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Motivation

LQ-optimal control.

System ẋ(t) = Ax(t) + Bu(t), x(0) = x0.

A generator of an exponentially decaying

C0-semigroup acting on a separable Hilbert

space H

B ∈ L(U ,H), where also U is a separable Hilbert

space.

Cost function

J(u, x0) =
∫∞
0 〈Qx(t), x(t)〉 + 〈Ru(t), u(t)〉 dt

Q = Q∗ ≥ 0, Q ∈ L(H), R = R∗ > 0, R ∈ L(U).

Concrete example

Wave equation with distributed control

∂2w

∂t2
(x, t) =

∂2w

∂x2
(x, t) + u(x, t),

w(0, t) = w(1, t) = 0.

Here u ∈ L2(0,1).

State space reformulation: put A0 = − d2

dx2, and

A =

(

0 I

−A0 0

)

, B =

(

0
I

)

on the state space

Z = D(A
1
2
0) ⊕ L2(0,1).

Cost function:

J(z0, u) =

∫ ∞

0

∫ 1

0
|z2(x, s)|2 + |u(x, s)|2 dx ds,

where the state is z =

(

z1
z2

)

.

So, R = I, and Q =

(

0 0
0 I

)

.

Back to general case: solution

minu admissibleJ(u, x0) = 〈X+x0, x0〉

where X+ satisfies

1. for x ∈ D(A) we have

(X+BR−1B∗X+ − A∗X+ − X+A − Q)x = 0,

2. A − BR−1B∗X+ generates an exponentially

decaying C0-semigroup.

See, e.g.,

R.F. Curtain and H. Zwart: An Introduction

to Infinite-Dimensional Linear Systems Theory,

Springer Verlag, 1995.

Concrete example is done there as well.



Finite dimensional approach

H =

(

A −BR−1B∗

−Q −A∗

)

Let M+ be the invariant subspace of H corre-

sponding to the open left half plane

M+ = Im

(

I

X

)

for some X = X∗

and X satisfies the algebraic Riccati equation

XBR−1B∗X − A∗X − XA − Q = 0

and

σ(A − BR−1B∗X) = σ(H|M+
)

Infinite dimensional analogue

Problem We would like to see the

infinite dimensional result in the same way

Idea: set H0 =

(

A 0
0 −A∗

)

This generates an exponentially decaying

bisemigroup

View H as a bounded perturbation of this.

Under what conditions does H generate an

exponentially decaying bisemigroup

If so, what can we say about M+?

Bisemigroups

A closed and densely defined linear operator S

on a Banach space X is called exponentially

dichotomous if there is a projection P com-

muting with S such that

−S|ImP and S|KerP

generate exponentially decaying C0-semigroups.

The bisemigroup generated by S

E(t; S) =







etS(I − P ), t > 0

−etSP, t < 0.

Its separating projection P is given by

P = −E(0−;S) = IX − E(0+;S).

There is a ε > 0 such that

{λ ∈ C : |Reλ| ≤ ε} ⊂ ρ(S)

and for every x ∈ X

(λ−S)−1x =

∫ ∞

−∞
e−λtE(t;S)x dt, |Reλ| ≤ ε.

Hence for every x ∈ X we have

‖(λ − S)−1x‖ → 0

as λ → ∞ in {λ ∈ C : |Reλ| ≤ ε′} for some

ε′ ∈ (0, ε].

We call the restrictions of etS to KerP and of

e−tS to ImP the constituent semigroups of the

exponentially dichotomous operator S.



First perturbation result: BGK
Theorem 1. (Bart, Gohberg, Kaashoek)

S exponentially dichotomous.

S̃ closed, densely defined with

D(S̃2) ⊂ D(S2),

and such that there is ε′ > 0 with

{λ ∈ C : |Reλ| ≤ ε′} ⊂ ρ(S) ∩ ρ(S̃)

and

sup
|Reλ|≤ε′

|λ2|‖(λ − S̃)−1 − (λ − S)−1‖ < ∞.

Then S̃ is exponentially dichotomous.

Formula for separating projection: for x ∈ D(S̃2)

P̃ x = −
1

2πi

∫ ε′+i∞

ε′−i∞

1

λ2
(λ − S̃)−1S̃2x dλ

Try to apply to Hamiltonian operator

S =

(

A 0
0 −A∗

)

S̃ = H =

(

A −BR−1B∗

−Q −A∗

)

The domain condition

D(S̃2) ⊂ D(S2)

is complicated.

Can we do better?

Two possibilities: strengthen the assumptions

on S, or strengthen the assumptions on the

perturbation.

Second perturbation result:
LRR

Assume S generates an analytic bisemigroup

(i.e., the constituent semigroups are analytic).

Then the separating projection

Px = −
1

2πi

∫ ε′+i∞

ε′−i∞

1

λ2
S(λ − S)−1Sx dλ

for x ∈ D(S).

Theorem 2. (Langer, Ran, van de Rotten)

S dichotomous, and for some ε

{λ ∈ C : |Reλ| ≤ ε} ⊂ ρ(S)

and for some γ > 0 and β > 1
2

‖(λ − S)−1‖ <
γ

1 + |λ|β
, |Reλ| ≤ ε

For B bounded let S̃ = S + B. Assume that

{λ ∈ C : |Reλ| ≤ ε} ⊂ ρ(S̃)

Then S̃ is dichotomous as well.

Third perturbation result: MR

Theorem 3. (van der Mee, Ran)

S exponentially dichotomous

B bounded with (λ − S)−1B compact for pure

imaginary λ,

S̃ = S + B with D(S̃) = D(S).

Suppose that iR ⊂ ρ(S̃).

Then S̃ is exponentially dichotomous.



Sketch of proof

If S̃ generates a bisemigroup then the resolvent

identity gives that it satisfies

E(t; S̃)x−
∫ ∞

−∞
E(t−τ ;S)BE(τ ; S̃)x dτ = E(t;S)x,

where x ∈ H and 0 6= t ∈ R.

Conversely, consider the convolution equation

u(t, x) −
∫ ∞

−∞
E(t − τ ;S)Bu(τ, x), dτ = E(t;S)x.

The symbol of the convolution integral equa-

tion

I + (λ − S)−1B = (λ − S)−1(λ − S̃)

tends to I in the norm as λ → ∞ in the strip

|Reλ| ≤ ε.

Moreover, it is a compact perturbation of the

identity which only takes invertible values on

the imaginary axis. Thus there exists ε0 ∈ (0, ε]

such that the symbol only takes invertible val-

ues on the strip |Reλ| ≤ ε0.

By the Bochner-Phillips theorem the convolu-

tion equation has a unique solution

u(·;x) = E(·; S̃)x.

Using results from Bart-Gohberg-Kaashoek we

can conclude that this is a bisemigroup.

Fourth perturbation result: MR

Our next result uses the concept of

immediately norm continuous semigroups.

A semigroup T (t) is called immediately norm

continuous if T (t) is norm continuous for t > 0.

Examples

• Analytic semigroups,

• immediately compact semigroups (i.e., T (t)

is a compact operator for t > 0)

• immediately differentiable semigroups

K.-J. Engel and R. Nagel, One-parameter Semi-

groups for Linear Evolution Equations (Springer

GTM 194, Berlin, 2000) diagram (4.26) in

Chapter II.

Theorem 4. Let H be a complex Hilbert space

and let (T (t))t≥0 be an uniform exponentially

stable C0-semigroup on H. Then (T (t))t≥0 is

immediately norm continuous if and only if the

resolvent (λ−A)−1 of its infinitesimal generator

A vanishes in the norm as λ → ∞ along the

imaginary line.

K.-J. Engel and R. Nagel ibid. Section II 4.20.



Theorem 5. (van der Mee, Ran)

S exponentially dichotomous with immediately

norm continuous constituent semigroups

B bounded,

S̃ = S + B with D(S̃) = D(S).

Suppose that

{λ ∈ C : |Reλ| < ε} ⊂ ρ(S̃)

Then S̃ is exponentially dichotomous with

immediately norm continuous constituent

semigroups.

First application to the ARE

If A generates an immediately norm continuous

exponentially stable semigroup, and D and Q

are bounded, such that the resolvent of H =
(

A −D

−Q −A∗

)

contains a strip around iR, then

H generates a bisemigroup.

Moreover, these assumptions imply the exis-

tence of a bounded solution X of the ARE

(XDX − XA − A∗X − Q)x = 0, x ∈ D(A)

such that A − DX is exponentially stable and

X maps D(A) into D(A∗).

Second application to the ARE

Assume: A generates an exponentially stable

semigroup, D compact and positive semidefi-

nite, Q positive semidefinite.

Consider S =

(

A 0
−Q −A∗

)

.

Claim: this generates a bisemigroup.

Idea: let X =
∫∞
0 eτA∗

QeτA dτ . Then X solves

the Lyapunov equation

A∗X + XA = −Q on D(A)

Put T =

(

I 0
X I

)

, then T−1ST =

(

A 0
0 −A∗

)

.

Now view H as a compact perturbation of S,

prove that H has no spectrum on iR, to con-

clude that H generates a bisemigroup.

Theorem 6.There exist unique positive semidef-

inite selfadjoint −Π+ and Π−, such that

• Π+ is compact and Π− is bounded,

• Let P be the separating projection for H,

then ImP = Im

(

I

Π−

)

, Ker P = Im

(

Π+
I

)

,

• Π− maps D(A) into D(A∗) and Π+ maps

D(A∗) into D(A),

• Π− is a solution of

(ΠA+A∗Π+Q−ΠDΠ)x = 0, x ∈ D(A),

Π+ is a solution of

(AΠ+ΠA∗+ΠQΠ−D)x = 0, x ∈ D(A∗),

• A − DΠ− and A + Π+Q generate exponen-

tially decaying semigroups.



Approximation

Let Hn be finite dimensional subspaces of the

state space H,

πn : H → Hn the projection onto Hn

ın : Hn → H the injection of Hn into H.

We assume ınπn → I strongly, i.e., for all x ∈ H

we have ınπnx → x.

As before, A generates a strongly continuous

exponentially stable semigroup, S = A ⊕ −A∗

on H ⊕H, Q is positive semidefinite, and D is

compact and positive semidefinite.

Put Qn = πnQın, Dn = πnDın.

Let An generate a strongly continuous expo-

nentially stable semigroup on Hn, and let Sn =

An ⊕−A∗
n on Hn ⊕Hn.

The sequence of triples (An, Qn, Dn) is called

an approximant of the triple (A, Q, D) if for

some ε > 0 we have

lim
n→∞

eε|t|‖̂ınE(t;−Sn)π̂nx − E(t;−S)x‖ = 0

for every x ∈ H⊕H, uniformly in t ∈ R \ {0}.

Here ı̂n = ın ⊕ ın and π̂n = πn ⊕ πn.

Theorem 7. Let Π−,n be the solution of the

algebraic Riccati equation corresponding to

(An, Qn, Dn). If this sequence of triples is an

approximant of the triple (A, Q, D) then

• limn→∞ ‖ınΠ−,nπnx − Π−x‖ = 0 for every

x ∈ H,

• limn→∞ ‖ınet(An−DnΠ−,n)πn − et(A−DΠ−)‖ =

0 uniformly in t on compact intervals of

[0,∞).
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