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lambda2 and prop2

identity functions in A~

Ax :nat. x : nat — nat

Ax : bool. x : bool — bool

overview: past present future
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identity functions in Coq

Definition natid :
fun n : nat

Definition boolid: bool
fun b : bool

nat

=> n.

=> b.

Coq

ind pred

ind data
prog ext

-> nat :=

-> bool :



polymorphic identity in A2 polymorphic identity in Coq

in the polymorphic A-calculus, or A2, or system F:

Mix AxCA X TTAx L A— A Definition polyid : forall A:Set, A->A :=

fun A:Set => fun x:A => x.

instantiation by application:
Check polyid nat.

Aa:x . Ax:a.x:[arx .a—a nat : polyid nat
(Aa: x.Ax:a.x)nat: nat — nat . pnat -> nat
polymorphic A-calculus further encodings

e in Coq: logical connectives are defined using inductive types

we can abstract over variables a in x we can define them in prop2

intuitively: variables over data-types . : ) . )
y P e in Coq: various data-types are defined using inductive types

we can define them in lambda?2



natural numbers in A2 defining successor in two different ways

e N=MNax.a—(a—a)—a e An:N.Xa: %.) o:a.As:a—a.s(naos)
en=>Xa:*x.)\o:a.\s:a— a.s"o e An:N.Xa: x.)lo:a.As:a— a.(na(s0)s)
booleans in A2 defining some functions on booleans
e B=Ma*x.a—a—a e not=Ab:B.Aa: *. uza. Av:a.(bavu)
e T=MXa:*.A\x:a. \y:a.x e and =Ab:B. AV :B.Xa: x. Auza. Av:a.(ba(bauv)v)

e F=MXa:x.Ax:a. \y:a.y e or=Ab:B. AV :B.Xa: x. Auta. Av:a. (bau(b auv))



expressiveness of polymorphic types

we can define logical connectives (last week)

we can define various datatypes

prop2: formulas as types

A— B MNx:A.B
Va.B Ma: % .B

Curry-Howard-De Bruijn isomorphism

propl ~ \—
predl ~ AP
prop2 ~ A2

prop2: proofs as terms

proof rules correspond to typing rules



implication introduction and abstraction implication elimination and application

B Nx:AFb:B N-A— B:x A— B A r-P:A—- B Fa: A
A— B N-Xx:Ab:A—B B r-(Pa):B
quantification introduction and abstraction quantification elimination and application
B Ma:x+b:B N=TMa:x . B : % Va.B =P:MNax.B TEA:x

Va.B FEXa:*x.b:Ma:x . B Bla:= A] = (PA): Bla:= A
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