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If X is a topological space, then we let H(X) denote the group of autohomeomor-
phisms of X equipped with the compact-open topology. For subsets A and B of X we
define [A, B] = {h ∈ H(X) : h(A) ⊂ B}, and we recall that the topology on H(X) is
generated by the subbasis SX = {[K , O] : K compact, O open in X}. If X is a com-
pact Hausdorff space, then H(X) is a topological group, that is, composition and tak-
ing inverses are continuous operations (see Arens [2]). It is well known that even for
locally compact separable metric spaces the inverse operation on H(X) may not be
continuous, thus H(X) is, in general, not a topological group (see the example to fol-
low). However, it is a classic theorem of Arens [2] that if a Hausdorff space X is non-
compact, locally compact, and locally connected, then H(X) is a topological group
because the compact-open topology coincides with the topology that H(X) inherits
from H(αX), where αX is the Alexandroff one-point compactification of X . We im-
prove on this result as follows. (Recall that a continuum is a compact connected space.
If A is a subset of X , then int A and ∂ A denote the interior and boundary of A in X ,
respectively.)

Theorem. Let X be a noncompact Hausdorff space. If every point in X has a neigh-
bourhood that is a continuum, then the compact-open topology on H(X) coincides
with the group topology that H(X) inherits from H(αX).

Proof. The topology that H(X) inherits from H(αX) is generated by the subbasis

SX ∪ {[F, X \ K ] : F closed, K compact in X}
(see Arens [2], who calls this the g-topology on H(X)). Let F be closed in X , and let
O be the complement of a compact subset K of X . We show that [F, O] is open in
the compact-open topology. Let f be an arbitrary element of [F, O], and consider the
compactum f −1(K ). Select for each x in f −1(K ) a neighbourhood Cx of x in X that
is a continuum. By compactness we can find a finite subset A of f −1(K ) such that

f −1(K ) ⊂
⋃
a∈A

int Ca.

Define the compactum C = ⋃
a∈A Ca and construct in the same way a compact neigh-

bourhood C ′ of C . Consider the obviously open subset

U = [C ′ ∩ F, O] ∩ [∂C ′, f (X \ C)] ∩
⋂
a∈A

[{a}, f (int Ca)]

of H(X) in the compact-open topology. It is clear that f belongs to U , and now we
need verify only that U is a subset of [F, O].
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Assume to the contrary that h lies in U \ [F, O]. Thus there is an x in F with h(x)

in K = X \ O . Since h ∈ U ⊂ [C ′ ∩ F, O], we see that x cannot lie in C ′. Note that

x ∈ h−1(K ) ⊂ h−1( f (C)),

hence x lies in h−1( f (Ca)) for some a in A. Since

h ∈ U ⊂ [{a}, f (int Ca)],
we see that a lies in h−1( f (Ca)). Observe that h−1( f (Ca)) is a continuum that connects
the point a inside C ′ with x outside C ′, hence there is a y in h−1( f (Ca)) ∩ ∂C ′. Since
U ⊂ [∂C ′, f (X \ C)], we infer that h(y) /∈ f (C), which contradicts the fact that y is
a member of h−1( f (Ca)). The proof is complete.

Example. For the sake of completeness we include an example of a locally compact
metric space X such that the inverse operation on H(X) is not continuous. Let C be a
Cantor set, and let a and b be distinct points of C . We consider the space H(X) with
the compact-open topology, where X = C \ {a}. Select for a and b neighbourhood
bases {Un : n ∈ N} and {Vn : n ∈ N}, respectively, such that U1 ∩ V1 = ∅, Un and Vn

are both closed and open, and Un+1 � Un and Vn+1 � Vn for each n. For instance, if
we put

C =
{ ∞∑

n=1

εn3−n : εn ∈ {0, 2} for each n ∈ N
}

,

that is, C is the “middle third” Cantor set in the real line, then we can simply take
a = 0, b = 1, Un = C ∩ [0, 3−n], and Vn = C ∩ [1 − 3−n, 1].

Noting that nonempty closed and open subsets of C are also Cantor sets, we can
find for each n in N an hn in H(C) that satisfies the following conditions:

hn(x) = x (x ∈ C \ (Un ∪ Vn)),

hn(a) = a,

hn(Un+1) = Un,

hn(Un \ Un+1) = Vn+1,

hn(Vn) = Vn \ Vn+1.

If C is the middle third set, then the map hn can be realized easily via a piecewise
linear transformation of the interval [0,1].

Since hn(a) = a, we see that the restriction hn � X is a member of H(X) for each n.
Let the element [K , O] of SX be a neighbourhood of the identity element e of H(X).
Thus K is a compact subset of O and X , which enables us to find an M such that UM

and K are disjoint. If b is not a member of K , then there is an N such that N ≥ M and
VN ∩ K = ∅, so hn � K is an identity map and hn � X is a member of [K , O] for each
n satisfying n ≥ N . If b is a point in K , then there is an N such that N ≥ M and VN

is contained in O . Consequently, whenever n ≥ N we have

hn(K \ Vn) = K \ Vn ⊂ O, hn(K ∩ Vn) ⊂ Vn ⊂ VN ⊂ O,

whence hn � X is in [K , O]. We have shown that limn→∞ hn � X = e in H(X). On the
other hand, h−1

n (b) lies in Un for each n, so certainly limn→∞(hn � X)−1 �= e.
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Remarks. One of the more interesting (and challenging) problems in infinite-dimen-
sional topology is the topological classification of H(M), where M is a manifold. Let
I denote the interval [0, 1], and let H∂(I

n) stand for the subgroup of H(In) consisting
of homeomorphisms that fix the boundary of the n-cube In. Anderson [1] proved that
H∂(I) is homeomorphic to the separable Hilbert space 	2 (see [3, Proposition VI.8.1]
or [11]). It was shown by Luke and Mason [12] that H∂(I

2) is an absolute retract,
that is, the space is homeomorphic to a retract of 	2. This result in combination with
the fact that H∂(I

2) is a topological group guarantees that the space is homeomorphic
to 	2 (apply, for instance, Dobrowolski and Toruńczyk [7]). If n ≥ 3 it is wide open
whether H∂(I

n) is an absolute retract. For the Hilbert cube Q, that is, for n = ∞, the
corresponding problem was solved by Ferry [10] and Toruńczyk [13]. They proved
that H(Q) is homeomorphic to 	2 (observe that Q has no boundary).

If D is a countable dense subset of M , then we let H(M, D) signify the group
{h ∈ H(M) : h(D) = D}. The topological classification problem for H(M, D) was
recently solved completely in joint work of the author and Jan van Mill [4], [5], [6].
If M is a one-dimensional topological manifold or a Cantor set, then H(M, D) is
homeomorphic toQ∞, the countable power of the space of rational numbers. If M is a
topological manifold of dimension at least two, a Hilbert cube manifold, or a manifold
modelled on a universal Menger continuum, then H(M, D) is homeomorphic to the
famed Erdős space [9], which consists of the vectors in 	2 whose coordinates are all
rational. (Menger continua are higher dimensional analogues of the Cantor set; see, for
instance, [8, sec. 1.11].)
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6. , Erdős space and homeomorphism groups of manifolds (2004 preprint).
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