logical verification 2010-2011
exercises propositional logic and simply typed lambda-calculus k’
o

with answers

1.

(a)

Show that (B — (A — B) — C) — B — (' is a tautology of minimal
propl.
Answer: A proof that (B - (A - B) - (C) - B — Cisa
tautology:
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Give the type derivation in simply typed A-calculus corresponding to
the proof of 1.(a).

Answer: The corresponding type derivation in simply typed A-
calculus:

I'kte:B—-(A—-B)—C I'iFy:B I'sbh-y: B
'@y :(A—-B)—C N'FX:Ay:A—B
DikE(zy)(Mz:Ay): C
ToFXy:B.(zy)(Az: Ay): B—C
Fl:(B—(A—B)—>C). y:B.(zy)(M2:A.y):(B—-(A—-B)—-C)—B—-C

We use:
I'yn = {t+:B—(A—B)—CC}
Ih = {+:B—-(A—B)—C,y: B}
I's, = {t:B—(A—B)—C,y:B,z: A}

Show that (A — A — B) — A — B is a tautology of minimal propl.
Answer: A proof that (A — A — B) — A — B is a tautology:

[A — A — B7] [AY]
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Give the type derivation in simply typed A-calculus corresponding to
the proof of 2.(a).
Answer: The corresponding typing derivation:



I'itz:A—A— B I'kFy:A
'+ (zy):A— B iy A
I ((zy)y): B
ToFXy: A ((zy)y): A— B
FlX@:A—-A—-BXy:A ((zy)y):(A—-A—-B)—A—B

We use:
I'y = {¢:A— A— B}
h = {z:A—-A— B,y: A}

(a) Show that the formula ((A — B — A) — B) — B is a tautology of
minimal propl.
Answer: A proof that (A — B — A) — B) — B is a tautology:
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(A-B—-A)—B)—B
(b) Give the type derivation in simply typed A-calculus corresponding to

the proof of 3.(a).
Answer: The corresponding typing derivation:

I'oby: A
NiFX:By:B— A
Iybtz:(A—-B— A)— B FoFAy:AXz:B.y:A—-B— A
TobF(z(M\y: A Xz:B.y): B
Flx:(A—-B—A)—-B).(z(A\y:A.X2:B.y)):((A—-B—A)—B)— B

We use:
Iy = {2:(A—B— A)— B}
I'h = {2:(A—B— A)— B,y: A}
'y, = {:(A—-B—A)—B,y: A z:B}

(a) Show that (A — B) - C — D) — C — B — D is a tautology of
minimal propl.
Answer:
A proof that (A — B) - C — D) - C — B — D is a tautology:
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(b) Give the type derivation in simply typed A-calculus corresponding to
the proof of 4.(a).

Answer:
The corresponding typing derivation:

FgFZIB
I'skx:(A—-B)—-C—D IN'oFM:Az:A— B
Ioky:C Iokax(Au:A.2):C—D

Mobaxz(Au:A.2)y: D
MEXe:Ba(Mu:Az2)y: B—D
IoFXy:CAz:B.a(Mu:Az2)y:C—B—D
FAX:(A—-B)—-C—-D.Xy:CArz:Bz(lu:Az)y:((A-B)—-—C—-D)—-C—-B—D

We use:
I'y = {z:(A—-B)—C— D}
h = {z:(A—-B)—-C—D,y:C}
', = {z+:(A—-B)—-C—D,y:C,z: B}
I's = {+:(A—-B)—C—D,y:C,z:B,u: A}

(a) What is the definition of a detour in a natural deduction proof?

Answer: A detour is an introduction rule for a connective imme-
diately followed by an elimination rule for the same connective.

(b) Give a proof of A — A — A in first-order minimal propositional logic
that contains a detour.
Answer: A proof of A - A — A in first-order minimal proposi-
tional logic that contains a detour:
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(¢) Give the A-term that corresponds to the proof of 5.(b).
Which part corresponds to the detour?
Give the normal form of the A-term.

Answer:
The A-term that corresponds to the proof of 5b:

M=MXx:A X y: A (Mz: A z)x)

The part corresponding to the detour is the redex (Az: A.z)x
The normal form of the A-term M:

A Ay Acx



6. Show that the following formulas are tautologies of propl:

(@) (A= 1)—=A4)=A4) - A= 4
A proof that (A — L) - A) - A) - —A — Aisa

Answer:
tautology:
(A—1)—1v [A—1q
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((A— 1) — A) — A7 (AHJ_)HAE_)
A
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(A=) —A)—-A)—-(A—-1)—1)—A I[z]

(An instance of Peirce’s Law implies an instance of double negation.)

(b) ==(((A = B) — 4) — A),
A proof that =—(((A — B) — A) — A) is a tautology;

Answer:
we abbreviate (((A — B) - A) - A) — L as C:
[A7]
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-—(((A—=B)— A) — A)

(€) (AV-4) = ((-A—= B)A(mA = =B)) = 4,
Answer: A proof that (AV—-A4) —» (A — B)A(-mA— -B)) — A

is a tautology;
we abbreviate (A — B) A (mA — —B)) as D
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(d) -=((AV-A) — ((mA— B) A (ﬁA — —B)) — A).
Answer:
A proof that = =((AV -4) - (mA —- B)A(-A — -B)) - A) is a
tautology; we abbreviate ((AV —A) — (w4 — B) A (mA — =B)))

by D:
[D — 1Y) P
L —
(D—1)—1 Il =

with P the proof of exercise 6c.

7. Replace in the following terms the 7’s by simple types, such that we obtain
typable A-terms.

(a) Az:?. Ay x

(b) Az 7. Ay 7. (zy)

(¢) Ax:?. Ay xyy

(d) Az:?. dy:?.x (xy)

(e) Ax:?. Ay:?. Az x (y 2)

(f) Az:?. Ay:?. Az 2oy (Au?. x)

(g) A2 y: 2z . (Au:l.y)xz
(h) Az 2.2y 7.z ((Az:2.y)y)

(i) A2 A7 z:? 2z (Au:?.y) o)

8. Give four different closed normal forms of type (A — A) — A — A.

Answer:



Ar:A— Ax

Ar:A — A dy:Ay
A:A— A M\y:A.zy

Ar:A — A y: Az (zy)
A — A y:Acx(z(xy))



