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Introduction

Invertible hermitian Toeplitz matrix
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The n'th orthogonal polynomial is then

pn(A) = _ZO ")
]:



Krein's Theorem
Given real valued h € L1(T), define

0.0 = [ p(eDh(e)a(e) do.

Orthogonalize 1,z,22--- . Then we obtain or-
thogonal polynomials p1(z),p2(2), - ,pn(2), -

k
Need invertibility of T}, = (ti_j>ij_o (k=0,1,. -

where t; are the Fourier coefficfients of h.
Theorem 1. (Krein) Assume :1:( n) > 0. Then

e pn(z) has no zeroes on the unit circle,

e the number of positive eigenvalues of T,,_1
equals the number of zeroes of pn(z) inside
the unit disc.

If :cgé) < 0, replace “positive” by “negative”.

Remark: if h > 0: Szegd polynomials.
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Matrix Generalizations

Consider

In = (ti—j>2j=o

with t; = t* . being r X » matrices.
¢ 1

Again let
(XC@S;\ I,
7o [ X107 | = | 9 (1)
\Xo)) NP
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We assume throughout that T, and 1,,_1 are
invertible.



Matrix Generalization
Theorem 2. Suppose T, and T,,_1 are invert-
ible.

o If X§¥) > 0 then

#{negative eigenvalues of Ty} =
#{zeroes of P, outside the unit disc },

#{positive eigenvalues of Ty} =
r+ #{zeroes of P, inside the unit disc }.

o If X§¥) < 0 then

#{negative eigenvalues of Ty} =
r+ #{zeroes of P, inside the unit disc },

#{positive eigenvalues of Ty} =
#{zeroes of P, outside the unit disc }.

See OT 34 for three different proofs.



For non-definite Xég) there is no simple rela-
tion between in (Ty,) and the number of zeroes
of P,()\) inside or outside the unit disc. Ex-
amples show that almost every combination is
possible, including zeroes of P,(\) on the unit
circle.

However, in (1,) can be expressed via the first
and last column of T;; 1.

Denote the two orthogonal matrix polynomials
connected to the first and last block column
of T.-1 by

Xo(\) = ZOAJ'Xé”)]O,
]:
_ N (@
Xn(A) = ZAJX’N, jn



Main T heorem
Theorem 3. Suppose X(”) is invertible, and
let' Y be any matrix for vvh/ch

Let XO(A) and Xn()\) be the two orthogona/

matrix polynomials just introduced. Define P()\)
by

P(A) = AXo(W) (XN 4+ X, (W) (xS Ly,

then the number of positive, respectively, neg-
ative eigenvalues of Ty, is equal to the num-
ber of zeroes of P()\) inside, respectively, out-
side the unit disc (multiplicities taken into ac-
count).



Example

1 0 0 1
O -1 1 O
11 0 1 1 0
1 0 0 -1
has two positive and two negative eigenvalues.

Xo(\) =3 <i‘ _1>\> has zeroes on the unit cir-

Cle.

It turns out that we can take Y = (8 8) with

le| > 1.

Then
122 A—e4+1)

det P(\) = zA2(=X2 + 2¢ — 1) has two zeroes
inside the unit disc (at zero) and two zeroes
outside the unit disc (since |e| > 1).



Outline of the Gohberg-Lerer proof

Introduce from the first column of the inverse
of T, (see (1)) the companion matrix

( —ng)(X(”)) g )

- X(n) () /

Also introduce

[ (x§hH? )
—X(n)(X(n)) 1 I




Gohberg-Lerer Theorem
Theorem 4. Given Xég),X%),--- ,X?Sg) with
ng) invertible, there exists a hermitian block
Toeplitz matrix Ty, such that (1) is satisfied if
and only if Xég) iIs hermitian and the matrix
equation

H - K*HK = diag ((x§{")=1,0,---,0) (2

is solvable.

In this case any hermitian solution H of (2)
generates a hermitian block Toeplitz matrix 1y
satisfying (1) by the formula

(n)
T, = R* [ “*00 K. 3
=& (%8 0) 3)
Conversely, given a hermitian block Toeplitz
matrix Ty, = (tj—k)?,kzo satisfying (1), the ma-
trixH =T,,_1 = (tj_k)?’gio is a hermitian solu-
tion of (2), and substituting this solution into
(3) one obtains the given T,.



Zeros of Pp(\) are eigenvalues of K and con-
versely.

Wimmer-Chen result on inertia tells us:
Proposition 1. Let the pair (C,A) be observ-
able, and let H = H* solve

H—- A*HA = C*C

Then the inertia of H with respect to the imag-
inary line is the same as the inertia of A with
respect to the unit circle.

Setting A = K, C = diag ((X(")) 3,0, o)

in Proposition 1 one obtains Theorem 2 from
Theorem 4.



The indefinite case

In case ng) is indefinite, the right hand side
in (2) is indefinite as well.

This motivates to look at the general Stein
equation

H—-A*HA=C*JC

with J = J* invertible and non-definite.

We shall assume throughout that H is invert-
ible as well.

We cannot expect a straightforward relation
between in (H) and in (A); generically any com-
bination is possible. Rather one should con-
sider more complicated objects related to H
and A.



General Stein Equation

H—-A"HA=C*JC

Here A and H are n Xxn matrices C is an m xXn
matrix.

We assume é is nonsingular (e.g., when

(C,A) is observable).

For some P = P* define on C*t™ two indefi-
nite inner products , given by

_(H © _(H 0
Hl_(o J—P)’ HQ_(O J)'

Introduce two subspaces V; =1Im (é) and Vo =

Im (é) and a map Up : Vi — Vo defined by

ofo) = ()



General Stein Equation continued

Then the general Stein equation rewrites as

(HoUg (g) ,Uo <g>> =

((AAHA 4 C*JC)x, x) =

- () (3

In other words, Ug is an Hi—Hy—isometry from
V1 onto Vs



Witt's Theorem
Theorem 5. Let [-,']1 and [-,-]> be the two
scalar products in C*t™ defined by the in-
vertible hermitian matrices Hy and Ho, respec-
tively:

[$7y]1 — <H1$,y>; [$7y]2 — (ng,y>.

Assume that inH{ = mnH>. Let Ug: Vi — V>,
where Vi and V, are subspaces in C"T™, pe
a nonsingular linear transformation that pre-
serves the scalar products

[Uoz,Ugylo = [x,y]1  for every z,y € V7.

T hen there exists a linear transformation U on
Crnt™ sych that [Uz,Uylo, = [z,y]1 for every
vectors x andy, and Ux = Upx for every x € V7.



Direct Application

Let P be an arbitrary matrix for which
in(J — P) =in(J).

Later on we shall take P > 0, which is always
possible.

Proposition 2. Given P such that in(J — P) =
in(J) there exist matrices X and Y such that

(Y- )¢ 9 D-62)

If in addition the pair (C, A) is observable and P

o _ : O O A X
IS invertible, then also the pair ((O P) ; (C Y))

IS observable.



Construction of X and Y
Proposition 3. Assume that (C, A) is observ-
able and suppose that A is invertible. Set

J=J+JCA T tH 1A~ C

then in(J1) = in(J). LetY be any matrix for
which

Y*J1Y < J.
Set
X =-HlA=*C*JY,and P = J — Y*J1Y.
T hen
(H o) B (A* C’*) (H o) (A X) _ (o o)
o J X* Y* O J/J\C Y O P’
and the pair ((8 2) : (é ii)) IS observable.

Hence

(H 0\ _ ~ (A X
’L’TLOJ—’I/I’LCY



Back to block Toeplitz

Recall
H — K*HK = diag ((X(g y-1.0,- o)

Here K is the companion matrix introduced
earlier.

Take A = K, C = (Ir o .- o), and J =
(x§EH1.
Proposition 4. Choose P > 0 such that

in((X{M)™1 = P) = in(x§)~!

and take matrices X and 'Y such that
K* C* n—1 0 K X
(X* Y)( 0 (xX§h- 1) (C Y)
T,_1 0
B ( 0 (X§H - )

K X
Then T, = in (C’ Y>'



Assume K invertible, i.e., X is invertible.
This turns out to be generic.
In this case Y is any matrix satisfying

and computation of X gives

A1 §n i)
An, x{" 1717,) 1

Computing the characteristic polynomial of
K X
A — (C Y)
and using the Gohberg-Heinig formulas for Tn__l1

in terms of the first and last columns of 7,1
we obtain the main result.



Main T heorem
Theorem 6. Suppose X(”) is invertible, and
let' Y be any matrix for vvh/ch

YN X (XEN Ty < (XS
Let Xo(N\) and X,(\) be the two orthogonal

matrix polynomials connected to the first and
last column of T, 1. Define P()\) by

P(A) = AXo(W) (XN 4+ X, (W) (xS Ly,

then the number of positive, respectively, neg-
ative eigenvalues of Ty is equal to the num-
ber of zeroes of P()\) inside, respectively, out-
side the unit disc (multiplicities taken into ac-
count).



Remarks

The assumption that X(n) and X(") are invert-
ible can be made generlcally.

Consider the special case where X(n) IS pOS-
itive definite. In this case it is obwous that
we can take Y = 0. So, in that case P(\) =
AXO(A)(X(() Y~1. Thus we see that the num-
ber of positive, respectively, negative, eigen-
values of T}, is equal to the number of zeroes
of AXg(\) inside, respectively, outside, the unit
disc.

Note that the converse also holds: we can take
Y = 0 only in case X(”) is positive definite.



