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Abstract

An algorithm is given which computes the transformation that transforms the initial system
to final normalized system to a given order, while reducing the order to which intermediate
results need to be computed. The algorithm will convergence quadratically when one is only
interested in obtaining the classical normal form and somewhere in between linearly and
quadratically in the general case.

1 Introduction

In [San05] and [SVM07, section 13.8] it is noticed that there are possible obstructions to the
quadratic convergence of normal form calculations, at least when one is interested in the unique
normal form, as opposed to the classical normal form where one normalizes only with respect to the
lowest order part of the object one is trying to normalize (typically the linear part of a differential
equation at equilibrium). In the following discussion a scheme is formulated to make the best
possible use of the ideas used when everything is working fine, but it is clear that the results are
rather unpredictible.

In this paper an algorithm is given which computes the transformation that transforms the initial
system to final normalized system to a given order, while reducing the order to which intermediate
results need to be computed. The algorithm will convergence quadratically when one is only inter-
ested in obtaining the classical normal form and somewhere in between linearly and quadratically
in the general case, with the standing assumption that exponentiation is the computationally
most expensive part of the algorithm.

The algorithm is formulated in Theorem 3 in terms of the bookkeeping device of spectral sequences.
These will be defined, but the reader unfamiliar with the concept should probably first read a
selection of [Arn75, San03, San02, San05, Mur05, Mur04, BC06], since the introduction here will
be rather terse. The notational conventions vary among authors. The convention among topologists
is to keep the degree of the boundary operator equal to zero. This leads to rather skew diagrams
and so there are now several other formats which claim to be closer to normal form thinking.

One usually considers in normal form theory a filtered Lie algebra and then one studies the action
of a part of the is Lie algebra on a fixed element, both on the Lie algebraic as on the formal group
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level. In this paper we take the slightly more general view of studying the filtered action of a
filtered Lie algebra on a filtered module. One motivation for pulling apart the space of formal
transformation generators and the element one acts on is that this is natural when the element
is equivariant under a finite group action on a Lie algebra (that is, g[x, y] = [gx, gy] with x, y
in the Lie algebra and g in the group). This happens for time-reversible systems: the system
changes sign under the action of the reversor (which is then compensated for by reversing time).
The transformation generators should be invariant under the reversor in order for the transformed
element to be still time reversible: with gx = x and gy = −y, g[x, y] = [gx, gy] = −[x, y], so that
the action of the symmetric element x maps the time-reversible element y to the time-reversible
element [x, y], see [vdMSV94].

Another motivational example might be the use of general, that is non-symplectic, coordinate
changes on a Hamiltonian vectorfield, or the normalization of functions by coordinate transforma-
tions as in [Arn75].

In section 2 we show how a spectral sequence is constructed, starting with a filtered Lie algebra.
In section 3 we formulate an algorithm to compute the unique normal form up to any given order.
In section 4 we write out the details of this algorithm for the calculation up till order 8.

2 Unique normal form theory; spectral sequence

In this section a spectral sequence is constructed and all the details are given. There are no new
results here. We start with a filtered Lie algebra f0,0 ⊃ f1,0 ⊃ · · ·, where the first superscript
indicates the order and the second is a labeling that is consistent with the later cohomology
computation. By definition one has: [fi,0, fj,0] ⊂ fi+j,0. One can think of Taylor expansions of
vector fields at equilibrium; then the order is the lowest degree terms in the expansion minus one.
Next we consider a filtered f0,0-module f0,1, that is to say, there is a action ρ of f0,0 on f0,1 such
that ρ(fi,0)fj,1 ⊂ fi+j,1 and ρ([δ, ζ]) = ρ(δ)ρ(ζ) − ρ(ζ)ρ(δ), δ, ζ ∈ f0,0. Let x ∈ f0,1. We act on
x with formal transformations exp(δ1), where δ1 ∈ f1,0 and exp(δ1)x =

∑∞
k=0

1
k!ρ

k(δ1)x. Notice
that we can extend the definition of exp to f0,0 by replacing ρ with the adjoint representation
ad . With this exponential action we view f1,0 as a formal group, with the (noncommutative)
addition given by the Dynkin formula (see Lemma 9), acting on f0,·. In the sequel we define spaces
fp,0r , fp,1, gp,ir , i = 0, 1, where fp,00 = fp,0.

Notation 1. Elements of fp,0r will we written as δpr , elements of fp,1 as xp.

Definition 1. We say, for x, y ∈ f0,1 that x
r≡ y, if there exists a δ1 ∈ f1,0 such that

y − exp(δ1)x ∈ fr+1,1.

We call δ1 the generator of the formal transformation carrying x to y.

We now define recursively the concepts of allowable transformations and normal forms at any given
level. The abstract formulation creates some problems, for instance the existence of (compatible)
sections is not obvious in general. So we restrict the validity of the definition and the later results
to those cases where the existence problem can be solved. In the usual normal form practice this
poses no restrictions.

In the following definition the spaces gp,0r measure the the availability of transformation generators
of order p that can be used to remove terms of order p+ r; the spaces gp,1r measure the obstruction
to remove the terms of order p by transformations. That everything is well-defined in this definition
may not be immediately clear; this is shown in the following lemmas.
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The main motivation for this eleborate scheme is the simple proof of Lemma 8, where the coho-
mological equation has to be solved as part of the normal form computation.

Definition 2. Fix x ∈ f0,1, the object to be put in normal form. Let, at level zero,

• gp,i0 = fp,i/fp+1,i, p ∈ N, i = 0, 1,

• fp,00 = fp,0,

• πp,i0 : fp,i0 → gp,i0 , i = 0, 1, is the natural projection,

• σp,i0 : gp,i0 → fp,i0 , i = 0, 1, is a section, that is πp,i0 σp,i0 = idgp,i
0

,

• Define N 0,i
0 = σ0,i

0 π0,i
0 , a projection operator acting on f0,i (In the vector field model, N 0,1

0

can be defined as: take the linear part of the vector field.),

• x0 = N 0,1
0 x. Notice that x

0≡ x0, since π0,1
0 (x − x0) = π0,1

0 x − π0,1
0 σ0,1

0 π0,1
0 x = 0 and this

implies x− x0 ∈ f1,1.

For level 0 < r ∈ N we recursively define fp,0r and gp,ir , i = 0, 1, xr and dr−1 : fp,0r−1 → fp+r−1,1:

• dr−1δpr−1 = ρ(δpr−1)xr−1, δpr−1 ∈ fp,0r−1,

• fp,0r = {δpr−1 ∈ fp,0r−1|dr−1δ
p
r−1 ∈ fp+r,1}, fp,1r = fp,1r−1,

• gp,0r = fp,0r /fp+1,0
r−1 , gp,1r = fp,1/(dr−1fp−r+1,0

r−1 + fp+1,1),

• πp,ir : fp,ir → gp,ir is the natural projection,

• σp,ir : gp,ir → fp,ir is a section, that is πp,ir σp,ir = idgp,i
r

, defining the normal form style, and

subject to the compatibility condition σp,iq πp,iq σp,ir = σpr for q < r,

• Define N p,i
r = σp,ir πp,ir , projection operators acting on fp,ir , with kernels fp+1,0

r−1 and dr−1f1,0r−1 +
fr+1,1 for i = 0, 1, respectively.

• If x
r−1≡ xr−1, by exp(δ1)x = xr−1 + xr, define xr = xr−1 +N r,1

r xr. We say that xr is the
rth level normal form of x with style σ0,1

0 , . . . , σr,1r .

Lemma 1. Let the maps Fp,irq : gp,iq → gp,ir be defined by Fp,irq = πp,ir σp,iq . Then Fp,irq is surjective if
r ≥ q.

Proof. Indeed, if w ∈ gp,ir , then let v = Fp,irq w and compute πp,ir σp,iq v = πp,ir σp,iq πp,iq σp,ir w =

πprσ
p,i
r w = w, using the compatibility condition.

Corollary 1. If gp,ir is a projective module, it can be mapped into gp,iq with a section to Fp,irq , that
is, a higher level normal form can be seen as a lower level normal form.

Theorem 1. Define the rth level cohomological equation at order p ≥ r + 1 by

xp −N p,1
r+1x

p = drδp−rp+1:p mod fp+1,1.

This equation can be solved with δp−rp+1:p ∈
⊕r

q=0N
p−q,0
q+1 fp−q,0q+1 .
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Proof. Since the left hand side is in the kernel of N p,1
r+1, which equals the kernel of πp,1r+1 = drfp−r,0r +

fp+1,1, this equation can always be solved with δp−rp+1:p ∈ fp−r,0r . Write δp−rp+1:p = N p−r,0
r+1 δp−rp+1:p +

(1 − N p−r,0
r+1 )δp−rp+1:p. Consider the term δp−r+1

r = (1 − N p−r,0
r+1 )δp−rp+1:p ∈ kerN p−r,0

r+1 = fp−r+1,0
r .

Write δp−r+1
r = N p−r+1,0

r δp−r+1
r + (1 − N p−r+1,0

r )δp−r+1
r . Etcetera. This shows that δp−rr:r−1 ∈⊕r

q=0N
p−q,0
q+1 fp−q,0q+1 .

Definition 3. Suppose Fp,irq and Gp,irq are the result of different choice of style. Then we say that

they are equivalent if there exist Hp,is ∈ GL(gp,is ) such that Hp,ir Fp,irq = Gp,irq Hp,iq .

Question 1. Do there exist non-equivalent styles? (If the answer is yes, then this would be
extremely interesting, since it would show the existence of another invariant in normal form theory
besides the spectral sequence.)

Conjecture 1. Let hp,ir = gp,ir /Fp,ir,r+1g
p,i
r+1. Then the hp,ir measure the change from increasing

the level from r to r + 1. If they are finite dimensional, their dimension is an invariant of
the fixed x. If we let Gp,irq be an H-equivalent style, then gp,ir /Fp,ir,r+1g

p,i
r+1 = hp,ir ≡ Hirhp,ir =

Hirgp,ir /HirF
p,i
r,r+1g

p,i
r+1 = Hirgp,ir /Gp,ir,r+1Hir+1g

p,i
r+1 ≡ gp,ir /Gp,ir,r+1g

p,i
r+1.

In the remainder of this section we show that this construction is well-defined and that we have a
spectral sequence, that is Hi(gp,·r ) = gp,ir+1. Since d0δp0 = ρ(δp0)x0, gp,01 consists of those δp0 that do
end up one order higher than expected, that is, ρ(δp0)x0 ∈ fp+1. These generators will not disturb
the first level normal form terms at order p, so they are well suited for higher level computations.
The first level obstructions live in gp,11 and they are what is left of the order p terms once we remove
those of the form ρ(δp0)x0.

Lemma 2. f·,0r is a filtered Lie algebra and f·,1 is a filtered f·,0r -module.

Proof. Since fp,0r ⊂ fp,0, it follows that ρ(fp,0r )fq,1 ⊂ fp+q,1. Then we have to show that [fp,0r , fq,0r ] ⊂
fp+q,0r . Induction on r. This is certainly true for r = 0. Then [fp,0r , fq,0r ] ⊂ [fp,0r−1, f

q,0
r−1] ⊂ fp+q,0r−1

by the induction assumption. Furthermore, dr−1[δpr , δ
q
r ] = ρ(δpr )dr−1δqr ]− ρ(δqr)d

r−1δpr since ρ is a
representation, and this implies

dr−1[δpr , δ
q
r ] ∈ ρ(fp,0r−1)dr−1fq,0r + ρ(fq,0r−1)dr−1fp,0r

∈ ρ(fp,0r−1)fq+r,1 + ρ(fq,0r−1)fp+r,1

⊂ fp+q+r,1.

This shows that [δpr , δ
q
r ] ∈ fp+q,0r . That ρ is a representation follows from the fact that it is a

restriction (of fp,0 to fp,0r ) of a representation.

Corollary 2. dr[δpr , δ
q
r ] = ρ(δpr )drδqr − ρ(δqr)d

rδpr .

Lemma 3. fp+1,0
r−1 ⊂ fp,0r .

Proof. We use induction on r. For r = 1 the statement reduces to fp+1,0
0 ⊂ fp,01 . First one has to

check that fp+1,0
0 ⊂ fp,00 , but this follows form the filtration. Then one needs for δp+1 ∈ fp+1,0

0 that
d0δp+1 ∈ fp+1,0

0 , but this follows immediately from the definition of d0.

If δp+1
r−1 ∈ fp+1,0

r−1 then δp+1
r−1 ∈ fp+1,0

r−2 and dr−2δp+1
r−1 ∈ fp+r,1. To show that δp+1

r−1 ∈ fp,0r one has to show

that δp+1
r−1 ∈ fp,0r−1 and dr−1δp+1

r−1 ∈ fp+r,1. The first statement follows from the induction assumption.

For the second we notice that dr−1δp+1
r−1 = dr−2δp+1

r−1 + ρ(δp+1
r−1)N r−1,1

r−1 xr−1 ∈ fp+r,1.

Corollary 3. gp,0r is well defined as a linear space.

Lemma 4. The map dr : fp,0r → fp+r,1 induces a unique dr : gp,0r → gp+r,1r .
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Proof. Define drπp,0r δpr = πp+r,1r drδpr . Furthermore, drδp+1,0
r−1 ∈ fp+r+1,1.

Lemma 5. g·,0r is a graded Lie algebra.

Proof. We have to show that [gp,0r , gq,0r ] ⊂ gp+q,0r , but this follows from Lemma 2. Furthermore,
the bracket should not depend on the choice of representants. Let δq+1

r−1 ∈ fq+1,0
r−1 . Then

[δpr + δp+1
r−1 , δ

q
r + δq+1

r−1]− [δpr , δ
q
r ] ∈ fp+q+1,0

r−1

and therefore it is 0 in gp+q,0r . One can express this as πp+qr [δpr , δ
q
r ] = [πprδ

p
r , π

q
rδ
q
r ].

Lemma 6. dr−1fp−r+1,0
r−1 ⊂ fp,1.

Proof. This follows immediately from the definition of fp−r+1,0
r−1 .

Corollary 4. gp,1r is well defined as a linear space.

Lemma 7. g·,1r is a graded g·,0r -module.

Proof. We have to show that ρ(gp,0r )gq,1r ⊂ gp+q,1r . First we see that ρ(fp,0r )fq,1 ⊂ fp+q,1. Let
δq+1
r−1 ∈ fq+1,0

r−1 , δp−r+1
r−1 ∈ fp−r+1,0

r−1 and xq+1,1 ∈ fq+1. Then

ρ(δpr + δp+1
r−1)(xq + dr−1δq−r+1

r−1 + xq+1)− ρ(δpr )xq =

= ρ(δpr )dr−1δq−r+1
r−1 + ρ(δp+1

r−1)dr−1δq−r+1
r−1 + ρ(δpr )xq+1 + ρ(δp+1

r−1)xq + ρ(δp+1
r−1)xq+1

∈ ρ(fp,0r )fq+1,1 + ρ(fp+1,0
r−1 )fq,1 ⊂ fp+q+1,1

and this difference is zero in gp+q,1r . We can express this as πp+qr ρ(δpr )xq = ρ(πprδ
p
r )πqrx

q.

Corollary 5. dr[πp,0r δpr , π
q,0
r δqr ] = ρ(πp,0r δpr )drπprδ

q
r − ρ(πq,0r δqr)d

rπprδ
p
r .

Proof.

dr[πprδ
p
r , π

q
rδ
q
r ] = drπp+q,0r [δpr , δ

q
r ]

= πp+q+r,1r dr[δpr , δ
q
r ]

= πp+q+r,1r ρ(δpr )drδqr − πp+q+r,1r ρ(δqr)d
rδpr

= ρ(πp,0r δpr )πq+r,1r drδqr − ρ(πq,0r δqr)π
p+r,1
r drδpr

= ρ(πp,0r δpr )drπq,0r δqr − ρ(πq,0r δqr)d
rπp,0r δpr .

Theorem 2. g·,·r is a spectral sequence, that is, Hi(g·,·r ) = g·,ir+1.

Proof. We have to compute the cohomology at i = 0, 1.
We start with i = 0: H0(gp,·r ) = ker dr = {δpr ∈ fp,0r |drδpr ∈ dr−1fp+1,0

r−1 + fp+r+1,1}. That is,

drδpr = dr−1δp+1
r−1 +xp+r+1. Put εp = δpr − δ

p+1
r−1 . Then drεp = drδpr −drδ

p+1
r−1 = dr−1δp+1

r−1 +xp+r+1−
drδp+1

r−1 = −ρ(δp+1
r−1)N r,1

r xr + xp+r+1 ∈ fp+r+1,1. Thus εp ∈ fp,0r+1. In other words, δpr ∈ fp+1,0
r−1 + fp,0r+1.

Thus

H0(gp,·r ) ⊂ (fp+1,0
r−1 + fp,0r+1)/fp+1,0

r−1 = fp,0r+1/(f
p+1,0
r−1 ∩ fp,0r+1) ⊂ fp,0r+1/f

p+1,0
r = gp,0r+1.
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On the other hand, if δpr+1 ∈ gp,0r+1, then drδpr+1 ∈ fp+r+1,1 and this implies that δpr+1 ∈ ker dr.
Next we take i = 1:

H1(gp,·r ) = gp,1r /drgp−r,0r

= (fp,1/(dr−1fp−r+1,0
r−1 + fp+1,1))/((drfp−r,0r + fp+1,1)/(dr−1fp−r+1,0

r−1 + fp+1,1))

= fp,1/(drfp−r,0r + fp+1,1)

= gp,1r+1.

This completes the proof.

3 Computing the normal form

In this section a normal form algorithm is given that improves on the standard degree by degree
computation and converges quadratically in the first level case.

Notation 2. Let δ1l:k, k < l, be a generator transforming xk + xk+1 to

exp(δ1,0l:k )(xk + xk+1) = xl + xl+1.

Lemma 8. Given x ∈ f0,1p one can determine δ1p+1:p ∈
⊕p

q=0N p+1−q,0
q fp+1−q,0

q such that

exp(δ1p+1:p)(xp + xp+1) = xp+1 + xp+2.

Proof. We see that exp(δ1p+1:p)(xp + xp+1) ∈ xp + xp+1 + dpδ1p+1:p + fp+2,1. This can be solved as
claimed according to Theorem 1. Doing this in a concrete problem can still be a lot of work, and
books have been written about this, for instance [Mur03, SVM07].

Lemma 9. Suppose δ1l:k transforms xk + xk+1 to xl + xl+1 and δ1m:l transforms xl + xl+1 to
xm + xm+1. Let, with ad replacing ρ in the definition of exp,

δ1m:l i δ1l:k = δ1l:k +

∫ 1

0

ψ[exp(tδ1m:l) exp(δ1l:k)]δ1m:ldt mod fm+1,0
0 ,

where ψ[z] = log(z)/(z − 1). Then δ1m:k = δ1m:l i δ1l:k transforms xk + xk+1 to xm + xm+1.

Proof. Since both the original representation ρ and the adjoint representation play a role, we write
in this proof exp(π(δ)) =

∑∞
n=0

1
n!π

n(δ) instead of exp(δ). Let δ1, ζ1 ∈ f1. The goal is to find a
formula for δ1 i ζ1 such that

exp(ρ(δ1 i ζ1)) = exp(ρ(δ1)) exp(ρ(ζ1)).

To this end we let exp(ρ(Z(t))) = exp(tρ(δ1)) exp(ρ(ζ1)). Differentiating with respect to t gives
(see [SVM07, p.330])

ρ(
exp(ad Z(t))− 1

ad Z(t)

dZ

dt
) exp(ρ(Z(t))) = ρ(δ1) exp(t(ρ(δ1)) exp(ρ(ζ1))

or
exp(ad Z(t))− 1

ad Z(t)

dZ

dt
= δ1.

Since Z(0) = ζ1, this leads to

dZ

dt
=

ad Z(t)

exp(ad Z(t))− 1
δ1, Z(0) = ζ1.

Then δ1 i ζ1 = Z(1) = ζ1 +
∫ 1

0
ψ(exp(tad δ1) exp(ad ζ1)δ1dt.
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Remark 1. This is the right-invariant formulation. The left-invariant formulation can be found
in [Mur04]. The ψ there has an extra x, following from the big Ad-little ad lemma.

Remark 2. One has

ψ(exp(tδ1m:l) exp(δ1l:k)) =

∞∑
m=0

(−1)m

m+ 1
(exp(tδ1m:l) exp(δ1l:k)− 1)m.

Notice that the infinite sum is not all that infinite for our purposes.

Notation 3. Instead of mod fk,1 we write +O(k). The O(·)-terms do not have to be computed.

Theorem 3. The following recursive procedure computes δm−r+1
m:k−1 , k ≤ r ≤ m, the generator putting

xk−1 + xk into rth level normal form xm +O(m+ 1), where the recursion in δp:q is with respect to
q − p.
Let k =

∑∞
i=0 κi2

i and m =
∑∞
i=0 µi2

i be the 2-adic expansions of k and m, that is, κi, µi ∈ {0, 1}.
Determine the minimal p such that

∑∞
i=k(κi − µi)2i = 0 for k ≥ p.

Let λ =
∑∞
i=p µi2

i and l = 2p−1 + λ.

Compute δ
max(1,k−r)
l−1:k−1 using xk−1 + xk + dmin(k−1,r)δ1l−1:k−1 = xl−1 + xl +O(m+ 1).

Determine the order of the generator ν, where max(1, k − r) ≤ ν.
If k + ν ≤ m, recompute xl with exp(δνl−1:k−1)(xk−1 + xk) = xl−1 + xl +O(m+ 1).

Compute δ
max(1,l−r)
m:l−1 using xl−1 + xl + dmin(l−1,r)δ1m:l−1 = xm +O(m+ 1).

Determine the order of the generator µ, where max(1, l − r) ≤ µ.

Let δ
min(µ,ν)
m:k−1 = δµm:l−1 i δνl−1:k−1, where min(µ, ν) ≥ max(1, k − r).

Remark 3. Instead of binary, other adics possible, depending on r?

Proof. If p = 0 we are done, since then l = m and we can apply Lemma 8. If p > 0 then
κp−1 = 0 and µp−1 = 1. By construction, k =

∑∞
i=0 κi2

i = λ+
∑∞
i=p−2 κi2

i < λ+ 2p−1 = l. Also,

m =
∑∞
i=0 µi2

i = λ+2p−1+
∑∞
i=p−2 µi2

i ≥ λ+2p−1 = l. This shows k < l ≤ m. To get the picture,

the reader may want to draw the corresponding binary tree with leaves δ1p+1:p, p = 0, · · · ,m− 1.

The condition k+ν > m is enough to ensure that neither the nonlinear δ-terms nor the ρ(δ1l−1:k−1)xk

terms can influence the result modulo fm+1,1: observe that

exp(δνl−1:k−1)(xk−1 + xk) = xk−1 + xk + ρ(δνl−1:k−1)(xk−1 + xk) +
1

2
ρ2(δνl−1:k−1)xk−1 + · · ·

= xl−1 +
1

2
ρ2(δνl−1:k−1)xk−1 + ρ(δνl−1:k−1)xk + · · · ,

where ρ2(δνl−1:k−1)xk−1 ∈ ρ(δνl−1:k−1)fl,1 ∈ fl+ν,1 and ρ(δνl−1:k−1)xk ∈ fk+ν,1.

Remark 4. If one is only interested in the normal form with respect to x0, the first level nor-
mal form, then one can replace δ1m:k−1 by δkm:k−1. One can then compute δ12l−1:0 by computing

δ12l−1−1:0 i δ2
l−1

2l−1:2l−1−1. Now one has ν = 2l−1, k = 2l−1, m = 2l − 1 and

k + ν = 2l−1 + 2l−1 = 2l > m.

So there is no need for exponentiation within the δ2
l−1

2l−1:2l−1−1-computation. Since the exponentiation

is only necessary after computing the δ12l−1−1:0, the number of exponentiations equals the depth of
the binary tree l. The Dynkin formula simplifies to

δ12i−1:0 = δ12i−1−1:0 + ψ[exp(δ12i−1−1:0)]δ2
i−1

2i−1:2i−1−1 mod f2
i,0

0 , i = 1, . . . , l.

This is called quadratic convergence, since at each step the accuracy is O(2i), i = 1, . . . , l.

Remark 5. Apart from computing the complete transformation the present scheme has as an
advantage that the order to which one needs to compute the exp is much lower than when one has
to compute the exp to the final accuracy at every step along the way. The number of exponentations
may also be lower, depending on the min(k, ν) + ν ≤ m test. So the convergence in general will be
between linear and quadratic convergence.
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4 The O(8) calculation in detail

We take (in Theorem 3) k = 1 and m = 7 and spell out the details. Take δ17:0. Then k =
1,m = 7, p = 3 and λ = 0. Thus l = 4 and we have to compute δ13:0 and δ17:3. Take δ13:0. Then
k = 1,m = 3, p = 2 and λ = 0. Thus l = 2 and we have to compute δ10 and δ13:1. Take δ17:3. Then
k = 4,m = 7, p = 2 and λ = 4. Thus l = 6 and we have to compute δ15:3 and δ17:5. Etcetera.
Let us write out the i expressions:

δ17:0 = δ17:3 i δ13:0

= (δ17:5 i δ15:3) i (δ13:1 i δ10)

= ((δ16 i δ15) i (δ14 i δ13) i ((δ12 i δ11) i δ10)

We can read of the exponentials we have to compute by looking at the right hand sides of i:
exp(δ10), exp(δ11), exp(δ13), exp(δ15), exp(δ15:3), exp(δ13:0).
Let us now go through the scheme for an O(8)-computation. We label the steps that only need
to be taken in the higher level case by HL, and the ones that need to be taken instead in the first
level case by 1L.

• We take x0 + x1 +O(2) and determine N 1,1
1 x1 and δ1,00 .

• We compute exp(δ10)(x0 + x1) = x1 + x2 +O(4).

• We take x1 + x2 +O(3) and determine N 2,1
2 x2 and δ11 .

HL: We compute exp(δ11)(x1 + x2) = x2 + x3 +O(4).

• We take x2 + x3 +O(4) and determine N 3,1
3 x3 and δ12 .

• We compute δ13:1 = δ12 i δ11 .

HL We compute δ13:0 = δ13:1 i δ10 .

1L We compute δ13:0 =
∑2
i=1 δ

1
i i δ10 .

• We compute exp(δ13:0)(x0 + x1) = x3 + x4 +O(8).

• We take x3 + x4 +O(5) and determine N 4,1
4 x4 and δ13 .

HL: We compute exp(δ13)(x3 + x4) = x4 + x5 +O(6).

• We take x4 + x5 +O(6) and determine N 5,1
5 x5 and δ14 .

HL We compute δ15:3 = δ14 i δ13 .

• We compute exp(δ15:4)(x3 + x4) = x5 + x6 +O(8).

• We take x5 + x6 +O(7) and determine N 6,1
6 x6 and δ15 .

HL: We compute exp(δ15)(x5 + x6) = x6 + x7 +O(8).

• We take x6 + x7 +O(8) and determine N 7,1
7 x7 and δ16 .

HL We compute δ17:5 = δ16 i δ15 .

HL We compute δ17:3 = δ17:5 i δ15:3.

HL We compute δ17:0 = δ17:3 i δ13:0.

1L We compute δ17:0 =
∑6
i=3 δ

1
i i δ13:0.

• We compute exp(δ17:0)(x0 + x1) = x7 +O(8) and are done.

Notice that we assumed here the worst case scenario with linear convergence.
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5 Concluding remarks

The failure of quadratic convergence was noticed in concrete normal form calculations and it seems
best to first implement this method and then start experimenting. After all, the theory is that
the practice should follow the theory. Hopefully, these computations will suggests theoretical
improvements whereby the theory can follow the practice again.
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