lterative methods: int

Vrije Uni




The problem

The problem

Fixed point problem
Fixed point theorem
Back to problem
M is a contraction
Jacobi’s method

Convergence

Consider the set of linear equati
(1

where v is given, « > 0 and T i




Direct methods

The problem

Fixed point problem
Fixed point theorem
Back to problem

M is a contraction
Jacobi’'s method
Convergence

Last time we discussed direct




Direct methods

The problem

Fixed point problem
Fixed point theorem
Back to problem

M is a contraction
Jacobi’'s method
Convergence

Last time we discussed direct

m direct inversion of 1 +




Direct methods

The problem

Fixed point problem
Fixed point theorem
Back to problem

M is a contraction
Jacobi’'s method
Convergence

Last time we discussed direct

m direct inversion of I + «

m LU-method, based on th




Direct methods

The problem

Fixed point problem
Fixed point theorem
Back to problem
M is a contraction
Jacobi’s method

Convergence

Last time we discussed direct meth

m direct inversion of I + T,
m LU-method, based on the fact

m dedicated methods based on
Toeplitz inversion method bas




Direct methods

The problem

Fixed point problem
Fixed point theorem
Back to problem
M is a contraction
Jacobi’s method

Convergence

Last time we discussed direct method

m direct inversion of I + T,
m LU-method, based on the fact t

m dedicated methods based on th
Toeplitz inversion method base

This time we will discuss an iterative




Revised problem

The problem Rewrite the problem as follow

Fixed point problem
Fixed point theorem

Back to problem ( ( 1 +

M is a contraction

Jacobi’'s method

Convergence where Tl =T — 2[ .




Revised problem

The problem

Fixed point problem
Fixed point theorem
Back to problem

M is a contraction
Jacobi’'s method
Convergence

Rewrite the problem as follows:

where 17 =T — 21.

(1+2

After dividing through by 1 + 2

where M =

o
1+2a

1.

I+ M
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Now rewrite the problem

in the following way:

Defining f : R® — R™ by f(u)
original matrix-vector equation can
a point for which f(u) = u.

fixed point
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Amap f : R" — R" is called a contraction if there is a constant
0 < ¢ < 1 such that

| f(z1) — fz2)|| < e-||z0=Naa]

for all vectors x1 and xs.
A very important theorem is Banach'’s fixed point theorem (also called the

contraction mapping principle):

If fis a contraction on R™, then f has a unique fixed point Z.
Moreover, for every vector xg in R™ we have that the sequence of
iterations of f on xg converges to the unique fixed point, that is if
z, = (M (xg), thenlim z,, = &.
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Now the corresponding f(u) =

| f(u1) — f(uz

For every o > 0 we have that ||

is below 2, and M = 1JﬁLQOZTl.
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Now the corresponding f(u) = y — Mwu has the property that

1f (u1) = fluz)[] < |M]| - flug — wal|.

For every o > 0 we have that | M || < 1, since for every n the norm of 77
is below 2, and M = —5%-T7.
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y:

So to find the solution, iterate untill ||
given tolerance.

This is what amounts to
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Denote by u"* the value of u™
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Denote by ul"" the value of urt = u(ndx, mdT) at the k-th iteration.

_ 0T
Recall o = 5.7

Jacobi’'s method in coordinates can be written as

mlk+l _ L m+1.k T

Up, H—Qa(bg + o, 1 S

(in the notation of the book).

For the initial vector 2y = ™50 at time level m + 1, we take the vector

'™ that results from the iterative computation at the previous time level.

m—+1,k+1

Then iterate untill ||u u™F|| < e, where e > 0is a given

tolerance.
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2
1+2a

The rate of convergence depends on || M || ~ We have for every k:

lunr — well < M- g — ]| < [ MY*lur = uoll:

For large « this gets close to one, so then convergence is very slow.

For moderate values of «;, convergence can still be fairly good: oc = 12

: 20 __ 24 __
gives 1755 = 55 = 0.96.

2 alpha/(1+2 alpha) for alpha in [1,12]
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20

Conclusion: when applying Jacobi’'s method it pays to keep & moderate
(near 1, say), otherwise the iteration will convergence very slowly.
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