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Abstract

We consider the Calogero—Degasperis—Ibragimov—Shabat depending on the local vari-
ables and on the integral of the only local conserved density of the equation in question.
The resulting Lie algebra of these symmetries turns out to be a central extension of
that of local symmetries.

1 Introduction

The existence of infinite-dimensional Lie algebra of commuting higher order symmetries for
a system of PDEs is well known to be one of the most important signs of its integrability,
at least in (141) dimensions [2, 10]. In (24+1) dimensions this algebra can be extended
(see e.g. [18]) to a noncommutative algebra (which is sometimes referred as a hereditary
algebra [18]) of time-dependent (and possibly nonlocal) symmetries being polynomials in
time t of arbitrarily high degree.

For a long time the only known example of (1+1)-dimensional evolution system pos-
sessing a symmetry algebra of a similar kind was the Burgers equation (see [5] for the
complete description of its symmetry algebra), so it is natural to ask whether there ex-
ist other (1+1)-dimensional evolution equations having the same property. In [1] we have
answered this question in affirmative and shown that the Calogero—Degasperis—Ibragimov—
Shabat (CDIS) [7, 8, 9, 10, 11, 12] equation also possesses a hereditary symmetry algebra
which, exactly as in the case of Burgers equation, is its complete symmetry algebra in the
class of local higher order symmetries.

The CDIS equation (2.1) has only one local conserved density p = 42, so the natural
next step in analyzing this equation is to consider its symmetries involving a nonlocal
variable w being the integral of this density. Theorem 1 below provides the complete
characterization of symmetries which depend on this variable and on a finite number of
local variables. The Lie algebra of these symmetries possesses a nontrivial one-dimensional
center.
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2 Symmetries of the CDIS equation

The Calogero—Degasperis—Ibragimov—Shabat (CDIS) equation has the form [7, 8]
ug = us + 3ulug + 9uu% +3utu; = F, (2.1)

Here uj = §7u/d27; see [1] for the further details on notation used. Let us mention that

this is the only third order (141)-dimensional scalar polynomial A-homogeneous evolution

equation with A = 1/2 possessing infinitely many z, t-independent symmetries [15].
Consider a nonlocal variable w defined (cf. e.g. [9]) by the relations

Ow/0x = u?, 0w /0t = 2uug + 6uPuy + ub — ui. (2.2)

Note that the CDIS equation is linearized into v; = v3 upon setting v = exp(w)u.

The quantity p = u? is the only local conserved density (see e.g. [9, 10] and references
therein) for (2.1), but (2.1) has a Hamiltonian operator exp(—2w) and infinitely many
conserved densities explicitly dependent on w [9].

We shall call a function G(z,t,w,u,...,u;) a symmetry of CDIS equation, if

Di(G) — F,(G) =0, (2.3)

3
where F, = Y 0F/0u; D, and D = D, = 9/0x + u?0/0w + Yoo uir10/0u; and Dy =
i=0

d/0t + (2uug + 6uduy + ub — u?)d/Ow + Y 50, DY(F)0/0u; are the operators of total z-
and t-derivatives. Note that our definition of nonlocal symmetries is a particular case of
the usual one, cf. e.g. [18], but in terminology of [6] the solutions of (2.3) are referred as
shadows of symmetries.

For any function H = H(x,t,w,u, ..., u,) we define its order ord H as a greatest integer
m such that 0H/0u,, # 0, and set

ord H
H, = 0H/0wD ' ou? + Z OH /du;D'.
=0

Here o denotes a composition law induced by ‘generalized Leibnitz rule’ (see e.g. [10, 14])

Drof=3" k(k—1)- .]."(k: — i+ 1)Dﬂ'(f)D’f*f.
=0 '

A function H = H(z,t,w,u, ..., u,) is called local if 0H /0w = 0.
Let S((J’%IS be the set of nonlocal symmetries G(z,t,w,u,...,uy,) of order not higher

than k for the CDIS equation, and let Sopis = U S%6, Scpis; = S/ SYn for
j=0

j > 1, and Scpis,o = Sg])jls/@CDISa where O¢prs = {G(z,t,w)|G € Scpis}-

The straightforward computation shows that any symmetry G € 5(021)315 of the CDIS
equation is a linear combination of u; and W = exp(—2w)u.

Differentiating the left-hand side of (2.3) with respect to uxy2 and equating the result
to zero, we find, in complete analogy with [2], that for a symmetry G = G(z,t,w,u, ..., ux)
with £ > 1 of the CDIS equation we have

9G duy, = cy(t), (2.4)
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where ¢k (t) is a function of ¢.

Below we assume without loss of generality that any symmetry G € Scpisk, £ > 1
vanishes if the relevant function ¢k (t) is identically equal to zero.

Further differentiating (2.3) with respect to w41 and ug and then with respect to x
shows that 0°G/duy_;0x = 0 for j = 0,1 and

62G/8x6uk_2 = ¢k(t)/3. (2.5)

Taking into account that g’ € Scpis implies G=0G /0x" € Scprs, and successively
using (2.5), we find that ord G < k — 2r and

0G| Qup_or = (1/3)"d"cp(t) /dt". (2.6)

For r = [k/2] we have ordG < 1. As u; and W = exp(—2w)u are the only general-

ized symmetry of CDIS equation from S(CII))IS’ and both of them are time-independent,
the function ¢ (t) satisfies the equation d™cy(t)/dt™ = 0 for m = [k/2] + 1. Hence,
dim Scprskx < [k/2] + 1 for £ > 1 and the dimension of the quotient space of symme-
tries of the form G = G(x,t,w,u,...,u;) modulo the space of symmetries of the form
G =G(z,t,w,u,...,ug_1) does not exceed [k/2] + 1 for k > 1. From this it is immediate
that all odd-order symmetries of the CDIS equation are exhausted by local ones, as we
can exhibit exactly [k/2] + 1 such symmetries of order k for each odd k [1].

Furthermore, as all symmetries of the form G(x,t,w,u,u;,us) are exhausted by uq
and W, in analogy with Theorem 2 of [19] we can show that all symmetries of the form
G(x,t,w,u,...,u) of the CDIS equation are polynomial in time ¢ for all £ € N. Indeed,
assume this result to be proved for the symmetries of order kK — 1 and let us prove it for
symmetries of order k. it readily follows from the above that the function cx(t) = 0G/0uy,
is a polynomial in t of degree not higher than [k/2]. Therefore, 9™G/0t™, where m =
[k/2] + 1, is a symmetry of CDIS of order not higher then k& — 1 and thus is polynomial in
t by assumption, whence we readily see that G is polynomial in ¢ as well. The induction
on k, starting from k = 2, completes the proof.

Now let us turn to the study of time-independent symmetries of the CDIS equation.
This equation is well known to have infinitely many z,t-independent local generalized
symmetries, hence it has [20] a formal symmetry of infinite rank of the form £ = D +
[e.°]
> ajD_j , where a; are some z, t-independent local functions.

§=0

Taking the directional derivative of (2.3), we readily find that for any symmetry
G(x,t,w,u,...,u) of the CDIS equation the quantity G, is a formal symmetry of rank
not lower than k+1 for the CDIS equation, and therefore (cf. e.g. [10, 14]), provided k& > 1
and 0G /0t = 0, we have

k
Go=) ¢+,
j=1
where ¢; are some constants and B = > b;D’, b; are some t-independent local func-
=—00
tions. ’
From this equation we infer that (cf. [1]) any symmetry of the form G(z,w,u, ..., u)

can be represented as

G=Go(u,...,ux) +Y(r,u,w). (2.7)
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It can be easily seen that 0Y/0z = 0G/0x and 0Y /0w = 0G/Jw are time-independent
symmetries of the CDIS equation. By the above we readily see that 0Y/dx = ¢;W and
Y /0w = caW for some constants cy,cz. As 02Y/0x0w = 0%Y/0wdzx, we find that ¢; = 0,
and thus 0Y/0z = 0, so any time-independent symmetry G of order k£ > 2 for the CDIS
equation is x-independent as well, and

G =Go(u,...,u;)+cW (2.8)

for some constant c¢. Thus, any time-independent symmetry of the form G(z,w,u, ..., ux)
is z-independent as well.

Using the symbolic method, it can be shown [15] that the CDIS equation has no even or-
der ¢, z-independent local generalized symmetries, so its only even order time-independent
symmetry is W.

Now let us show that the same result holds true for time-dependent symmetries as
well. The CDIS equation is invariant under the scaling symmetry K = 3tF + zuj + u/2.
Therefore, if a symmetry @ contains the terms of weight v (with respect to the weighting
induced by K, cf. [16], when the weight of u is 1/2, the weight of w is 1, the weight of ¢ is 3,
the weight of x is —1 and the weight of u; = j+1/2), there exists a homogeneous symmetry
Q of the same weight v. We shall write this as wt(Q) = ~. Note that we have [K, Q] = 7Q.

If G € Scpisk, K > 1, is a polynomial in ¢ of degree m, then its leading coefficient
OG/Ouy, = cx(t) also is a polynomial in ¢ of degree m’ < m, i.e., cx(t) = Z;ﬁ:,o tJcy, ;, where

ckm' # 0. Consider G=0"G / ot e Sg%ls. We have 0G /Ouy, = const # 0, hence G
contains the terms of the weight k + 1/2. Let P be the sum of all terms of weight k + 1/2
in G. Clearly, P is a homogeneous symmetry of weight k+1/2 by construction, ord P = k
and OP/0uy, is a nonzero constant. Next, 0P/0t € Scpis is a homogeneous symmetry of
weight k + 7/2. Obviously, ord 0P/0t < k — 1. By the above, all symmetries in Scpis
are polynomial in ¢, and thus for any homogeneous B € Scprs, b = ord B > 1, we have
OB /0uy = t" ¢y, ¢ = const for some r > 0. Hence, ord(B) = b — 3r < b, and for k > 1 the
set Scpis does not contain homogeneous symmetries B such that ord(B) = k + 7/2 and
ord B<k—1,s0dP/ot=0.

Thus, we conclude that the existence of a time-independent symmetry of order k& > 1
from Scpis is a necessary condition for the existence of a polynomial-in-time symmetry
G € Scpig of the same order k. Moreover, by the above all symmetries from Scpig are
polynomial in t. Hence, the fact that the CDIS equation has no time-independent sym-
metries G(z,w,u,...,u;) of even order £k > 2 immediately implies the absence of any
time-dependent local generalized symmetries of even order k > 2.

Summing up the above results, we infer that the space Scpig is spanned by the sym-
metry W = exp(—2w)u, and by local generalized symmetries of the CDIS equation. The
latter were found in [1], and can be described in the following way.

Define the commutator of two functions f and g of x,t,w,u,uy,... as (cf. e.g. [10, 14,
18]) as

[f, 9] = g:(f) — fi(9)-
Set Tim,0 = 2™y +ma™ u/2, m=0,1,2..., and GRS o (uz + 3u?ug +9uu? + 3utug ) +

3uz/2 + buju? + u®/2. The latter is the first nontrivial master symmetry for the CDIS
equation, see e.g. [12, 15]. The quantities 79, 71,0, 72,0, and 71 ;1 meet the requirements of
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Theorem 3.18 from [18], whence
[Tm,j, Tm/7j’] = ((2j/ + 1)(m + ].) — (2] + 1)(m/ + 1))Tm+m’—1,j+j’7 (29)

where 7, ; with j > 0 are defined inductively by means of (2.9), i.e. [18] 7041 =
1 _ 1
m[ﬁ,lﬁo,j], Tm+1,j — m[ﬁ,oﬁm,j]-
Thus, the CDIS equation, as well as the Burgers equation, represents a nontrivial
example of a (141)-dimensional evolution equation possessing a hereditary algebra (2.9).
Using (2.9), it can be shown (cf. [18]) that adﬁgjl(rm’j/) = 0, i.e. 7,,; are master
symmetries of degree m + 1 for all equations uy; = 79,5, j = 0,1,2,.... Here adp(G) =
[B, G] for any (smooth) local functions B and G.
Let exp(adp) = > 72, adl; /j1. As ad%jl(TmJ/) =0, it is easy to see (cf. [18]) that

m

2k + 1) tk
7-0 ,c Z Tmfi,j+ik
1=0 =

G( ) (tk) = exp(—tg admk Tm,j =

are local time-dependent generalized symmetries for the equation us, = 791 and ord G, (k)

2(j + mk) + 1. Note that G( ) ; obey the same commutation relations as 7, j, that is

M. G®) )= (25" + 1)(m+1) — (2§ + 1)(m +1)G®)

m,j ~m/ g m+m/,j+j'"

(2.10)

It is straightforward to verify that 701 = F = uz + 3uluy + 9uu% + 3u*u; and thus
Gm,j = Gg?j (t) = exp(—tadp)Tn,; are time-dependent symmetries for the CDIS equation.

It is easy to see that the number of symmetries G, ; of given odd order k = 2] + 1
equals [k/2] +1=1+1. As dim Scpisx < [k/2] + 1, these symmetries exhaust the space
Scprs,k. Thus, any local generalized symmetry of the CDIS equation of the symmetries
Gp,j form=0,1,---and j =0,1,2

Evaluating the commutator of W with 7, 0 = 2™uy +ma™ 1u/2, we readily see that it
vanishes, if we assume that the result of application of D! to a homogeneous differential
polynomial in x,%,u, ..., u; without u;-independent terms is a differential polynomial of
the same kind. Using the commutation relations between the local generalized symmetries
of the CDIS equation, found in [1], and Jacobi identity, we conclude that the commutator
of W with all these symmetries vanishes as well. As a result, we have

Theorem 1. Any symmetry of the CDIS equation of the form G(x,t,w,u,..., us) is a
linear combination of the symmetries Gp, j for m,j = 0,1,... and j = 0,1,2..., and of
the symmetry W = exp(—2w)u, which commutes with all other symmetries.

This result can be generalized to the symmetries of ‘higher CDIS equations’ u;, = 7.
Recall [20] that because of existence of infinitely many x,¢-independent local generalized
symmetries the CDIS equation has a formal symmetry of infinite rank of the form £ =
D+u2+2§171 ajD*j , where a; are some z, t-indepedent local functions. Using Lemma 11
from [17], we can show that £ is a formal symmetry of rank at least ord 7y + 3 for the
equation wug, = 7o, and hence u? = resln £ is a conserved density for all these equations:
Dy, (u?) = D(o}), where oy are some local functions. Note that o) can be choosen to be
polynomials in w; with z,¢-independent coefficients and zero free term (in particular, we
have chosen o1 = 2uug + 6udu; + u® — u? for w = w; in (2.2) to be exactly of this form).



6 A Sergyeyev and J A Sanders

Define the nonlocal variable wy,, associated with the system wu;, = 79, by means of the
equations
Owy, [0z = u?, Owy, /Oty = 0.

Theorem 2. Any symmetry of the form G(z,ty,wk, u, ..., us) for the equation us,, = 7ok
is a linear combination of the symmetries Ggf,)j(tk) form=0,1,---and j =0,1,2..., and

of Wy = exp(—2wg)u, which commutes with all other symmetries.
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