :

¿:Spec(d) =

¿:¿P @H
¡ n

i :f 0¢¢¢n g

X i (i ) k ¿f Send g@f send; SEND g(
n

i :f 0¢¢¢n g

Agent(i; f (0; d)g; ; ))
¢

(7.15)

In expression(7.15), we still seetwo layers, on the left the applications, and on the
right the agents implementing the data spacearchitecture. Below we will reorganize
this expression,bringing together the processesand agents at the samelocation i . This
reshu²e is basedon the associativit y of the parallel composition, and the distributivit y
of hiding (¿I ) and encapsulation (@H ) over parallel composition (k). The latter is
only possibleunder certain restriction on action names. In [KS98], so-calledalphabet
axioms are presented, that allow manipulation of expressionsbasedon the alphabets
of the processinvolved. Here ®(p) denotes the alphabet of processp (the set of
action namesthat occur in it) and ®(p) j ®(q) denotesthe set of actions that may be
the result of a communication between an action in ®(p) and an action in ®(q). In
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particular, the axioms

CA1 (®(x) j (®(y) \ H )) µ H [ f ±g ! @H (x k y) = @H (x k @H (y))
CA2 (®(x) j (®(y) \ I )) µ f ±g ! ¿I (x k y) = ¿I (x k ¿I (y))
CA3 ®(x) \ H = ; ! @H (x) = x
CA4 ®(x) \ I = ; ! ¿I (x) = x
CA7 H \ I = ; ! ¿I @H (x) = @H ¿I (x)

allow moving processexpressionsinside and outside the encapsulationand the hiding
operators, subject to an independencecondition. We can make the convention that
the external actions of the components X i don't contain any Send, send, or SEND
actions (otherwise, they should be renamed). Under this hypothesis,the X i processes
can be pushedinside the @and the ¿. Therefore, (7.15) becomesn

¿:Spec(d) =

¿:¿P @H ¿f Send g@f send; SEND g
¡ n

i :f 0¢¢¢n g

(X i (i ) k Agent(i; f (0; d)g; ; ))
¢

or (commuting the ¿s and the @s)

¿:Spec(d) =

¿:¿f Send g@f send; SEND g¿P @H
¡ n

i :f 0¢¢¢n g

(X i (i ) k Agent(i; f (0; d)g; ; ))
¢

(7.16)

In the de¯nition of X i , all read and write primitiv esoccurring have the ¯rst parameter
constant, namely i and the Read and Write from Agent(i; K i ; L i ) also have the ¯rst
parameter constant: i . Thus, we could replace the read action by n + 1 actions
read0 ¢¢¢readn and view read(i; a) as readi (a). Similarly, write (i; a) can be seenas
write i (a), Read(i; a) as Readi (a) and Write (i; a) as Write i (a). In the next step, we
will apply the alphabet axioms, with readi , write i , etc. viewed as the action names
occurring in the alphabet of processes.In this way we can push ¿P @H inside, in order
to obtain:

¿:Spec(d) =

¿:¿f Send g@f send; SEND g
¡ n

i :f 0¢¢¢n g

¿P @H (X i (i ) k Agent(i; f (0; d)g; ; ))
¢

(7.17)

This is a truly distributed implementation of Spec(d), built up by components con-
sisting of two clearly separated parts: the computation X i and the coordination
Agent. The components communicate with each other by synchronous messagepass-
ing (namely, by executing Send actions).
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Until now, the locations (i ) were neededin order to avoid confusion between ap-
plications and the local data spaces. However, in equation (7.17), the binding of
an application to an agent is already uniquely speci¯ed by meansof encapsulation.
Therefore, the next stepcould beto removeall referencesto locations. This boils down
to renaming read(i; v) to read(v), send(i; v; j ) to send(v), etc. The

P
i -operators be-

comesuper°uous as well.
Note that the renamedagents are exactly identical. At this point, we have arrived

at a truly compositional description of the system, in which (a number of) compo-
nents can be exchanged by (any number of) branching bisimilar components. This
compositionalit y forms the basisof transparent agent replication, or even application
replication. However, a detailed description is out of the scope of this chapter (but
seeSection 7.6.1 on related work).

7.5 Full proofs

7.5.1 Full proofs of invariants

In the following, ? denotesany instance of data from D. We will need the function
activ e : States(X ) ¡ ! f 0¢¢¢n ¡ 1g,

activ e( hA; ~l ; ~m; ~di ) = the x for which(mx ; ?) 2 A

Lemma 7.6 The following invariants hold for the implementation X :

1. (8t) there is at most one pair (t; ?) 2 A

2. 9!i (0 · i < n) s.t. (m i ; ?) 2 A (i.e. activ e is well de¯ned), and m i = max
( t;d )2 A

t.

3. if x = activ e(hA; ~l ; ~m; ~di ) then 8i 2 f 0¢¢¢n ¡ 1g s.t. i 6= (x ¡ 1) mod n ,
m( i +1) mod n = mi + 1 and mx = m(x ¡ 1) mod n + 1 ¡ n.
(in other words: in each state we havean arithmetic progressionmx < mx +1 <
¢¢¢< mn < m1 < ¢¢¢< mx ¡ 1, with step 1)

4. ~l = ~0
or 9i (0 · i < n) : l i = 1 and 8j 6= i l j = 0
or 9i (0 · i < n) : l i = 2 and 8j 6= i l j = 0.

5. if l i > 0 then activ e(hA; ~l ; ~m; ~di ) = i .

Proof: We ¯rst prove that theseinvariants hold for X 's initial state,

hA0;~l0; ~m0; ~d0i = hf(0; d)g;~0; (0; 1; ¢¢¢; n ¡ 1);~0i :

1. immediate.
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2. i=0.

3. activ e(A0;~l0; ~m0; ~d0) = 0.
(8i : 0 · i · n ¡ 2) m0i +1 = m0i + 1 = (m0i + 1) mod n.
And m00 = 0 = (n ¡ 1) + 1 ¡ n = m0n ¡ 1 + 1 ¡ n = m0(¡ 1) mo d n + 1 ¡ n.

4. l0 = ~0.

5. l0 = ~0.

Now, supposing that they hold for an arbitrary state hA; ~l ; ~m; ~di , we prove that they
are still true for any of X 's next states, let it be denoted by hA0;~l0; ~m0; ~d0i . We have
to analyze the following possibilities (extracted from the description of processX ):

¡ for somek, lk = 0 ^ (mk ; ?) 2 A and a ¿-step happens.
Then hA0;~l0; ~m0; ~d0i = hA; ~l[lk := 1]; ~m; ~d[dk := y]i .
In this case, (1),(2),(3) remain true becausestate components that occur in these
properties (databaseA and moments' array ~m) haven't changed.

(mk ; ?) 2 A
inv :(2)

Ã activ e(A; ~l ; ~m; ~d) = k Ã j 6= activ e(A; ~l ; ~m; ~d); 8j 6= k
inv :(5)

Ã l j =
08j 6= k. But lk = 0 too, so~l = ~0, which meansthat ~l0 = (0 ¢¢¢1¢¢¢0), i.e. (4) is true.
The only index i for which l0

i i 0 is k (l0
k = 1). k = activ e(A0;~l0; ~m0; ~d0) (becauseA0 = A

and ~m0 = ~m), so (5) holds too.
¡ for somek, lk = 1 and a v action happens.

Then hA0;~l0; ~m0; ~d0i = hA [ f (mk + 1; d)g; ~l [lk := 0]; ~m[mk := mk + n]; ~di

1. We have to prove that the newly added pair (mk + 1; d) hasn't disturb ed this
property, i.e. there is no (mk + 1; ?) already in A. This is true, sincemk + 1 >

mk
inv :(2)

= max
( t;d )2 A

t.

2. If n > 1, the unique i is (k + 1) mod n, becausem0
(k+1) mo d n = mk + 1 (inv.

(3)) and (mk + 1; d) 2 A0. Uniquenessis given by inv. (1).
If n = 1, the activeprocess0 remainsactive ((m0+ 1; d0) 2 A0 and m0

0 = m0+ 1).

3. x0 = activ e(A0;~l0; ~m0; ~d0) = (k + 1) mod n. Notice that (x0 ¡ 1) mod n = k.
For i 2 f 0¢¢¢n ¡ 1g; i 6= k; i 6= (k ¡ 1) mod n, the property remains true, as
m0 = m for the values involved.
It remains to be shown that m0

k = m0
(k ¡ 1) mo d n + 1 and that m0

x 0 = m0
k + 1¡ n.

m0
k = mk + n

inv :(3)
= (m(k ¡ 1) mo d n +1 ¡ n)+ n = m(k ¡ 1) mo d n +1 = m0

(k ¡ 1) mo d n +
1
m0

x 0 = mx 0
inv :(3)

= mk + 1 = (m0
k ¡ n) + 1.

4. l0
i = l i = 0; 8i 6= k and l0

k = 0. So,~l0 = ~0.

5. ~l0 = 0, by invariant (4).
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¡ for somek and someek 2 Ek , lk = 1 ^ bk (dk ; ek ) and an ak action happens.
Then hA0;~l0; ~m0; ~d0i = hA; ~l [ lk = 2]; ~m; ~d[dk := gk (dk ; ek )]i .
(1),(2),(3) hold becausethe state components involved are not changedby this step.

lk = 1
inv :(4)

Ã l i = 0 8i 6= k. So, since l0
i = l i = 08i 6= k and l0

k = 2, (4) holds in the
current state too.
And, ¯nally , (5) holds too, as the active index did not change(it's still k).

¡ for somek, lk = 2 and a ¿-action happens.
Then hA0;~l0; ~m0; ~d0i = hA [ f (mk + 1; dk )g; ~l [lk := 0]; ~m[mk := mk + n]; ~di .
All the invariants are shown to hold by a reasoningsimilar to the secondcase(\for
somek, lk = 1 and a v action happens"). Â

We proved (invariant 1) that for any \moment" t there is at most one data item d
such that (t; d) 2 A. When this item exists, we will denote it by data (A; t). Note
that data (A; mactiv e( hA; ~l ; ~m ; ~di ) ) is de¯ned for all reachable states in States(X ).

Lemma 7.7 If l i = 1 then data (A; m i ) = di .

Proof: If l i = 1 then the most recent step in X wasa ¿-step(a readfrom the database).
This could happen only if the guard was true: l i = 0 ^ (m i ; y) 2 A, for somey; by
de¯nition, y = data (A; m i ). The changesthat occur in the state hA; ~l ; ~m; ~di as a
result of this step are l i := 1 and di := y. That is, di := data (A; m i ). Â

7.5.2 Full proofs of the matching criteria

Lemma 7.8 For X , Y and h de¯ned in the second step of the correctnessproof (Sec-
tion 7.3.2), the following matching criteria hold:

1. (a) for all i , (8y 2 D) l i = 0 ^ (m i ; y) 2 A ¡ !
h( hA; ~l ; ~m; ~di ) = h( hA; ~l [l i := 1]; ~m; ~d[di := y]i )

(b) for all i , l i = 2 ¡ !
h( hA; ~l ; ~m; ~di ) = h( hA [ f (m i + 1; di )g;~l [l i := 0]; ~m[m i := mi + n]; ~di )

(internal stepsin X don't changethe mapped state in Y )

2. (a) for all i , l i = 1 ¡ ! c = i (v enabled in X :v enabled in Y )

(b) for all i , (8ei : E i ) l i = 1 ^ bi (di ; ei ) ¡ !
c = i ^ bi (d; ei ) (X can do ai (f i (?;ei )):Y can do ai (f i (?;ei )) )

(soundness: in each state, for each external action, if X can do it then Y can
do it, too)
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The external actions that X can do are v (that can happen when l i = 1) and
f ai (f i (d;ei ))g (that are enabled when l i = 1 ^ bi (di ; ei ) is true).

3. FC(hA; ~l ; ~m; ~di ) : (9i : 1 · i · n) s.t. l i = 1 and l j = 08j 6= i ,
that is s.t. ~l = (0; ¢¢¢; 0; 1; 0; ¢¢¢; 0).

(a) for all i , FC (hA; ~l ; ~m; ~di ) ^ i = c ¡ ! l i = 1

(b) for all i , (8ei : E i )FC(hA; ~l ; ~m; ~di ) ^ i = c ^ bi (d; ei ) ¡ ! l i = 1 ^ bi (di ; ei )

(completeness:X can do a step :X can do that step, too - eventually after a
number of internal steps)

4. for all i , (8ei : E i )bi (di ; ei ) ¡ ! f i (di ; ei ) = f i (d; ei ) (the data labels on the
visible actions coincide).

5. (a) l i = 1 ¡ ! h(hA [ f m i + 1; di g;~l [l i := 0]; ~m[m i := mi + n]; ~di ) = h(i +
1) mod n; di

(b) l i = 1 ^ bi (di ; ei ) ¡ ! h(hA; ~l [l i := 2]; ~m; ~d[di := gi (di ; ei )]i ) = h(i +
1) mod n; gi (d; ei )i

(every visible action takesrelated statesto related states, i.e. if the initial states
in X and Y are h-mapped, then the states after executing the action are also
h-mapped)

Proof:

1. Let hA; ~l ; ~m; ~di be X 's state beforethe ¿-step, (c; d) the state in Y mapped from
it, hA0;~l0; ~m0; ~d0i X 's state after the ¿-step and (c0; d0) its h-mapped Y state.
We have to prove that (c; d) and (c0; d0) are equal.

(a) After the ¿-step, x and mx are not changed (becauseA and ~m didn't
change). The only di®erent value is of lx , but this doesn't a®ecth's de¯-
nition since lx := lx + 1 = 1 is still in f 0; 1g.
So, hc0; d0i = hx; data (A0; m0

x )i = hx; data (A; mx )i = hc; di .

(b) l i = 2
inv :5;def. h

Ã hc; di = h(i + 1) mod n; di i .
If n > 1 then i = x 6= (x ¡ 1) mod n. Then from (inv.3) m( i +1) mo d n =
mi + 1, thus activ e(hA0;~l0; ~m0; ~d0i ) = (i + 1) mod n. In the new state,
~l = 0, which meansthat l ( i +1) mo d n = 0.

hc0; d0i def. h= h(i + 1) mod n; data (A; m( i +1) mo d n )i
= h(i + 1) mod n; di i = hc; di :

If n = 1 then i = x = (x + 1) mod n, sohc; di = hi; di i . The active process
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(i = x = 1) remains active in the new state (inv.2). hc0; d0i
l 0
i =0 ;def. h

=
hi; data (A0; m0

i )i . m0
i = mi + n, i.e. m i + 1 and in A0 there is (m i + 1; di )

Ã data (A0; m0
i ) = di Ã hc0; d0i = hi; di i = hc; di .

2. Let hA; ~l ; ~m; ~di denote always the current state.

(a) l i = 1 inv :5Ã i = activ e(hA; ~l ; ~m; ~di )
def : h

Ã c = i .

(b) True, becaused = di from Lemma 7.7 and l i = 1 ¡ ! c = i was shown at
(2(a)).

3. (a) Let i 0 be the i from FC (l i 0 = 1). Then, from Lemma 7.6(invariant 5)
and de¯nition of h, c = i 0. But c = i , also, so i = i 0. This meansthat
l i = l i 0 = 1.

(b) l i = 1 is shown with the samereasoningasin 3(a). bi (di ; ei ) is true because
bi (d; ei ) is true and d = di (Lemma 7.7).

4. The conditions bi (d;ei ) are evaluated when l i = 1. By Lemma 7.7 and de¯nition
of h, we get d = di , so f i (di ; ei ) = f i (d; ei ).

5. Again, we will denote hA; ~l ; ~m; ~di and hA0;~l0; ~m0; ~d0i the states of X before and
after executing the discussedaction. Similarly, hc; di and hc0; d0i are the corre-
sponding states in Y .

(a) l i = 1
Lemma 7:6(5) ;Lemma 7:7

Ã hc; di = hi; di i .
activ e(hA0;~l0; ~m0; ~d0i ) = (i + 1) mod n, by a reasoning similar to 1(b).
Becausel0

( i +1) mo d n = 0, we have c0 = (i + 1) mod n and d0 = di . But
according to Lemma 7.7, d = di . So, hc0; d0i is indeed h(i + 1) mod n; di .

(b) l0
i = 2

Lemma 7:6(5)
Ã activ e(hA0;~l0; ~m0; ~d0i ) = i

def. h;l 0
i =2

Ã hc0; d0i = h(i +
1) mod n; d0

i i = h(i + 1) mod n; gi (di ; ei )i . Â

7.6 Conclusions

Wehavestudied the architecture GSRW, basedon write and blocking, non-destructive
read primitiv eson a global set. By viewing the architecture as a separatecomponent
de¯ned by processalgebra, we obtained a nice separation betweenthe tasks of appli-
cation programming on the architecture, and the distributed implementation of the
architecture itself.

GSRWprovides a conceptual global view to application programmers,making the
development and analysisof applications easier. Our ¯rst result shows that maintain-
ing the global view doesn't lead to any overhead in the distributed implementation,
like locking protocols. For this, the limited set of coordination primitiv esis essential.
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Due to these restrictions, application processesjust cannot observe that their local
set is not (yet) up-to-date. Our secondresult supports this architecture, by indicat-
ing that despite these restrictions, the architecture is su±ciently expressive from a
functional point of view.

Finally, non-functional requirements, like performance and fault tolerance might
lead to stronger coordination primitiv es,such as destructive or non-blocking read, as
in Linda. However, these don't come for free. Either we have to give up the global
view, as shown in [BKZ99a, BKZ99b], or complicated protocols are neededin order
to guarantee global consistency, as the two-phase-commitprotocol in JavaSpacestm .
The former compromiseseaseof application program construction and analysis, the
latter compromisesrun-time performance.

7.6.1 Related work

In [DL00] a more detailed description of Splice is given, at the level of agents commu-
nicating on an Ethernet network. However, an abstract speci¯cation of this fragment
is not given. Instead the model is validated by verifying that a number of scenarios
satisfy certain desiredtemporal logic properties. The description of Splice in [HP02b]
is also more detailed, as it includes a description of time stamps and details the
structure of the local databases. That study is devoted to transparent component
replication. Two approaches were investigated: a model checking approach applied
to a ¹ CRL description in the samestyle as here, and a theorem proving approach
on a denotational semantics speci¯ed in PVS. The samespeci¯cation style was also
applied in [PV02] on the di®erent shareddata spacearchitecture JavaSpaces.

The distributed implementation that wegive is at the samelevel of abstraction asin
[BHJ00, BKZ99a, BKZ99b]. This is su±cient to show that for read/write primitiv es
a global set is equivalent to a number of local sets. In [BKZ99a, BKZ99b] operational
semantics corresponding to these views are given, and it is proved that for each
program these views yield behaviorally equivalent semantics. Several other variants
were considered, based on e.g. multi-sets and stronger coordination primitiv es. A
semantics of JavaSpacesalong the same lines is de¯ned in [BGZ00b]. In [BHJ00]
denotational semantics are given for distributed and local versions,and it is proved
and formally checked by a proof checker, that both semantics yield the samewrite -
traces and end up in the samedata space.

Although our realizabilit y result resembles this work, the setting is quite di®erent.
As we have the architecture as a separatecomponent, we can prove that the global
architecture and its distributed implementation are behaviorally equivalent. There-
fore our result is language independent and immediately applies to the casewhere
components may use recursion and internal choice. This combination has not been
consideredin [BHJ00, BKZ99a, BKZ99b]. The proof we give is simpler in our view,
as it mainly consistsof checking somesimple matching criteria, which are generated
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by a standard application of the cones-and-foci method.
In [BHJ00] an imperative languageis usedwith asprimitiv e read(x; q); P, which is

blocked until somevalue v satisfying query q existswhich is then bound in P to x. We
obtain the samee®ectby the process

P
x (read(x):P / q(x) . ±). Instead of the action

of writing or reading, those authors regard the arrival in the database observable,
which we have hidden by a ¿f Send g in DSRW. It is interesting future research to see
how their semantics can be formally connectedwith ours.

Our expressivenessresult should be contrasted with the result of [BGZ97], where
it is shown that additional primitiv es, like the test-for-absence,are neededto get
Turing completeness.There, components are restricted to ¯nite state machines, and
the computation power entirely comesfrom the coordination primitiv es. We take a
system's engineeringview, by focusing on the question whether the read and write
primitiv es are su±ciently expressive for solving the coordination between (probably
in¯nite state) application programs. We alsofocuson the real task of the components:
implement the system'sexternal global behavior.

Our construction has similarities with transformations in [Lan92], where a re-
quirements speci¯cation is split in parallel parts communicating via messagepassing,
and [NP96], wherean encoding of choice in the a-synchronous ¼-calculus is provided.
Both papers intro duce internal loops to resolve external choices,similar to our trans-
lation. However, those papers are based on event-based coordination, whereasour
approach usesa persistent data approach. For this reason,we had to use increasing
sequencenumbers, and couldn't ¯nd a ¯nite state solution.
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Veri¯cation and Prototyping of Distributed
DataspaceArchitectures

In this chapter, we focus on the problem of designing,verifying and protot yping dis-
tributed shareddataspacesystems. Building correct distributed systemsis a di±cult
task. Typical required properties include transparent data distribution and fault-
tolerance (by application replication and data replication), which are usually ensured
at the price of giving up some performance. Many questions occur when deciding
on the exact shape of the distributed dataspace. For instance: what data should be
replicated (in order to increasee±ciency or to prevent singlepoints of failure)? should
the local storagesbe kept synchronized or should they be allowed to have di®erent
views on the global space?should the migration of data betweenlocal storagesbe on
a subscription basisor rather on demand?

The space calculus, intro duced in this chapter, is an experimental framework in
which veri¯cation and simulation techniques can be applied to the design of dis-
tributed systemsthat usea shareddataspaceto coordinate their components.

We provide a tool that translates a spacecalculus speci¯cation into a ¹ CRL speci-
¯cation. From this code a state spacegraph can be generatedand analyzedby means
of the model checker CADP. A secondtool generatesdistributed C code to simu-
late the system. Systemdesignersmay usethe automatic veri¯cation and simulation
possibilities provided by the ¹ CRL toolset to verify properties of their architecture.
Complementary, the distributed C protot ype can be used for testing purposes,and
to get an indication about the performance (e.g. number of messages,used band-
width, bottlenecks). Several design choicescan be rapidly investigated in this way.
Ultimately , the protot ype C implementation could even be used as a starting point
for building a production version.

The operational semantics of our spacecalculus provides the formal ground for



118 8 Veri¯cation and Prototyping of Distributed DataspaceArchitectures

algebraic reasoning on architectures. Despite its apparent simplicit y, our calcu-
lus is highly expressive, capable of modeling various destructive/non destructive,
global/lo cal primitiv es. By restricting the allowed spaceconnectivesand the allowed
coordination primitiv es,we obtain well known instances,such as the kernelsof Splice
and JavaSpaces. Somespeci¯c features, like the transactions in JavaSpacesor dy-
namic publish/subscribe in Splice are out of our scope. Our goal is a uniform frame-
work where core characteristics of various dataspacearchitectures should be present,
in order to allow for studies and comparisons. The veri¯cation tool will help getting
fast insights in the replication and distribution behavior of certain architectures, for
instance. The simulation tool can help to identify the classesof applications appro-
priate to each architecture.

Related work An overview of shared dataspace coordination models is given in
[TRG02]. Some work that studies di®erent semantics has been done in [BKZ99a,
BGZ00b, BZ01, BMMZ02], on which we based the style of our operational seman-
tics. [HP02a] proposesa compositional denotational semantics for Spliceand provesit
equivalent to an operational semantics. [BZ01] comparesthe publish/subscribe with
the shareddataspacearchitectural style by giving a formal operational semantics to
each of them. We also aim at being able to comparethe two paradigms, but we take
a more unifying perspective: we consider both as being particular instances of the
more generaldistributed dataspacemodel and expressthem in the sameframework.
[CR90] was the ¯rst attempt to usea Unit y-like logic to reasonon a shareddataspace
coordination model (Swarm). [LAC00] has goalssimilar to ours. It provides a frame-
work for describing software architectures in the theorem prover PVS. However, it
seemsthat the veri¯cation of functional behavior is out of the scope of that chapter.
In [CMP98], a languagefor speci¯cation and reasoning(with TLA) about software
architectures basedon hierarchical multiple spacesis presented. The focus there is on
the designof the coordination infrastructure, rather than on the behavior of systems
using it. In [HCS01], a translator from the designlanguageVPL to distributed C++
code is presented. VPL speci¯cations can be veri¯ed using the CWB-NC toolset.
Compared to that approach, our work is more speci¯c. We concentrate on shared
dataspacearchitectures and de¯ne a \library" of carefully chosenprimitiv esthat are
both handy and expressive. In [DL00], scenario-basedveri¯cation is intro duced as a
useful technique in betweenveri¯cation and testing. Our languagealsosupports that.

In Section 8.1, we present the syntax and semantics of the spacecalculus and we
comment its main characteristics. Then (Section 8.2) we intro duce the supporting
tools. Section 8.3 contains two examples. We end with some concluding remarks
(Section 8.4).
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GDEL  p
LDEL  p

READ   p
READE  p

WRITE   a

atomic dataspace 

resource
information

lazy link 
eager link

distributed dataspace 

application 

Figure 8.1: A distributed dataspacearchitecture

8.1 The spacecalculus

8.1.1 Informal view

We model the sharedspaceas a graph with atomic spacesas nodes(seeFigure 8.1).
We consider two types of links between spaces:eager and lazy. When elements are
written in a local space,they are asynchronously transferred over all eagerlinks that
start in that local space.Eager links are represented in the graph by arcs going from
spaceswhere data is produced (written) to spaceswhere data should be transferred
to and can be usedto model subscription and noti¯cation mechanisms. On the other
hand, the lazy links, represented in the ¯gure by undirected edges,are demanddriven.
Only when a data item is requestedin someatomic space,it is transferred via a lazy
link from oneof the neighboring spaces.Besidesmodeling the sharedspace,the space
calculusprovides a set of coordination primitiv esfor applications: write, blocking and
non-blocking read, local and global deleteoperations. Applications are looselycoupled
in the sensethat they cannot directly addressother applications.

With so many existing shareddataspacemodels, it is di±cult to decidewhat fea-
tures are the most representativ e. Somechoicesthat we are faced with are: atomic
spacescan be setsor multisets; when transferring data items betweendi®erent spaces,
they could be replicated or moved; the primitiv escan be location-aware or location-
independent; the retrieve operation can be destructive or non-destructive, etc. The
answers depend of courseon the speci¯c application or on the purposeof the archi-
tecture. In order to allow the modeling of as many situations as possible,we let the
user make the distinction betweendata items that should be treated as information
(e.g. data from a sensor),for which multiplicit y is not relevant, and data items that
should be treated as resource (e.g. numbers to be added, jobs to be executed), for
which multiplicit y is essential. When handling elements, the spacetakesinto account
their type. The transfer between spacesmeans copying for information items and
moving for resources.Similarly, the lookups requestedby applications are destructive
for resourcesand non-destructive for information items.
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The atomic spacesare multisets in which the elements tagged as information are
allowed to randomly increasetheir multiplicit y. As for the questionwhether to give to
applications the possibility to directly addressatomic spacesby using handles,like for
instance in [RW97], we have chosennot to, in order to keepthe application layer and
the coordination layer as separatedas possible. The advantage of a clear separation
is that the exact distribution of the spaceis transparent to the applications.

8.1.2 Syntax and semantics

As mentioned before,in our view a systemdescription consistsof a number of program
applications and a number of connectedatomic spaces.We refer to the topology of
the distributed spaceby giving atomic spaces(abstract) locations, denotedby i; j : : : .
The data items come from a set D of values, ranged over by a;b: : : . Furthermore,
we assumea set of patterns Pat(D), which are properties that describe subsetsof D .
We assumethat the patterns describing singletonsare the elements of D themselves,
for instance a describes the subset f ag. Thus, D µ Pat(D). p,q,: : : denote patterns.
We also postulate two predicates on patterns: match : Pat(D) £ D ! f> ; ?g to
test if a given pattern matches a given value, and inf : Pat(D) ! f> ; ?g to specify
whether a givenpattern shouldbetreated asinformation or asresource.The predicate
res: Pat(D) will be usedas the complementary of inf.

A process([P]i ) is a program expressionP residing at a location i . A program
expressionis a sequenceof coordination primitiv es: write, read, read if exists, local
delete, global delete. These primitiv es are explained later in this section. Formal
parameters in programs are denoted by x,y,: : : , the empty program is denoted by " ,
and ? denotesa special error value.

The lazy and eager behaviors of the connections are speci¯ed as special marks:
#i

p (meaning that atomic spacei publishes data matching p), " i
p (i subscribes to

data matching p), pji (i and j can reach each other's elements). If #i
p and " j

q are
present, then all data matching p ^ q written in the spacei by an application will
be asynchronously forwarded to the spacej . We say then that there is an eagerlink
from i to j . The presenceof pji indicates that there is a (symmetric) lazy link from
spacei to j . That is, all data items of i are visible for retrieve operations issuedon
to j by an application.

For administrativ e reasons,the set of data items (a) is extendedwith bu®ereditems
that have to be sent (!aj , a has to be sent to spacej ), pending request patterns (?p,
data matching pattern p were requested) and subscription policies (° k

p and ° k ;t
p ).

Subscription policies are inspired by Splice and their function is to ¯lter the data
coming into a spaceasconsequenceof a subscription. Basedon keysand timestamps,
some of the data in the spacewill be replaced (overwritten) by the newly arrived
element. The parameters k, t are functions on data k : D ! Keys , t : D ! N that
describe how the keysand the timestamps are extracted from data items. If the newly
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arrived element a, matching p, meetsthe ¯lter ° k
p , then a will overwrite all data with

the key equal to that of a. If it meets the ¯lter ° k ;t
p , it will overwrite the data with

the key equal to that of a and timestamp not fresherthan that of a. With this second
¯lter, it is also possiblethat the arrival of a is ignored if its timestamp is too old. A
con¯guration (C) then consistsof a number of atomic dataspacesand applications,
each bound to a location, and a number of links. The parallel composition operator
jj is associative and commutativ e.

Conf ::= Data j Proc j Link j Conf jj Conf
Data ::= hD i i , where D is a ¯nite set over data
Proc ::= [P]i

Link ::= pji j " i
p j #i

p

data ::= a j !aj j ?p j ° k
p j ° k ;t

p

P ::= " j prim:P
prim ::= write (a) j read(p;x) j read9(p;x) j ldel(p) j gdel(p)

The operational semantics of the spacecalculus is de¯ned by meansof a transition
relation on con¯gurations, which is de¯ned inductiv ely in Figure 8.2. Note that
the operational semantics rules don't explicitly re°ect the dual information/resource
structure of the systems. This unitary appearanceis possibledue to a few operators
on data, the de¯nition of which (Figure 8.3) encapsulatesthis distinction. D , B are
multisets, ¡ and + denote the usual di®erenceand union of multisets and d is a data
element (a or !aj or ?p or ° k

p or ° k ;t
p ). We will use the notation inf(d) to express

the value of the predicate inf for the pattern occurring in d. That is, inf(!aj ) = inf(a)
and inf(?p) = inf(° k

p ) = inf(° k ;t
p ) = inf(p). The sameholds for res.

We now explain the intuitiv e semantics of the coordination primitiv es:
write (a): write data item a into the local dataspace,to be automatically forwarded

to all subscribed spaces. a is added to the local dataspace(W1) and an auxiliary
w(i; a) step is intro duced. When pushingw(i; a) to the top level, if a matchesa pattern
published by i , then !aj items are intro duced for all subscriptions " j

p matching a
(rules W2, W3). At top level, the auxiliary w(i; a)-step gets promoted to a write (a)-
step (W4). Finally, the a items are sent to the subscribed spacesasynchronously
(W5). The operator ] in the right-hand side of rule (W5) states that the freshly
received data item should be added to the local database taking into account the
local subscription policies.

read(p;x): blocking test for presence,in the local spaceand its lazy linked neigh-
boring spaces,of some item a matching p; x will be bound to a. This results in
generating a ?p request, keeping the application blocked (R¿). If a matching a has
beenfound, it is returned and the application is unblocked (R). Meanwhile, the lazy
linked neighbors of the local spaceasynchronously respond to the request ?p, if they
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(W1 ) hD i i jj [write (a):P ]i
w ( i;a; [a ])

¡ ! hD i i jj [P ]i

(W2 )
C jj hD i i w ( i;a;B )

¡ ! C0 jj hD i i

C jj hD i i jj #i
p jj " j

q
w ( i;a;B ¢ !a j )

¡ ! C0 jj hD i i jj #i
p jj " j

q
match(p; a) ^ match(q; a)

(W3 )
C

w ( i;a;B )
¡ ! C0

C jj X
w ( i;a;B )

¡ ! C0 jj X
X 2 f pkj ; [P ]j ; hD i j ; #j

q ; " l
p g; p : : match(p; a)_ #i

p =2 C

(W4 )
C

w ( i;a;B )
¡ ! C0

C
w ( i;a;B ¢ a)

¡ ! C0
(W5 )

hD i i jj C
w ( i;a;B )

¡ ! hD i i jj C0

hD i i jj C
write ( a)

¡ ! hD © B i i jj C0

(W6 ) hD + [!aj ]i i jj hD 0i j ¿
¡ ! hD i i jj hD 0 ] ai j

(R ¿) hD i i jj [read(p; x):P ]i
¿

¡ ! hD + [?p]i i jj [read(p; x):P ]i ?p =2 D

(R ) hD + [?p]i i jj [read(p; x):P ]i
read ( p;a )

¡ ! hD ¡ [?p] ª ai i jj [P [x := a]]i

a 2 D ^ match(p; a)

(R 91) hD i i jj [read9(p; x):P ]i
read 9 ( p;a )

¡ ! hD ª ai i jj [P [x := a]]i

a 2 D ^ match(p; a)

(R 92) hD i i jj [read9(p; x):P ]i
read 9 ( p; ? )

¡ ! hD i i jj [P [x := ? ]]i

@a 2 D match(p; a)

(LD ) hD i i jj [ldel(p):P ]i
ldel ( p)
¡ ! hD ¡ [a 2 D j match(p; a)] i i jj [P ]i

(GD1 ) [gdel(p):P ]i jj jj j hD j i j gdel ( p)
¡ ! [P ]i jj jj j hD j ¡ [a 2 D j j match(p; a)] i j

(GD2 )
C

gdel ( p)
¡ ! C0

C jj X
gdel ( p)

¡ ! C0 jj X
X 6= hD i i

(T A U ) hD + [?p]i i jj pji jj hD 0i j ¿
¡ ! hD ¡ [?p] © ai i jj pji jj hD 0 ª ai j

a 2 D 0 ^ match(p; a)

(act )
C

act
¡ ! C0

C jj C00 act¡ ! C0 jj C00
act 62 f gdel(p); write (a); w(i; a)g

Figure 8.2: Operational semantics of the spacecalculus

have an item matching p (TAU).
read9(p;x): non-blocking test for presencein the local space. If some item a

matching p exists in the local space,it is bound to x; otherwise a special error value
? is returned. Deliversa matching a from the local space,if it exists(R91). Otherwise
an error value is returned (R92).

ldel(p): atomically removesall elements matching p from the local space(LD).
gdel(p): this is the global remove primitiv e. It atomically deletesall items matching

p, in all atomic spaces.Note that due to its global synchronous nature, gdel can not
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D ]
p

a = D + [ a ]

D ]
p;k

a = D ¡ [ b 2 D j k(b) = k(a) ] + [ a ]

D ]
p;k ;t

a = D ¡ [ b 2 D j k(b) = k(a) ] + [ a ]

if @b 2 D k(b) = k(a) ^ t (b) > t(a)
D otherwise

D ]
d

d = D ¡ [ b 2 D j b = d] + [ d ]

D © d =

(
D ]

d
d if inf (d)

D + [d] if res(d)
D ª a =

½
D if inf (a)
D ¡ [a] if res(a)

D © [ d1 ¢¢¢dn ] = D © d1 © ¢¢¢© dn B ¢ d =

(
B ]

d
d if inf (d)

[ d ] if res(d)

D ] a =

8
>><

>>:

D ]
p;k

a if ° k
p 2 D ^ match(p; a)

D ]
p;k ;t

a if ° k ;t
p 2 D ^ match(p; a)

D © a if @° k
p ; ° k ;t

p 2 D s.t. match(p; a)

Figure 8.3: Auxiliary operators on multisets.

be lifted over atomic spaces(GD2). Finally, the general parallel rule (act) de¯nes
parallelism by interleaving, except for write and gdel which have their own parallel
rules to ensuresynchronization.

8.1.3 Modeling somedataspaceparadigms

The kernelsof somewell known dataspaceparadigms can be obtained by restricting
the allowed con¯gurations and primitiv es.

Splice [Boa93] implements a publish-subscribe paradigm. It has a loosesemantics,
re°ecting the unstable nature of a distributed network. Applications announcethem-
selvesas publishers or subscribers of data sorts. Publishers may write data items to
their local agents, which are automatically forwarded to the interested subscribers.
Typically, the Splice primitiv es are optimized for real-time performance, and don't
guarantee global consistency. The spacecalculus fragment without lazy links and
restricted to the coordination primitiv eswrite , read, ldel corresponds to the reliable
kernel of Splice. Network searches (modeled by the lazy links) and global deletion
(gdel) are typically absent. In Splice, data sorts have keys, and data elements with
the samekey may overwrite each other { namely at the subscriber's location, the fresh
data overwrites the old one. The order is given by implicit timestamps that elements
get in the moment when they are published. The overwriting is expressiblein our
calculus, by using the eagerlinks with subscribe policies. Splice's timestamps mech-
anism is not present, but sometimestamping behavior can be mimicked by explicitly
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Atomic (id:Nat, D:TupleSet, Req: TupleSet,
ToSend: NatTupleSet, todel:Tuple,
LL: NatSet, PL: TupleSet, SL: SubscriptionList) =

% W
sum(v:Tuple,

W(v). sum(NewToSend:NatTupleSet,
sum(NewD:TupleSet,

getToSend(v, ToSend, NewToSend,D, NewD).
Atomic(id, NewD, Req, NewToSend,

todel, LL, PL, SL)))
<| and(isData(v), match(v, PL)) |> delta)

+ sum(v:Tuple,
W(v).
Atomic(id, a(v,D), Req, ToSend, todel, LL, PL, SL)
<| and(isData(v), not(match(v,PL)))|> delta )

% async send
+ sum(x:Nat, sum(y:Tuple,

el_send(x,y).
Atomic(id, D, Req, r(x,y,ToSend), todel, LL, PL, SL)
<| in(x,y,ToSend) |> delta ))

% async receive
+ sum(x:Tuple,

el_recv(id,x).
Atomic(id, add(x,D,SL), Req, ToSend, todel, LL, PL, SL))

...

Figure 8.4: Fragment from a ¹ CRL speci¯cation of an atomic space

writing and modifying an extra ¯eld in the tuples that models the data.
JavaSpaces[FHA99] on the contrary can be viewed as a global dataspace. It typi-

cally hasa centralized implementation, and provides a strongly consistent view to the
applications, that can write, read, and take elements from the shareddataspace.The
spacecalculus fragment restricted to a single atomic spaceto which all coordination
primitiv esare attached, and with the primitiv eswrite , read, read9 forms a fragment
of JavaSpaces.Transactions and leasingare not dealt with in our model. Note that
with the mechanism of marking the data as being information or resource,we get
the behavior of both destructive and non-destructive JavaSpaceslookup primitiv es:
our read, read9 works, when used for information, like read and readIfExists from
JavaSpaces,and like take and takeIfExists when called for resources.

So, interesting parts of di®erent shared dataspacemodels are expressiblein this
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framework.

8.2 The veri¯cation and protot yping tools

We de¯ned a mapping from every con¯guration in the operational semantics to a
processin the ¹ CRL speci¯cation language. An incomplete description of this map-
ping is given later in this section. The generationof the ¹ CRL speci¯cation following
this mapping is automated. Therefore, the ¹ CRL toolset can be immediately used
to simulate the behavior of a con¯guration. This toolset is connectedto the CADP
model checker, so that temporal properties on systemsin the spacecalculus can be
automatically veri¯ed by model checking. Typical veri¯ed properties are deadlock
freeness,soundness,weak completeness,equivalenceof di®erent speci¯cations.

The state of a ¹ CRL system is the parallel composition of a number of processes.
A processis, as explained in Section 6.3, built from atomic actions by sequential
composition (.), choice(+,

P
), conditionals (¢/ ¢. ¢) and recursive de¯nitions. For our

purpose,we intro duce processesfor each atomic spaceand for each application. An
additional process,called the TokenManager, has to ensurethat operations requiring
global synchronization (gdel) don't block each other, thus don't intro duce deadlocks.
Before initiating a global delete operation, a spacehas to ¯rst request and get the
token from the manager. When it has ¯nished, it has to return the token to the
manager, therefore allowing other spacesto executetheir gdels. A secondadditional
process,SubscriptionsManager , managesthe list (multiset) of current subscriptions.
When an item a is written to an atomic space, that spacesynchronizes with the
SubscriptionsManager in order to get the list of the other atomic spaceswhere the
new item should be replicated or moved.

For simplicit y, we model the data items as tuples of natural numbers { ¯elds are
modeled by the ¹ CRL datasort Nat, tuples by Tuple .

An atomic spacehas two interfaces: one to the application processes,and one to
the other atomic spaces. In ¹ CRL calls between processesare modeled as synchro-
nization betweenatomic actions. The primitiv esof the spacecalculus correspond to
the following atomic actions of Atomic:

f W; R; RE; Ldel ; Togdel; Gdelg:

The interface to the other atomic processesis used to send/receive data items and
patterns for read requests. In Figure 8.4, the ¹ CRL speci¯cation of a space'swrite
behavior is shown.

The application programs are also mapped to ¹ CRL processes.Execution of co-
ordination primitiv es is modeled by atomic actions, that synchronize with the corre-
sponding local space'spair actions. This synchronization with the spaceis described
by a communication function.
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EXTCOMMAND means[E ][X ][T][a ¡ zA ¡ Z ]+
INTID means[i ][a ¡ zA ¡ Z 0 ¡ 9]?

ID means[a ¡ zA ¡ Z ][a ¡ zA ¡ Z 0 ¡ 9]? (that is not INTID)
INT means[0 ¡ 9]+

con¯guration : settings declarations
settings :

j setting settings
setting : n¯elds = INT

j upbound = INT
j res pattern

declarations :
j spacedeclarations
j link declarations
j application declarations

space : spaceID ( ID )
j spaceID

link : LL ( ID , ID )
j ID ¡ > pattern
j ID < ¡ pattern j ID < ¡ pattern intlist
j ID < ¡ pattern intlist INT

pattern : < tuple >
tuple : datum

j tuple , datum
datum : * j INT j INTID
intlist : INT j intlist , INT
intexpression : INT j INTID j projection

j intexpression+ intexpression
projection : pattern / INTID j ID / INTID

Figure 8.5: The YACC style syntax de¯nition

Another tool translates spacecalculus speci¯cations to a distributed implemen-
tation in C that usesMPI for processcommunication. Di®erent machines can be
speci¯ed for di®erent locations, thus getting a real distribution of spacesand appli-
cations. By instrumenting this code, relevant performancemeasuresfor a particular
system under design can be computed. The result of the translation is more than
a software simulation. It is actually a protot ype, that can be tested in real-time
conditions, in a distributed environment.
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application : app ID @ID f program g
program :

j command ; program
command : write pattern

j write ID
j read pattern ID
j readE pattern ID
j ID := pattern
j INTID := intexpression
j ldel pattern
j gdel pattern
j publish pattern
j subscribe pattern jsubscribe pattern intlist
j subscribe pattern intlist INT
j if condition f program g
j while condition f program g
j EXTCOMMAND

condition : ID j not(ID) j true j false

Figure 8.6: The YACC style syntax de¯nition - continued

8.2.1 The spacecalculus tool language

In order to make the spacecalculus usable as speci¯cation language, the tools sup-
porting it work with a concrete syntax. The data universe consideredis tuples of
naturals and the patterns are incomplete tuples (e.g. <1,*,2> ,<*>). Apart from the
syntactical constructions already de¯ned, we allow external actions (e.g. EXTping),
assignmentof data variables,assignment of tuple variablesand if and while with stan-
dard semantics. Now we give a brief description of this language,including a precise
syntax written in a slightly simpli¯ed YACC format.

Sincewe allow exactly onespaceper location, it is nice to give namesto spacesand
to say, instead of saying that a program stays at location i , that the program runs at
the space< name> . A speci¯cation of a con¯guration consistsof:
- (optional) ¯xing the tuple size(n¯elds) and the ¯rst natural value strictly greater
than any ¯eld of any tuple (upbound). The default valuesare n¯elds=1, upbound=2.
- (optional) de¯ne the inf/ res predicates, by mentioning the patterns for which
resshould be > . Any pattern p not included by the res declaration has inf(p) = > .
- describing the spaces,by giving each spacea name and, optionally, the machine
where it's supposedto live. The default machine is \lo calhost".
- describing the applications, by specifying for each application its name, the name
of the spacewith which it sharesthe location (the physical location as well) and its
program.



128 8 Veri¯cation and Prototyping of Distributed DataspaceArchitectures

nfields = 1
upbound = 2
res <*>

space JS (mik.sen.cwi.nl)

app Ping@JS{
write <1>;
EXTping;
read <0> x;
write <1>;
EXTping;
read <0> x;

}
app Pong@JS{

read <1> x;
write <0>;
EXTpong;
read <1> x;
write <0>;
EXTpong;

}

nfields = 1
upbound = 2
res <*>

space JS (mik.sen.cwi.nl)
space JSbis (boeg.sen.cwi.nl)
JS -> <*>
JS <- <*>
JSbis -> <*>
JSbis <- <*>

app Ping@JS{
write <1>;
EXTping;
read <0> x;
write <1>;
EXTping;
read <0> x;

}
app Pong@JSbis{

read <1> x;
write <0>;
EXTpong;
read <1> x;
write <0>;
EXTpong;

}

Figure 8.7: A Ping-Pong application on one JavaSpace(left) and on two (right)

Apart from the primitiv es read, readE, write , ldel, gdel, the actual language in-
cludessomeextra constructions to provide easydata manipulation and control pos-
sibilities: natural variable names and expressions,projection of a tuple on a ¯eld,
assignments, if, while, external actions that can be speci¯ed as strings.

The condition of if and while is very simple: a standard booleanvalue or a variable
name that gets tested for correctness. Namely, \ if x" means \if x is not error".
Extending the conditions is further work.

The key and timestamp functions neededin the subscription policiesare considered
to be projections on the ¯elds of the tuples { one ¯eld for the timestamp, possibly
more for the key. Therefore, key functions are represented as lists of ¯eld indexesand
timestamps functions as one ¯eld index.
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nfields = 3
upbound = 3
space A1
space A2
space A3
A1 -> <1,*,*>
A2 -> <2,*,*>
A2 <- <1,*,*> 1 3
A3 <- <2,*,*> 1 3

app Producer@A1{
itsp := 0; EXTin;
write <1,0,itsp>;
itsp := itsp + 1;
write <1,1,itsp>;

}
app Transformer@A2 {

while (true) {
read <1,*,*> x;
ivx := x/2+1;
itx := x/3;
write <2,ivx,itx>;

};
}

app Consumer@A3{
while (true) {

read <2,*,*> x;
EXTout;

};
}

nfields = 3
upbound = 3
space A1
space A2
space A3
space A4
A1 -> <1,*,*>
A2 -> <2,*,*>
A2 <- <1,*,*> 1 3
A3 <- <2,*,*> 1 3
A4 -> <2,*,*>
A4 <- <1,*,*> 1 3

app Producer@A1{
itsp := 0; EXTin;
write <1,0,itsp>;
itsp := itsp + 1;
write <1,1,itsp>;

}
app Transformer@A2 {

while (true) {
read <1,*,*> x;
ivx := x/2+1;
itx := x/3;
write <2,ivx,itx>;

};
}

app Transformer@A4 {
while (true) {

read <1,*,*> x;
ivx := x/2+1;
itx := x/3;
write <2,ivx,itx>;

};
}

app Consumer@A3{
while (true) {

read <2,*,*> x;
EXTout;

};
}

Figure 8.8: The Producer/Consumer/T ransformerapplication with one(left) and two
(right) transformers
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8.3 Examples

We usethe new languageto specify two small existing applications, studied in [PV02]
and [HP02b], respectively. The goal of these examplesis to show that our language
is very simple to use and to illustrate the typical kind of problems that spacecal-
culus is meant for: transparent distribution of data and transparent replication of
applications.

8.3.1 Towards distributed JavaSpaces

One of the initial motivations of our work was to model a distributed implementation
of JavaSpaces,still providing the samestrongly consistent view to the applications.
When restricting the primitiv es as discussedin Section 8.1.3, the expressionh;i 0

represents the kernel of JavaSpacesand the expressionh;i 0 jj h;i 1 jj #0
? jj " 0

? jj #1
? jj " 1

?

models a distributed implementation of it, consisting of two spaceseagerly linked by
subscriptions matching any item.

Two rounds of the Ping-Pong game [FHA99, PV02] can be written in the space
calculus as follows:

P ing = write (1):read(0; x):write (1):read(0; x)
Pong = read(1; x):write (0):read(1; x):write (0)

(with D = f 0; 1g and inf(x) = ? ; 8x). We wish that the distribution of the space
should be completely transparent to the applications, i.e. that they run on one space
exactly the samethat they run on two:

[P ing ]0 jj [Pong]0 jj h;i 0 = [Ping ]0 jj [Pong]1 jj h;i 0 jj h;i 1 jj #0
? jj " 0

? jj #1
? jj " 1

?

We have checked this equivalenceby writing the two speci¯cations of the Ping-Pong
game(with a single, respectively replicated space)in the tool syntax (Figure 8.8(a)),
generating the two state spacesand using the model checker provided by the CADP
toolset to verify that they satisfy the safety equivalence relation (de¯ned in Sec-
tion 2.3).

8.3.2 Transparent replication of someSplice applications

Someof the most interesting problems in a system with components are associated
with replication: which components can be replicated and at what costs? We claim
that the spacecalculus is a good framework for studying this type of questions. In
the sequelwe give an exampleof how our spacecalculuscan be usedto rapidly check
transparent replication of someapplications on Splice.

Consider a simple Splice system, composedof three applications: a Producer that
writes data to the Splice network, basedon observations that it makes on the envi-
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ronment; a Transformer that readsthe data, applies sometransformations on it and
writes it back; and a Consumer that reads the transformed data items and usesit
further, for instance by displaying it on a screen. The producer and the consumer
are the components that interact with the environment, while the transformer works
\under water". Therefore it is reasonableto ask whether it is possible to replicate
the transformer without a®ectingthe (external) behavior of the system.

This producer-transformer-consumerexampleillustrates a speci¯c pattern in Splice
systems.The transparent replication of the middle component wasextensively studied
in [HP02b], using both ¹ CRL and PVS. We show how to model the problem in space
calculus (Figure 8.8(b)), for the speci¯c instance when two data items are produced,
with values0 and 1. The itsp variable models the local clock. The two speci¯cations
have beenproved safety equivalent by the CADP model checker.

8.4 Conclusions

This chapter presents our ideason a unifying framework for the designand analysis
of various distributed dataspacesystems. We intro duced the spacecalculus, in which
basic conceptsof somedataspaceparadigms can be modeled. A formal syntax and
operational semantics provides a rigorous basis to this calculus.

We aim at two goals: comparing the various paradigmswith respect to their meta-
properties and facilitating the analysis of individual systemsbasedon heterogeneous
shareddataspacearchitectures.

For the ¯rst goal, we view a particular dataspaceparadigm as a fragment of the
space calculus and we address questions like: does a fragment admit transparent
replication of data/pro cesses,what are the costs of a distributed implementation,
what are the typical applications for a certain fragment. An answer to the last
question would facilitate early architectural designdecisions.Someof thesequestions
have beenanswered for Splice already [DJ00, HP02b, OP02].

The secondgoal is supported by automatic translations to ¹ CRL and to C. The
¹ CRL speci¯cations can be used as an input to a model checker, thus formally es-
tablishing the functional correctnessof a system. The approach follows a previous
successfulattempt for JavaSpaces[PV02]. The distributed C simulator can be used
to ¯nd performancebottlenecks in the high-level architecture. Thesecould be solved
by transforming the spacecalculus expressionto a functionally equivalent one with a
better performance.
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Directionsfor Future Research

In theselast pageswe brie°y comment and speculateon possibleinteresting directions
of future work.

Distributed veri¯cation

Parallel algorithms for computing strong bisimulation equivalenceexist in the liter-
ature, based both on the Kanellakis-Smolka and Paige-Tarjan approach [JKOK98,
RL98]. They are designedfor shared memory machines (PRAM, Parallel Random
AccessMachines), but it seemsthey are easily mapped to distributed memory ma-
chines, with at most a logarithmic factor of slow down [Lei92]. Therefore, it would
be interesting to seehow they work on virtual shared memory; we expect that the
latency of the sharedmemory simulation would seriously a®ecttheir performance.

There are many ways to improve our collection of distributed reduction tools. First
and most important is the development of (distributed) signature re¯nement algo-
rithms for minimization modulo other equivalences,like weak bisimulation and safety
equivalence. Protot ype implementations and preliminary correctnessproofs already
exist.

We have argued, and veri¯ed in practice, that the two proposed algorithms for
strong bisimulation reduction (Chapter 3) complement each other: the naiveapproach
functions better on work-intensive iterations, while the optimized version is better on
iterations where few changes are performed. Therefore, a hybrid algorithm, that
could switch between the algorithms as dictated by the current situation, is also an
interesting topic of further research.

Recent developments suggestthat our optimized algorithm can reach a theoretical
time complexity of O (N logN ). To obtain this in practice, a complete redesignof
the implementation, basedon carefully chosendata structures, will be necessary.
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Another potential improvement regards the branching bisimulation tool. By in-
tegrating the distributed ¿-cycle elimination algorithm (Chapter 5) as preprocessing
phase,the branching bisimulation reduction tool in Chapter 4 could visibly bene¯t.

Finally, moreclever ways to distribute the state space,possiblydynamically, remain
to be found. One of the ideasis exploiting the information about the structure of the
state spacethat can be obtained through abstract interpretation [OPV04].

Building a distributed model checker in the style of XTL [MG98] also comprisesa
nice continuation of the work presented in this thesis. This would be the last piece
to a complete distributed model checking solution for the ¹ CRL toolset.

Veri¯ed distribution

In Chapter 7 we studied the simplest possibleshareddataspacecoordination model.
We proved that any requirements speci¯cation has a \maximal" distributed imple-
mentation on this model, in the sensethat every single step is executedon another
location. A challenging future research direction is to investigate distribution imple-
mentations basedon other criteria. We could look for \e±cien t" implementations,
i.e. schemesthat would minimize the number of communication steps (i.e. interac-
tions with the database), or schemesthat place all actions of a certain type on the
samelocation, etc. To this end, it might be necessaryto add new primitiv es to the
current GSRWmodel or to consider weaker equivalencesbetween speci¯cation and
implementation. Another interesting possibility is to settle our conjecture that the
compositionalit y obtained in section 7.4 is the basis of transparent agent and appli-
cation replication.

The spacecalculus tool language(Chapter 8) is, at present, not su±ciently expres-
sive. In order to be practically useful, it should be embedded in a well developed
modeling language,that would allow the speci¯cation of realistic applications on top
of the distributed space. More examplesand casestudies will provide further sup-
port and feedback on the proposed framework. An extension that would bring the
spacecalculus closer to modeling real-life examplesis allowing dynamic creation of
spacesand applications and dynamic changeof the link structure. The investigation
of meta-properties for (fragments) of the spacecalculus and of behaviour-preserving
transformation rules is an entreprise in its own.
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Summary

This thesis consistsof two parts that have in common the themesof distribution and
veri¯c ation.

Part I considersthe question of whether automatic veri¯cation can be distributed in
order to make possiblethe useof the processingpower and memory of a network of
computers instead of just one computer.

We investigate this in the speci¯c caseof veri¯cation by enumerative model check-
ing. To verify a system, its state space,a concrete representation of the system's
behavior, is automatically generated. Then, the state spaceis reduced modulo an
equivalencethat preserves all relevant properties, and inspected in order to validate
desiredproperties or to ¯nd counterexamples. The only but seriousdrawback of this
approach is the familiar state space explosion problem: the size of the state space
grows much faster than the complexity of the systemrepresented. A recent approach
to this problem, that we also pursue, is building parallel and distributed tools. They
allow larger state spacesto be handled and thus increasethe applicabilit y of formal
veri¯cation techniques to real life industrial systems.

We are particularly interested in the problem of reducing state spacesmodulo be-
havioral equivalences. Very good sequential solutions for this already exist in the
literature, as well as some adaptations to the parallel shared memory setting. We
propose in Chapters 3 and 4 new distributed memory algorithms for state space
reduction modulo strong and branching bisimulation equivalence. They usecommu-
nication by messagepassing, where, unlike in the caseof shared memory, latency
plays an essential role. The three algorithms presented draw their main inspiration
from the sequential onesof Kanellakis and Smolka [KS83]. We prove their correctness
and show by experiments with protot ype distributed implementations that both the
run times and memory usagescaleup with the number of machinesused. This means
that larger state spacescan now be generatedand reduced using cheap clusters of
workstations. Most of the time, the reduced state spaceis small enough to further
allow model checking by sequential tools.
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Further, we approach the well known problem of decomposing a graph into its
strongly connectedcomponents (Chapter 5). Sincesolving an arbitrary graph problem
can usually be translated into solving the same problem for the graph's strongly
connectedcomponents, the decomposition algorithms are applicable in all domains
wheregraphsareused. Wearestudying it having in mind its application in veri¯cation
(LTL/CTL model checking and branching bisimulation equivalencereduction). Our
distributed messagepassingsolution is basedon a seriesof heuristics that work best for
the special type of graphs representing state spaces.The protot ype implementation
shows promising results, though it has not yet been integrated with the tool for
branching bisimulation reduction, nor has it actually beenusedin model checking.

Part I I of the thesis addressesthe question whether formal veri¯cation methods can
be of help in understanding and designingdistributed software architectures. We in-
vestigatethis for the speci¯c caseof softwarearchitectures that usea shareddataspace
to coordinate their distributed components.

We demonstrate the useof powerful processalgebraic techniques in modeling and
analysis of a simple shared dataspacesoftware architecture with write and blocking
non-destructive read as its only primitiv es (Chapter 7). Processalgebra allows the
description of the shared dataspaceas a separateprocess,and thus a natural sepa-
ration between the computation and coordination layers is achieved. We show that,
due essentially to the nondestructive character of the read primitiv e, the dataspace
can be implemented in a fully distributed manner, while keeping the global uniform
view. Despite the restricted set of primitiv es, this simple architecture is functionally
very expressive: any system requirements speci¯cation can be implemented on it.

Due to their simplicit y and symmetric treatment of components, shareddataspace
coordination architectures have beenintensively studied and many variants have been
implemented (Linda, Bonita, WCL, TSpaces, JavaSpaces). The implementations
range from one central server (lik e JavaSpaces),to which all components address
requests, to a full distribution, where every component has its own local copy of
the repository (lik e Splice). From the veri¯cation point of view, it is interesting
to understand how the di®erent implementations a®ect the functionalit y and the
performance of such a system. We investigate this in in Chapter 8, where we take
a unifying view and build a design framework that allows modeling and veri¯cation
of shared dataspacesystemswith various sets of primitiv es and various degreesof
distribution. The framework consistsof a small speci¯cation languageand tools that
support veri¯cation and protot yping. Veri¯cation is done by translation to the more
general speci¯cation language ¹ CRL and protot yping is done by a transformation
into distributed C programs.



Samenvatting

Over gedistribueerde veri¯catie en geveri¯eerde distributie

Dit proefschrift bestaat uit twee delen die de thema's distributie en veri¯c atie ge-
meenschappelijk hebben.

Deel I gaat over de vraag of automatische veri¯catie gedistribueerdkan worden, zodat
het mogelijk wordt om de rekenkracht en het geheugenvan een heel netwerk van
computers in te zetten bij het veri¯ Äeren van eensysteem.

We onderzoeken dit in het speci¯eke geval van veri¯catie door middel van enume-
rative model checking. Daarbij wordt, ten behoeve van de veri¯catie van eensysteem,
eerstzijn heletoestandsruimte, eenrepresentatie van het systeemgedrag,gegenereerd.
Vervolgenswordt dezetoestandsruimte gereduceerdmodulo een gedragsequivalentie
die alle relevante eigenschappen bewaart. En tenslotte wordt de gereduceerdetoe-
standsruimte geÄ³nspecteerd om de gewenste eigenschappen te valideren, danwel te-
genvoorbeeldente vinden. Het enige,maar belangrijke nadeelaan dezeaanpak is de
combinatorische explosievan de toestandsruimte: de omvang van de toestandsruimte
groeit veel snellerdan de complexiteit van het gerepresenteerdesysteem.Een recente
manier om toch complexeresystemenaan te kunnen, is door parallelle en gedistri-
bueerdetools te bouwen. Dezemaken het mogelijk om grotere toestandsruimten te
bewerken en te veri¯ Äeren, en vergroten zo de toepasbaarheidvan formele veri¯catie-
technieken in realistische industri Äele systemen.

We zijn met namegeÄ³nteresseerdin het probleemvan het reducerenvan toestands-
ruimten modulo gedragsequivalenties. Daarvoor zijn in de literatuur zeer goede se-
quenti Äeleoplossingenbekend,enook enkeleaanpassingendie geschikt zijn voor eenpa-
rallel shared memory systeem.Wij presenteren in de hoofdstukken 3 en 4 zogenaamde
distributed memory algoritmen voor de reductie van toestandsruimten modulo sterke
en branching bisimulatie equivalentie. Ze maken gebruik van communicatie door mid-
del van messagepassing, en daardoor speelt latency eenessenti Äele rol (latency speelt
nauwelijks eenrol in eensharedmemory systeem). De drie gepresenteerdealgoritmen
zijn geÄ³nspireerd op de sequenti Äele versiesvan Kanellakis en Smolka [KS83]. We be-
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wijzen hun correctheid en laten, aan de hand van experimenten met protot ypes van
gedistribueerde implementaties, zien dat zowel de looptijd als het geheugengebruik
proportioneel toenemenmet het aantal gebruikte machines. Dat betekent dat grotere
toestandsruimten kunnen worden gegenereerden gereduceerddoor gebruik te maken
van goedkope clusters van werkstations. Meestal is de gereduceerdetoestandsruimte
klein genoeg voor model checking met sequenti Äele tools.

Verder behandelenwe eenaanpak van het bekendeprobleem van het decompone-
ren van een graaf in zijn strongly connected components (Hoofdstuk 5). Omdat het
oplossenvan eengraafprobleemveelal kan worden gereduceerdnaar het oplossenvan
het probleem voor zijn strongly connected components, hebben decompositie algo-
ritmen toepassingenin alle gebiedenwaar grafen worden gebruikt. We bestuderen
het probleem met in gedachten de toepassingin veri¯catie (LTL/CTL model chec-
king en branching bisimulatie equivalentie reductie). Onze gedistribueerdemessage
passingoplossingis gebaseerdop een reeksvan heuristieken die zijn toegesnedenop
de speciale soort van grafen die toestandsruimten zijn. De protot ype implementa-
tie is veelbelovend, alhoewel zij nog niet is geÄ³ntegreerd met de tool voor branching
bisimulatie reductie, noch daadwerkelijk is gebruikt in model checking.

Deel I I gaat over de vraag of formele veri¯catiemethoden behulpzaam kunnen zijn bij
het begrijpen en ontwerpen van gedistribueerdesoftware architecturen. We onderzoe-
ken dit met name voor software architecturen die eenzogenaamdeshareddataspace
gebruiken om hun gedistribueerdecomponenten te coÄordineren.

We demonstrerenhet gebruik van krachtige procesalgebraÄ³sche technieken bij het
modellerenen analyserenvan eensimpeleshareddataspacesoftware architectuur met
write en blocking non-destructive read als enigeconstructies (Hoofdstuk 7). Procesal-
gebramaakt het mogelijk om de shareddataspaceals eenapart proceste beschrijv en,
waardoor eennatuurlijk e scheiding van de berekenings-en coÄordinatielagen wordt be-
reikt. We laten zien dat, door het nondestructieve karakter van de read constructie,
de shareddataspacevolledig kan worden gedistribueerd, terwijl dezevanuit de com-
ponenten bezien globaal en uniform blijft. Ondanks het kleine aantal constructies
is dezesimpele architectuur functioneel zeer expressief: elke systeemspeci¯catie kan
erop worden geÄ³mplementeerd.

Vanwegehun eenvoud en symmetrische behandelingvan componenten, zijn shared
dataspace coÄordinatiearchitecturen uitgebreid bestudeerd en zijn er vele varianten
geÄ³mplementeerd (Linda, Bonita, WCL, TSpaces,JavaSpaces). De implementaties
variÄeren van een enkele centrale server waaraan alle componenten verzoeken sturen
(zoals in JavaSpaces),tot een volledig gedistribueerde implementatie, waarbij elke
component zijn eigen lokale kopie van de dataspaceheeft (zoals in Splice). Vanuit
het oogpunt van veri¯catie is het interessant om te begrijpen hoe de verschillende
implementaties de functionaliteit en performancevan zo'n systeembeÄ³nvloeden. We
onderzoeken dit in Hoofdstuk 8, waar we een uni¯cerende kijk op de zaak presente-
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ren en een ontwerpomgeving opzetten die het mogelijk maakt om shared dataspace
systemenmet verschillende collectiesvan constructiesen verschillende gradenvan dis-
tributie te modelleren en te veri¯ Äeren. Onze ontwerpomgevingbestaat uit eenkleine
speci¯catietaal en tools die de veri¯catie en het maken van protot ypesondersteunen.
Veri¯catie gebeurt via eenvertaling naar de meer algemenespeci¯catietaal ¹ CRL en
protot ypesworden gemaakt door te vertalen naar gedistribueerdeC programma's.
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