overview: past present future

logic lambda Coq

propl ~ AT
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dependent types ind data

prog ext

predl ~ AP
prop2 ~ A2

dependent types dependent types in Coq: example

inductive definition of dependent natlists:

¢ dependent types in Coq Inductive natlist_dep : nat -> Set :=
| nil_dep : natlist_dep O
e \P: lambda calculus with dependent types | cons_dep : forall n : nat,

nat -> natlist_dep n -> natlist_dep (S n).
¢ (a fragment of) AP corresponds to predl

the type of the type constructor:

AP as logical framework
natlist_dep : nat -> Set : Type



dependent types in Coq: example syntax of lambda P

inductive definition of dependent zeroes:

Fixpoint zeroes_dep (n:nat) : natlist_dep n :=

sorts lambda abstraction
match n _ «, O Ax:A N
return ne}thSt‘dep n with variables | dependent product
| 0 =>nil_dep Mx:A. N
| S p => cons_de 0 (zeroes_dep p) AIRALIEEL aliak
4 P -4ep P -4ep P function application
end. EN
the type of the function: Mx:A.B can be written as A — Bif x ¢ B
zeroes_dep : forall n : nat, natlist_dep n
typing system typing system: application rule
for every kind of term there is a rule:
e axiom rule (for x and O new version—the product type may be dependent:
e variable rule -F:MxA.B Fr’EN:A

' FN:B[x:=N]

product rule

e abstraction rule ) .
old version—the special case A 7:

r'-F:A— B Fr=N:A
and two more rules: r'-FN:B

e application rule

e weakening rule

e conversion rule



typing system: abstraction rule Curry-Howard-De Bruijn isomorphism

new version—we need to have that the product type is ok :

Nx:AFM:B N=Nx:A.B:*/O
MEAcAM:TixA. B (a fragement of ) AP corresponds to minimal predl

old version—the function type is itself not typed:

Nx:AFM:B
NXx:AM:A— B

minimal predl: only implication and for all minimal predl: introduction rules

formulas of minimal predl compared with propl:

propl predl B L B o
A— B Vx. B

a + +

A—B + +

Vx. B — +



minimal predl: elimination rules

minimal predl in AP: algebraic terms

logic AP Coq
Terms : % Terms : Set
X x : Terms x : Termsx

f(My,....Mp,) fMy...M,:Terms £ M1 ... Mn :

with f : lxy : Terms. ...Tlx, : Terms. Terms
or f: Terms — ... — Terms — Terms

minimal predl in AP: formulas

logic AP Coq

P(My,....,Mp) PMy...Mp,:* P ML ... Mn : Prop

A— B A—= B:x A -> B : Prop

Vx. B Mx:Terms.B: % forall x: Terms, B :
with P : lx; : Terms. ...[lx, : Terms. %

or P: Terms — ... — Terms — %

formulas use (algebraic) terms

Curry-Howard-De Bruijn isomorphism

introduction —
abstraction
introduction V
elimination —

Terms ..
application

elimination V

Prop



introduction rules correspond to abstraction elimination rules correspond to application

B B A— B A Vx. B
AsB'7  wBY B E= Bx=mEY
correspond to correspond to
M:B F:TxA.B M:A
Ax:A.M:TMNxA.B F M : B[x = M]
in Coq: intro in Coq: apply
examplel: AP and minimal predl example2: AP and minimal pred1
formula:
formula: (Vx. P(x) = Q(x)) = (Vy. P(y))
(Vx. P(x)) = P(M) — (V2. Q(2))
type: type:
(Nx:Terms. P x) — (P M) (Mx:Terms.Px — @ x) — (My:Terms. P y)
_ _ — (Nz:Terms. Q z)
inhabitant: . .
Au:(MNx:Terms. P x).uM inhabitant:

Au: (Mx:Terms. Px — Qx). Av : (My:Terms. P y).
Az : Terms. (uz)(vz)



example one: AP and minimal pred1 example two: AP and minimal predl

formula: formula:
(A — ¥x.P(x))) = Vy.A— P(y) A—Vx. A
type: type:
(A — Mx:Terms. P x) — MNy:Terms. A — (Py) A — MNx:Terms. A
inhabitant: inhabitant:
Au: (A—Nx:Terms.Px). Ay : Terms.\a: A.uay Aa: A Xx:Terms.a
logical framework propl in AP
prop : Set
we can define logics in AP imp : prop — prop — prop
example in the practical work: propl in AP T : prop — Prop

intro : [Tp:prop.MNg:prop.(Tp— Tq) = T (imppgq)
elim : Tp:prop.Mg:prop.T(imppg) > Tp—Tgq



propl in AP propl in AP: example

formula:

where are dependent types needed? forall p : prop, T (p => p)

to see that the types of the proof rules are ok inhabitant:

fun p : prop => imp_introduction p p (fun u : T p => u)

finding inhabitants: non-dependent finding inhabitants: dependent

Definition predl := (*! term *)
Definition propl := (x! term *) (x fun (1 : Set -> Set) (A : 7) (B : 7)
(k fun (x : 7)) (y : ?) (z : 7)) =>x 2z (y 2). %) (f :1A->1B) (x:7)
=> f x. %)



dependent types in programming: further reading

e Epigram (Conor McBride, James McKinna)
e Dependent ML (Frank Pfenning and Hongwei Xi)

e Dependent types in Haskell


http://www.e-pig.org
http://www.cs.bu.edu/~hwxi/DML/DML.html
http://www.haskell.org/haskellwiki/Dependent_type
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