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Exercise 1.
a. A derivation showing that
(A-B)—-C—D)—-C—-B—D

is a tautology:

[B7] Iu] —
[(A— B) — C — D* A— B
e C=D E—
I[z] —
B—D
(A—-B)—-C—D)—-C—B—D
b. We use:
I'n, = {x:(A—B)— (C—D)}
rh = {#:(4A—-B)— (C—D),y:C}
r, = {z:(A—B)—(C—D),y:C,z: B}
I's = {+:(A—B)—(C—D),y:C,z:B,u: A}

The corresponding type derivation in simply typed A-calculus:

I'skz2:B
I'sk2:(A— B)— (C— D) Il'oFAM:Az:A— B
IokFy:C Iokax(Au:A.2):C—D

Mobaz(Au:A2)y: D
IMEXz:B.xa(Au:Az2)y:B—D
oMy :CAz:B.a(Mu:A2)y:C—B—D
FlX:(A—-B)— (C—-D)\y:C. xz:B.zxz(M:Az2)y:(A—-B)—(C—-D))—-C—B—D

c. The terms completed:

Ar:A— B Ay: A (zy)
A :AXNy:B—CAz:B.(Au:Ay)zz
A :A— B Ay:Ax((Az: A y)y)



Exercise 2.

a. A proof showing that
(Vo. P(x) — A) — (Vy. P(y)) — A

is a tautology:

[Va. P(z) — A"] [Vy. P(y)"]
Py —a Y PG) fv
S —
(Vy. P(y)) — A Iu] —

(Vz. P(z) — A) — (Vy. P(y)) — A

b. The corresponding AP-term:

(Ilz : Terms. Pz — A) — (Ily : Terms. Py) — A

c. An inhabitant of

(Ilz : Terms. Px — A) — (Ily : Terms. Py) — A

Au: (Il : Terms. Pz — A). v : (Ty : Terms. Py). ((u z) (v 2))
d. No.

Exercise 3.

a. A derivation in prop2 showing that Va.a — Vb.b — a is a tautology:

[a”]
b—a
Vb.b—a NI[I]
a— Vb.b— a
VYa.a — Vb.b — a

Iy]

b. The A2 type corresponding to the formula Va.a — a:

Ila : x.a - 1Ib: x.b — a

c. A closed inhabitant of Ila : x.a — IIb: x.b — a

Aa k. Az a. bk Ayt box



d. Instantiation of the polymorphic identity:
(M :xAx:a.2)B —gAlr:B.x

in B — B.
e. Proof:
[a”]
a=allzl—
Va.a — a Iv
B—B LY

The part consisting of the last three lines is a detour.

Exercise 4.
a. We construct an inhabitant of A:

f:Ia: *.a A x
fA: A

b. We have
AM:AXNy:Bx:A—-B— A

We use the notation L = Az : A. \y : B. x.

Using L we construct an inhabitant of A:

M:Mc:x(A—B—c¢)—c Ak
MA:(A—-B—A)— A L:A—-B—- A
MAL:A

Exercise 5.
a. The type inhabitation problem is:
I'E?: A
Given an environment I' and a type A, is there a M such that ' - M : A?

b. The corresponding problem in logic is the provability problem: given a for-
mula A and assumptions in I, is there a proof of A using only assumptions
from I'?

c. The type inhabitation problem is decidable in A —.
d. The type inhabitation problem is undecidable in AP.

e. The principle of program extraction is to extract an algorithm from a
constructive proof. The statement that is proven usually has the form
Va : A.P(x) — 3b: B.Q(a,b).



Exercise 6.

a. The type of natlist_ind:

forall P : natlist -> Prop,

P nil ->

(forall (n : nat) (n0 : natlist), P n0 -> P (cons n n0)) —>
forall n : natlist, P n

b. An inductive definition of polymorphic lists:

Inductive polylist (X : Set) : Set :=
| polynil : polylist X
| polycons : X -> polylist X -> polylist X.

c. The type of 1e 1 0 is Prop.
An inhabitant of 1e 0 0is le_n O.
An inhabitant of 1le 0 1is1e_S 0 0 (le_n 0).

d. An inductive predicate sorted:

Inductive sorted : mnatlist -> Prop :=
| sorted0 : sorted nil
| sortedl : forall n:nat , sorted (cons n nil)
| sorted2 : forall n h:nat , forall t:natlist ,
le n h -> sorted (cons h t) -> sorted (cons n (cons h t)).



