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Abstract: One of the key problems related to the Bak-Sneppen evolution model

is to compute the limit distribution of the fitnesses in the stationary regime, as

the size of the system tends to infinity. Simulations in [3], [1] and [4] suggest that

the one-dimensional limit marginal distribution is uniform on (pc, 1), for some

pc ∼ 0.667.

In this paper we define three critical thresholds related to avalanche charac-

teristics. We prove that if these critical thresholds are the same and equal to

some pc (we can only prove that two of them are the same) then the limit distri-

bution is the product of uniform distributions on (pc, 1), and moreover pc < 0.75.

Our proofs are based on a self-similar graphical representation of the avalanches.
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1. Introduction

The Bak-Sneppen model was introduced in [2], as a simple model of evolution,

and has received a lot of attention in the literature: recently an Internet search

engine found about 900 links by the keyword Bak-Sneppen.

The model is defined as follows. Consider a system with N species. These

species are represented by N vertices on a circle, evenly spaced, say. Now each

of these species is assigned a so called fitness, a number between 0 and 1. The

higher the fitness, the better chance of surviving the species has. The dynam-

ics of evolution is modelled as follows. Every discrete time step, we choose the

vertex with minimal fitness, and we think of the corresponding species as disap-

pearing completely. This species is then replaced by a new one, with a fresh and

independent fitness, uniformly distributed on [0, 1].

So far, the dynamics does not have any interaction between the species, and

does not result in an interesting process. Indeed, if we only replace the species

with the lowest fitness, then it is easy to see that the system converges to a situ-

ation with all fitnesses equal to 1. Interaction is introduced by also replacing the

two neighbours of the vertex with lowest fitness by new species with independent

fitnesses. This interaction represents co-evolution of related species. The neigh-

bour interaction makes the model very attractive and highly non-trivial from a

mathematical point of view.

The Bak-Sneppen model turns out to be also of some practical interest. For in-

stance, in [16], [17] and [18], variations of the Bak-Sneppen model related to real
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evolution of bacteria populations are considered and in [19] and [20], variations

related to macro-economical processes are studied. To avoid the mathematical

difficulties, some simplified versions of the model have also been proposed, for

example, the mean field version of the model ([9], [10], [11]) and discrete versions

of the model ([12], [13] and [14]).

It is simple to run the model on a computer. Simulations then suggest the

following behaviour, for large N ([3], [1] and [4]). It appears that the one-

dimensional marginals are uniform (in the limit for N → ∞) on (pc, 1) for

some pc whose numerical value is close to 0.667, see [4]. In this article, we make

significant progress towards this conjecture.

The fitnesses of the vertices are random variables with values in [0, 1] and we

update them according to the uniform distribution on [0, 1]. For computational

reasons however, it is convenient for the fitnesses to have values in [0,∞] and

to update them according to the exponential distribution with parameter 1, say

(see for example [5]). In this new exponential setup (denoted in the sequal by

the BS-process) a threshold b corresponds to the threshold q(b) = 1− e−b in the

original uniform setup. The conjecture in the exponential setup says that the one-

dimensional stationary marginals (in the limit for N → ∞) are exponentially

distributed above bc, for some bc whose numerical value is close to 1.0996 '

q−1(0.667).

To prepare for the main results of this article, in Section 2 we define the

so called locking thresholds representation of the process, where we ignore all

information irrelevant for the distribution of the process. This representation

captures the essential characteristics of the BS-process, but at the same time, it
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has a much simpler spatial structure. Thus the representation has a potential to

improve, for example, the simulation results.

It is natural to define avalanches of fitnesses from threshold b ∈ [0,∞]: start

counting at the moment that all fitnesses are above b and finish the counting at

the first next moment that all fitnesses are above b again. In Section 3 we will give

a more precise definition of an avalanche, and relate to it three characteristics:

the mean range RN (b), mean duration DN(b) and the probability PN (b) that

an avalanche is of range N . In Section 4 we prove that the above avalanche

characteristics have limits, as N → ∞, to be denoted by R∞(b), D∞(b) and

P∞(b) respectively, and that these limits are non-decreasing in b. We associate

to them three critical thresholds br
c, bd

c and bp
c respectively, non-trivial in the

sense that the values 0 and ∞ are excluded.

The central results of this article are stated in Section 3 and consist of three

parts. First we relate mean duration DN(b) and mean range RN (b) via a differ-

ential equation, and prove that their critical thresholds are the same, i.e. br
c = bd

c .

Secondly, we prove that if all critical thresholds are the same and equal to bc,

say, then the limit distribution is the product of exponential distributions above

bc (or in terms of the uniform setup, the limit distribution is product of the uni-

form distributions on [qc, 1], where qc = q(bc)). Finally we prove that br
c < 2 log 2

(in the uniform setup the upper bound is 0.75) with the help of a differential

inequality for R∞(b).

Most of our proofs are based on the so called graphical representation of an

avalanche which is defined in Section 4. The graphical representation and some

of the monotonicity properties of avalanches are borrowed from our previous

work [15]. We include them here for convenience.
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2. The locking thresholds representation

Let N ≥ 3, and let Λ(N) = {−N + 1, . . . ,−1, 0} index the set of N vertices

on the circle, so that 0 and −N + 1 are neighbours. We use negative indices

to have a notation compatible with [15]. Later we will add and subtract the

indices Λ(N) as integers, identifying them modulo N . For example, sometimes

we denote vertex −N + 1 by vertex 1. To simplify expressions, we will omit

(mod N) in the algebraic operations on Λ(N) as long as it does not lead to a

confusion.

For any N ≥ 3 consider a BS-process on Λ(N), and for any n ∈ N, let

XN (n) = {XN,x(n)}x∈Λ(N) be the collection of fitnesses at time n ≥ 0. We

assume that at the initial time n = 0 all the fitnesses are i.i.d. and exponentially

distributed. For any x1 < · · · < xk ∈ Λ(N), let FN,x1,...,xk
(n, ·) denote the

joint distribution function of XN,x1
(n), . . . , XN,xk

(n) at time n ≥ 0, i.e. for any

b1, . . . , bk ∈ R+, we define

FN,x1,...,xk
(n, b1, . . . , bk) = P

(
XN,x1

(n) ≤ b1, . . . , XN,xk
(n) ≤ bk

)
.

We will now inductively define the so called locking thresholds YN (n) =

{YN,x(n)}x∈Λ(N) and prove that, given YN (n), the fitnesses XN (n) are inde-

pendent and exponentially distributed above their locking thresholds. More pre-

cisely, we will show that for any x1 < · · · < xk ∈ Λ(N), and b1, . . . , bk ∈ R+ we

have the representation

FN,x1,...,xk
(n, b1, . . . , bk) =

∞∫

0

· · ·

∞∫

0

(
k∏

i=1

Θs1
(bi)

)
GN,x1,...,xk

(n, ds1, . . . , dsk),

(2.1)
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where, Θs(·) is the exponential distribution function above s, i.e.

Θs(b) =





0, if b < s,

1 − exp(−b + s), if b ≥ s,

and GN,x1,...,xk
(n, ·) is the joint distribution of YN,x1

(n), . . . ,YN,xk
(n).

Let us define YN,x(0) = 0, for all x ∈ Λ(N). Since the collection XN (0)

is independent and exponentially distributed, we have the basis of the induc-

tion. Suppose that, for some n ≥ 0, the locking thresholds YN (n) are de-

fined, and that XN (n), given YN (n), is an independent and exponentially dis-

tributed collection above their locking thresholds. Let x∗ = x∗
N (n) be the vertex

with minimal fitness at time n. Then, given YN (n), and given XN,x∗(n), the

fitnesses (XN,y(n))y∈Λ(N)\{x∗} are independent and exponentially distributed

above thresholds (max {YN,y(n), XN,x∗(n)})y∈Λ(N)\{x∗}. According to the up-

date rules, we update at time n the neighbourhoodN (x∗
N (n)) = {x∗

N (n) − 1, x∗
N(n), x∗

N (n) + 1}

of x∗
N (n) and replace their fitnesses by three new independent and exponentially

distributed random variables. Hence, we define

YN,y(n + 1) =





max {YN,y(n), XN,x∗(n)} , for y ∈ Λ(N) \ N (x∗
N (n)) ,

0, for y ∈ N (x∗
N (n)) ,

and observe that XN (n+1), given YN (n+1), is an independent and exponentially

distributed collection above YN (n+1), i.e. we have the step of induction and (2.1)

is proved.

The locking thresholds are useful for the study of the limit behaviour of

the process as follows. For any x1 < · · · < xk ∈ Z, b1, . . . , bk ∈ R+, n ≥ 1

and N sufficiently large, we have x1 < · · · < xk ∈ Λ(N) ( mod N ), and thus
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FN,x1,...,xk
(n, b1, . . . , bk) is well-defined. For any N ≥ 3 and n ∈ N, let GN (n, ·)

denote the distribution function of YN,0(n).

Lemma 2.1 Suppose there exists 0 < bc < ∞, such that for any b < bc,

lim sup
N→∞

lim sup
n→∞

GN (n, b) = 0,

and for any b′ > bc,

lim inf
N→∞

lim inf
n→∞

GN (n, b′) = 1.

Then the limit distribution in the BS-process exists and is equal to the product

of Θbc
(·), i.e. for any x1 < · · · < xk ∈ Z and b1, . . . , bk ∈ R+ ,

lim
N→∞

lim
n→∞

FN,x1,...,xk
(n, b1, . . . , bk) =

k∏

i=1

Θbc
(bi).

Proof: The proof is a simple consequence of the representation (2.1), and for

simplicity we give it for the one-dimensional marginals FN,0(n, b) only. Let b ≥ 0,

and observe that for any y ≥ 0, we have

|Θy(b) − Θbc
(b)| ≤ 2. (2.2)

Since Θy(b) is a continuous function in y, for any 0 < ε < bc there exists

0 < δ < ε such that

|Θy(b) − Θbc
(b)| ≤ ε, for any y ∈ [bc − δ, bc + δ].

Hence, according to (2.1) and (2.2), we have

|FN,0(n, b) − Θbc
(b)| ≤ 2GN (n, bc − δ) + ε

(
GN (n, bc + δ) − GN (n, bc − δ)

)

+2(1− GN (n, bc + δ))

≤ 2GN (n, bc − δ) + ε + 2(1 − GN (n, bc + δ)),

7



and thus, due to the conditions of the lemma,

lim
N→∞

lim
n→∞

|FN,0(n, b) − Θbc
(b)| < ε.

Since ε > 0 is arbitrary, this proves the lemma.

�

3. Critical thresholds and main results

In this section we define avalanches on Λ(N) and, in the second half of the

section, on Z. After that we relate them to a number of critical thresholds and

show that the distribution of a locking threshold, in the limit (first the time

n → ∞, and then the size of the system N → ∞) is concentrated between the

smallest and the largest critical threshold.

We say that in the time interval [n, n + d), an avalanche from threshold b ∈

[0,∞) (also referred to as a b-avalanche) with origin at x ∈ Λ(N) and duration

d ≥ 1 occurs, if at time n, x is the vertex with minimal fitness, above threshold b,

and n+d is the first moment after n with all fitnesses again above b. The range set

of the b-avalanche is the collection of vertices updated during the avalanche, and

the range of the b-avalanche is the number of different vertices in the range set.

Note that, according to this definition, if at times n and n+1 all the fitnesses are

above b, then in the time interval [n, n+1] an avalanche of range 3 and duration

1 occurs, even though there were no fitnesses below b.

For any b > 0, the BS-process can be considered as a sequence of b-avalanches.

Since during a b-avalanche the dynamics is completely determined by the position

of the origin and the vertices with fitness below b, the range set of the b-avalanche

[n, n+d] depends only on the position of the origin x, but not on the details of the
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initial configuration at time n. If we shift the whole range set by −x vertices, we

obtain a set whose distribution is independent of x and of the initial configuration

of fitnesses. The origin x itself naturally does depend on the configuration of

fitnesses at time n, because x is the vertex with the minimal fitness at time n.

The duration of the avalanche is clearly independent of the initial configuration

of fitnesses. Thus, for any b > 0, the BS-process is a sequence of b-avalanches

with i.i.d. durations and i.i.d. (shifted) range sets. These facts suggest that we

should study a single b-avalanche in some detail.

Consider a b-avalanche on Λ(N), with the origin at x. Its principal character-

istics are the range set ξN (x, b) and the duration ηN (x, b). Two useful functions of

the principal characteristics are the range of the avalanche rN (x, b) = |ξN (x, b)|,

and the indicator function to have a spanning avalanche, 1{rN (x, b) = N}.

We define the corresponding mean values, independent of x, as follows

RN (b) = E(rN (x, b)),

DN (b) = E(ηN (x, b)),

PN (b) = P (rN (x, b) = N).

From now on, we omit x in the notation of the avalanche characteristics if x = 0,

i.e., for any b ≥ 0, ξN (b) = ξN (0, b), ηN (b) = ηN (0, b), rN (b) = rN (0, b). The

following lemma is intuitively obvious. Its proof will be given in Section 4.

Lemma 3.1 RN (b), DN (b) and PN (b) are non-decreasing in b.

We now look at the limit behavior of the above functions, as N tends to

infinity.

The notion of an avalanche on Λ(N) can be naturally extended to an avalanche

on Z, as follows. Assume that every vertex x ∈ Z accommodates a fitness, a ran-
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dom variable with value in [0,∞]. Choose an arbitrary threshold b > 0. If the

number of vertices with fitness below b is finite and positive, then the update

rules of BS-model are still well-defined. Suppose, therefore, that at time 0 we

have a configuration with all fitnesses above b, and that we choose an arbitrary

x ∈ Z, regardless the values of the fitnesses, as the origin. We start by updating

x and its two neighbours, x − 1 and x + 1. If, after that, among x − 1, x, x + 1

there are vertices with fitnesses below b, we choose the one with minimal fitness,

and update it together with its two neighbours, and so on. As soon as we get a

configuration with all fitnesses above b, we stop the procedure. Then we define

the duration η(x, b), and the range set ξ(x, b) of the avalanche in the obvious

way. Note, however, that it is perhaps possible that we never stop and that

there always is at least one fitness below the threshold. In this case, we say that

an infinite avalanche occurs. For an infinite avalanche, we set η(x, b) = ∞, and

define ξ(x, b) as the union of the vertices updated during [0, m], m ∈ N. It is

easy to see that for an infinite avalanche, |ξ(x, b)| = ∞ a.s.

The pair (ξ(x, b) − x, η(x, b)) is clearly independent of the configuration at

time 0, for the same reasons as before. Similar to the avalanches on Λ(N), we

consider the range r(x, b) = |ξ(x, b)|, and the indicator function to have an

infinite avalanche 1{r(x, b) = ∞}.

Define the corresponding mean values, independent of x:

R∞(b) = E(r(x, b)),

D∞(b) = E(η(x, b)),

P∞(b) = P (r(x, b) = ∞).
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As before, we omit x in the notation of the avalanche characteristics if x = 0,

i.e., for any b ≥ 0, ξ(b) = ξ(0, b), η(b) = η(0, b), r(b) = r(0, b). The following

theorem relates the avalanches on Λ(N) to these on Z.

Theorem 3.2 For any b > 0, and any N ≥ 3,

RN (b) ≤ R∞(b), lim
N→∞

RN (b) = R∞(b),

PN (b) ≥ P∞(b), lim
N→∞

PN (b) = P∞(b),

DN (b) ≤ D∞(b), lim
N→∞

DN (b) = D∞(b).

The proof of this theorem will be given in Section 5, with a coupling argument.

The above theorem, together with Lemma 3.1, shows that R∞(b), D∞(b) and

P∞(b) are non-decreasing in b. Now we are ready for the definitions of the critical

thresholds.

According to Lemma 3.1 in [15], P∞(68) > 0. Hence there exists a finite

critical threshold

bp
c = inf{b > 0 : P∞(b) > 0}.

Since for any b > 0 such that P∞(b) > 0, we also have R∞(b) = ∞, there exists

a finite critical threshold

br
c = inf{b > 0 : R∞(b) = ∞},

and br
c ≤ bp

c . Since, for any b > 0, D∞(b) ≥ R∞(b) − 2, infinite range implies

infinite duration, and hence there exists a finite critical threshold

bd
c = inf{b > 0 : D∞(b) = ∞},

with bd
c ≤ br

c . Thus the three critical thresholds are ordered by definition as

bd
c ≤ br

c ≤ bp
c .

It is not hard to see that bd
c > 0, so all critical values are non-trivial.
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Theorem 3.3 We have

bd
c = br

c , (3.1)

and as long as R∞(b) is finite, D∞(b) is differentiable, and

d
dbD∞(b) = D∞(b)R∞(b). (3.2)

The proof of this theorem is given in Section 6. The following two results are

proved in Section 7 and Section 8.

Theorem 3.4 If bd
c = br

c = bp
c = bc say, then the limit distribution in the

BS-process is the product of exponential distributions above bc.

Theorem 3.5 It is the case that

br
c ≤ 2 log 2.

4. The self-similar graphical representation

Let N ≥ 3 and consider a b-avalanche on Λ(N), starting at time 0 at the vertex

0. So at time 0, the vertex 0 and its two neighbours are updated. Since this

corresponds to a minimal avalanche from threshold 0, we can write this in terms

of the range set and the duration as ξN (0) = {−1, 0, 1}, ηN (0) = 1. We can

now graphically illustrate the continuation of this b-avalanche on Λ(N) × R+

(space × fitness) as follows. Look for the vertex with minimal fitness, and call

this vertex x. Suppose that the fitness of x is equal to s < b. (Note that x

must be the vertex 0 or one of its two neighbours.) Due to the lack of memory

property of the exponential distribution, the fitnesses of the other two vertices

in ξN (0) are independent and exponentially distributed on [s,∞). We continue

updating according to the appropriate rules, and wait until all fitnesses are
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above the threshold s. This in itself constitutes an s-avalanche, starting at x.

We denote by x + ξ̂N (s) the range set of this s-avalanche. In the graphical

representation, we draw an arrow from the space-fitness point (x, s) to the space-

fitness points (y, s), for all y ∈ x+ ξ̂N (s). In terms of the range set we write this

as ξN (s) = ξN (0) ∪ {x + ξ̂N (s)}, where ξN (s) is the set of vertices updated to

the end of the s-avalanche.

After the s-avalanche has ended, the fitnesses of all vertices in ξN (s) are inde-

pendent and exponentially distributed on [s,∞), due to the lack of memory prop-

erty of the exponential distribution. We now look for the minimal fitness among

all vertices in ξN (s). If this minimal fitness is above b, then the b-avalanche has

stopped. If this minimal fitness is equal to t, where s < t < b, and is associated

with the vertex y, say, then we start, as before, a t-avalanche with origin y. We

continue updating until all fitnesses are above t. If y+ ξ̂N(t) denotes the range set

of this t-avalanche, then we draw an arrow in the graphical representation from

the space-fitness point (y, t) to all space-fitness points (z, t), for z ∈ y + ξ̂N (t).

In terms of the range set, we write this as ξN (t) = ξN (s) ∪ {y + ξ̂N (t)}, where

ξN (t) is the set of vertices updated at the end of the t-avalanche.

We continue in the obvious way: this process will stop a.s. as soon as all

fitnesses are above b. The idea of avalanches forming a hierarchical structure of

subavalanches is also mentioned in [5], in a slightly different context.

So, we have defined a random graph on Λ(N) × R+. This random graph is a

subgraph of a graphical representation GRN defined formally as follows.

Let Π(N) = {ΠN,k}k∈Λ(N) be a collection of independent homogeneous Pois-

son processes. For each process ΠN,k we perform the following procedure. At the

j-th arrival τk,j of ΠN,k, we draw independently the pair
(
ξ̂N (τk,j), η̂N (τk,j)

)
,
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the (range set, duration) of a typical τk,j-avalanche with origin at 0. Then the

pair
(
k + ξ̂N (τk,j), η̂N (τk,j)

)
is distributed as the (range set, duration) of a typ-

ical τk,j-avalanche, with origin at k. We draw arrows in Λ(N)×R+ from (k, τk,j)

to (y, τk,j), for all y ∈ k + ξ̂N (τk,j).

For any b1 < b2 we say that (x, b1) is connected to (x, b2) by a time segment.

A path in GRN is a sequence (x0, s0), . . . , (xn, sn) of points in Λ(N)×R+, such

that every pair (xj , sj), (xj+1, sj+1) is connected by either by a time segment or

an arrow. For any A, B ⊆ Λ(N), and b1 ≤ b2 ∈ R, we write (A, b1) (B, b2) in

GRN , if there exists at least one path in GRN from (x, b1) to (y, b2), for some

x ∈ A and y ∈ B. See Figure 1 for an illustration.

Π Π Π Π Π

b+s

b
Π

k
Π

k+2,1
) (

τ
k,1

) η
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(

τk-2,1) η
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(
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Fig. 1. The graphical representation GRN , where, for instance, (k, b) (k− 2, b+ s) in GRN .

Then, for any b > 0, the range set ξN (b) of a b-avalanche with origin at 0 is

the collection of all x ∈ Λ(N) such that ({−1, 0, 1}, 0) (x, b) in GRN . For any

b ≥ 0 and (k, j) ∈ Λ(N)×N, we call the pair
(
ξ̂N (τk,j), η̂N (τk,j)

)
, a subavalanche

in GRN , if ({−1, 0, 1}, 0) (k, τk,j) in GRN , and a b-subavalanche in GRN , if,

in addition, τk,j ≤ b. Then, for any b > 0, the duration ηN (b) of a b-avalanche

with origin at 0, is one plus the total duration of all b-subavalanches in GRN .
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The graphical representation provides us with the following monotonicity

properties. For any A ⊂ Λ(N) and b, s ≥ 0 we denote by ξ
(A,b)
N (s) the collection

of all x ∈ Λ(N) such that (A, b) (x, b + s) in GRN , and we denote by η
(A,b)
N (s)

the sum of η̂N (τk,j) over all b < τk,j ≤ b + s, such that (A, b) (k, τk,j) in GRN .

Then for any A ⊆ B ⊆ Λ(N), 0 ≤ s1 ≤ s2, and b ≥ 0

ξ
(A,b)
N (s1) ⊆ ξ

(B,b)
N (s2),

η
(A,b)
N (s1) ≤ η

(B,b)
N (s2).

(4.1)

In the particular cases of the range set ξN (x, b) = ξ({x−1,x,x+1},0)(b) and the

duration ηN (x, b) = η({x−1,x,x+1},0)(b) of an avalanche from threshold b and

with origin at x, (4.1) gives us

ξN (x, b1) ⊆ ξN (x, b2),

ηN (x, b1) ≤ ηN (x, b2), if b1 ≤ b2.

(4.2)

Proof of Lemma 3.1: It follows from (4.2) that for any b1 ≤ b2

E(|ξN (b1)|) ≤ E(|ξN (b2)|),

E(ηN (b1)) ≤ E(ηN (b2)),

E(1{|ξN (b1)| = N}) ≤ E(1{|ξN (b2)| = N}).

�

We define GR, a graphical representation for the process on Z, in almost

the same way as GRN ; the only thing we need to take care of are the infi-

nite avalanches. We do this by restricting GR to the fitnesses less then bp
c , i.e.

GR is a random graph on the space-fitness diagram Z × [0, bp
c). We do the for-

mal definition of GR and of the related things just without subscript N . So,

let Π(Z) = {Πk}k∈Z be the collection of independent homogeneous Poisson
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processes restricted to the interval [0, bp
c). For any τk,j ∈ Πk, we denote by

(
ξ̂(τk,j), η̂(τk,j)

)
, the (range set, duration) of the τk,j-avalanche. The notions

of (A, b1) (B, b2) in GR, subavalanche in GR and b-subavalanche in GR are

defined the same way. Again, for any b < bp
c , the range set ξ(b) of a b-avalanche

with origin at 0 is the collection of all x ∈ Z such that ({−1, 0, 1}, 0) (x, b) in

GR, and the duration η(b) of a b-avalanche with origin at 0, is one plus the total

duration of all b-subavalanches in GR.

The graphical representation GR provides us the same monotonicity proper-

ties as (4.1) for GRN . Thus, in particular, the range set ξ(b) and the duration

η(b) are monotone in b.

5. Proof of Theorem 3.2

In this section we define a slightly different graphical representation, ĜRN , for

avalanches on Λ(N). The reason to do this is that we want to couple avalanches

on Λ(N) with avalanches on Z, and our current graphical representation GRN

is not so suitable for this purpose. We will also need a graphical representation

ĜR for avalanches on Z, see below.

The main difference between GRN and ĜRN is the specification of the Pois-

son processes Π(N). In ĜRN we specify these during the construction of s-

avalanches, by selecting the required number of Poisson processes from an in-

finite sequence of Poisson processes Π̂(∞). An avalanche of range k uses the

first k processes of Π̂(∞). We use the same sequence Π̂(∞) for the construction

of avalanches on Λ(N), for any N ≥ 3, and for avalanches on Z. This gives a

transparent coupling of avalanches on Λ(N) and Z.
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We define the new graphical representation as follows. Let Π̂(∞) = Π1, Π2, . . .

be a sequence of independent homogeneous Poisson processes. We will use the

first N processes of Π̂(∞) for the new graphical representation of s-avalanches

on Λ(N), with origin at 0.

We define ξN (0) = {−1, 0, 1}, ηN (0) = 1, and associate with ξN (0) the first

three Poisson processes. We write this as ΠN,−1 = Π1, ΠN,0 = Π2 and ΠN,1 =

Π3, where ΠN,k denotes the process associated with vertex k ∈ Λ(N). Let τN
1

be the first arrival in the superposition of ΠN,k, k ∈ {−1, 0, 1}, and let κN
1 be

the position of the corresponding process: τN
1 ∈ ΠκN

1

. Then we have ξN (s) =

{−1, 0, 1}, ηN (s) = 1, for 0 < s < τN
1 . At s = τN

1 we draw independently a

pair
(
ξ̂N (τN

1 ), η̂N (τN
1 )
)
, distributed as the (range set, duration) of a typical τN

1 -

avalanche with origin at 0. Then the pair
(
κN

1 + ξ̂N (τN
1 ), η̂N (τN

1 )
)

is distributed

as the (range set, duration) of a typical τN
1 -avalanche, with origin at κN

1 . As in

GRN , we draw arrows in Λ(N) × R+ from (κN
1 , τN

1 ) to (y, τN
1 ), for all y ∈

κN
1 + ξ̂N (τN

1 ). We define ξN (τN
1 ) = {−1, 0, 1}∪

{
κN

1 + ξ̂N (τN
1 )
}

and ηN (τN
1 ) =

1 + η̂N (τN
1 ). If ξN (τN

1 ) is larger then {−1, 0, 1} we associate with ξN (τN
1 ) \

{−1, 0, 1} the next rN (τN
1 ) − rN (0) Poisson processes from π(∞), and assign

them to (ΠN,k)k∈ξN (τN
1

)\{−1,0,1}. In this case we first add the required number

of processes to the left of {−1, 0, 1} and then to the right of {−1, 0, 1}.

We define τN
2 as the first arrival after τN

1 in the superposition of ΠN,k, k ∈

ξN (τN
1 ), and continue in the obvious way, each time adding a certain (random)

number of vertices and corresponding Poisson process to our collection, until

we have a collection of size N . The first time that we have N vertices, these

N vertices form Λ(N) and the corresponding Poisson processes define Π(N). It

is clear that this happens (with probability one) after a finite number of steps,
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and this means that we have defined (ξN (s), ηN (s)) for all s ≥ 0. We denote the

collection of arrivals below threshold b in the newly formed Λ(N) by T (N).

We now define the graphical representation ĜR, for an avalanche on Z. We

proceed as for ĜRN ; the only thing we need to take care of are the infinite

avalanches. We do this by restricting ĜR to the fitnesses less then bp
c , i.e. ĜR

is a random graph on the space-fitness diagram Z × [0, bp
c). We again use the

sequence Π̂(∞) to specify the required number of the Poisson processes. We

denote by T the collection of arrivals of all specified Poisson processes in ĜR.

The coupling just described will be used in the second part of the proof of

Theorem 3.2 below.

Proof of Theorem 3.2: Fix b > 0. We distinguish between two cases, P∞(b) >

0 and P∞(b) = 0.

First, suppose that P∞(b) > 0. In this case we have R∞(b) = ∞ and D∞(b) =

∞. We will couple a b-avalanche on Z, with origin at 0, with a sequence of b-

avalanches on Λ(N), N ≥ 3, with origin at 0, in such a way that

|ξ(b)| = ∞ implies rN (b) = N, for all N ≥ 3.

|ξ(b)| < ∞ implies rN (b) = r(b), for N large enough.

(5.1)

Then the theorem follows from (5.1), Fatou’s lemma and the relation ηN (b) ≥

rN (b) − 2.

Let G =
(
G

(1)
j , G

(2)
j , G

(3)
j

)
i∈N

be a sequence of triples, where
{
G

(i)
j

}
are

independent and exponentially distributed with parameter 1. We can use the

sequence G as a sequence of updates to define a b-avalanche on Z. Indeed, con-

sider at the initial moment an arbitrary configuration of fitnesses above thresh-

old b, and replace the fitnesses of {−1, 0, 1} by
(
G

(1)
1 , G

(2)
1 , G

(3)
1

)
. If within
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{−1, 0, 1} there are vertices with fitnesses below the threshold b, we choose the

one with minimal fitness, y say, and replace the fitnesses in {y − 1, y, y + 1} by
(
G

(1)
2 , G

(2)
2 , G

(3)
2

)
, and so on. We can also, at the same time, use the sequence

G to define a b-avalanche on Λ(N). Since the avalanche on Λ(N) is identical to

the avalanche on Z until it spans the whole system, we have (5.1).

Next, suppose that P∞(b) = 0. The above coupling via the sequence G still

gives us the first two lines of the theorem, but not the third line, because we

might have ηN (b) > η(b), if r(b) ≥ N . We use the more complicated coupling

described before this proof.

Since P∞(b) = 0, we can construct (ξ(s), η(s)), s ≤ b with the graphical

representation ĜR restricted to the thresholds [0, b]. Then we will couple this

ĜR with a sequence of ĜRN , N ≥ 3, restricted to the thresholds [0, b], in such

a way that (ξN (s), ηN (s)), s ≤ b, corresponding to ĜRN satisfies, for any s ≤ b,

ξN (s) = ξ(s) ( mod N ), ηN (s) = η(s), on |ξ(s)| < N,

rN (s) = N, ηN (s) ≤ η(s), on |ξ(s)| ≥ N.

(5.2)

The theorem then follows from Fatou’s lemma, because for all N big enough, we

have |ξ(b)| < N .

A construction of the above ĜRN requires the specification of Π̂(∞) and

the b-subavalanches. We will borrow Π̂(∞) from ĜR and then couple the b-

subavalanches with these on Z in a proper way.

Suppose first that η(b) = 1. This means that in ĜR the Poisson processes Π−1,

Π0 and Π1 have no arrivals at the time interval [0, b], and hence ξ(b) = {−1, 0, 1}.

Since we use the same Π̂(∞) for the construction of ĜRN we also have that in

ĜRN the Poisson processes ΠN,−1, ΠN,0 and ΠN,1 have no arrivals at the time
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interval [0, b], and hence ξN (b) = {−1, 0, 1}, ηN (b) = 1 and we have constructed

the coupling satisfying (5.2), on the event η(b) = 1.

Suppose now in an inductive fashion that for some n ≥ 1 we can construct the

coupling satisfying (5.2), for all N ≥ 3, on η(b) ≤ n. We now construct ĜRN ,

for all N ≥ 3, on η(b) ≤ n + 1.

If a b-avalanche on ĜR has duration at most n + 1 then all b-subavalanches

on ĜR have duration at most n, and we can couple them by induction, i.e. for

any τi ∈ T and any N ≥ 3 we can define (ξ̂N (τi), ηN (τi)) satisfying:

ξ̂N (τi) = ξ̂(τi) ( mod N ), η̂N (τi) = η̂(τi), on |ξ̂(τi)| < N,

|ξ̂(τi)| = N, η̂N (τi) ≤ η̂(τi), on |ξ̂(τi)| ≥ N.

(5.3)

If |ξ(b)| < N then, then |ξ̂(τi)| < N , for every τi ∈ T and due to the first line

of (5.3) the b-avalanches on ĜRN and ĜR are identical and we have the first

line in (5.2).

If |ξ(b)| ≥ N , we define τ(N, b) as the first arrival in T such that |ξ(τ(N, b))| ≥

N in ĜR. For any s ∈ [0, τ(N, b)), we have |ξ(s)| < N , in ĜR and, by the same

reasoning as above, the first line in (5.2). Since τ(N, b) ∈ T (N) we have, by

the second line of (5.3), that |ξN (τ(N, b)| = N . Hence, for any t ∈ (s, b], ĜRN

uses the first N Poisson processes of π(∞), while ĜR uses at least these first N

processes. Thus any arrival in T (N) is in T , and we have the second line of (5.2).

�
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6. Proof of Theorem 3.3 via differential equations for DN (b) and

RN (b)

Theorem 6.1 For any N ≥ 3 DN (b) is differentiable with respect to b, and

d

db
DN (b) = DN(b)RN (b).

The proof of the theorem is a simple corollary of the following two lemmas.

Lemma 6.2 For any b > 0 we have

DN (b+ε)−DN (b)
ε ≥ DN(b)RN (b)

(
1 + o(1)

)
, as ε → 0. (6.1)

Lemma 6.3 For any b > 0 we have

DN (b+ε)−DN (b)
ε ≤ DN(b) RN (b)

1−εRN (b)

(
1 + o(1)

)
, as ε → 0. (6.2)

Proof of Theorem 3.3: Suppose that R∞(b) < ∞. Since RN (b) ≤ R∞(b),

and DN (0) = 1, for any N ≥ 3, Theorem 6.1 gives us

DN (b) ≤ exp(RN (b)b) ≤ exp(R∞(b)b),

and hence D∞(b) < ∞. Thus R∞(b) < ∞ implies D∞(b) < ∞, that is, bd
c = br

c.

To obtain (3.2), one can simply take the limit N → ∞ in (6.2) and (6.1), and

then the limit ε → ∞.

�

It remains to prove Lemma 6.2 and Lemma 6.3.

Proof of Lemma 6.2: It follows from the properties of GRN that

DN (b) = E
(
ηN (b)

)
= E

( ∑

x∈Λ(N),τx,i∈ΠN,x∩(0,b]

s.t. ({−1,0,1},0) (x,τx,i) in GRN

η̂N (τx,i)

)
.
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Hence

DN (b + ε) − DN (b) = E

( ∑

x∈Λ(N),τx,i∈ΠN,x∩[b,b+ε)

s.t. ({−1,0,1},0) (x,τx,i) in GRN

η̂N (τx,i)

)

= E

( ∑

x∈Λ(N),τx,i∈ΠN,x∩[b,b+ε)

s.t. (ξN (b),b) (x,τx,i) in GRN

η̂N (τx,i)

)
.

(6.3)

For every y ∈ Λ(N), define τ(y) as the first arrival in ΠN,y after time b. Since,

for any y ∈ ξN (b), we have always (ξN (b), b) (y, τ(y))in GRN , (6.3) is at least

E

( ∑

y∈ξN (b) s.t. τ(y)<b+ε

η̂N (τ(y))

)
= E

( ∑

y∈ξN (b)

sN (y, b)

)
, (6.4)

where

sN (y, b) = η̂N (τ(y))1{τ(y) < b + ε}.

We now couple η̂N (τ(y)) with a smaller random variable, independent of τ(y).

Consider GRN . At time τ(y), we have in GRN an independent subavalanche

from threshold τ(y). Let GR′
N be a graphical representation for this avalanche.

Then η̂N (τ(y)) is one plus the total duration of all τ(y)-subavalanches in GR′
N .

Define η̂′
N (y, b) to be one plus the total duration of all b-subavalanches in GR′

N .

Then η̂′
N (y, b)1{τ(y) < b + ε} ≤ sN (y, b), and clearly η̂′

N (y, b) is independent of

τ(y). It is easy to see that η̂′
N (y, b) is distributed as the duration of a b-avalanche,

and therefore E(η̂′
N (y, b)) = DN (b). Hence

E
(
η̂′

N (y, b)1{τ(y) < b + ε}
)
≥ DN (b)P (τ(y) < b + ε)

= DN (b)
(
ε + o(ε)

)
.
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Taking into account that (sN (y, b))y∈Λ(N), and thus (η̂′
N (y, b))y∈Λ(N), are inde-

pendent of ξN (b), we finish the estimate (6.4) as

E

( ∑

y∈ξN (b)

sN (y, b)

)
≥ E

( ∑

y∈ξN (b)

η̂′
N (y, b)

)
(6.5)

= E(ξN (b))E(η̂′
N (0, b)) = RN (b)DN (b)

(
ε + o(ε)

)
.

�

Proof of Lemma 6.3: First of all, we rewrite (6.2) in a more convenient form.

For any b, ε > 0 such that 0 < ε < (RN (b))−1, the above inequality is equivalent

to

DN (b + ε) − DN(b) ≤ RN (b)DN (b + ε)
(
ε + o(ε)

)
. (6.6)

To prove (6.6) we again use the decomposition (6.3),

DN (b + ε) − DN(b) = E

( ∑

x∈Λ(N),τx,i∈ΠN,x∩[b,b+ε)

s.t. (ξN (b),b) (x,τx,i) in GRN

η̂N (τx,i)

)
.

For every y ∈ Λ(N), define τ(y) as the first arrival in ΠN,y after time b. Ob-

serve that if (ξN (b), b) (x, τx,i) in GRN , for some x ∈ Λ(N), τx,i ∈ ΠN,x ∩

[b, b + ε), then there exists at least one y ∈ ξN (b) such that τ(y) < b + ε,

and (ξN (b), b) (y, τ(y)) (x, τx,j) in GRN . See Figure 2 for an illustration.

Hence we can continue the estimate as

≤ E

( ∑

y∈ξN (b),τ(y)<b+ε

(
η̂N (τ(y))

+
∑

x∈Λ(N), τx,j∈ΠN,x∩[τ(y),b+ε)

s.t. (ξN (b),b) (y,τ(y)) (x,τx,j) in GRN

η̂N (τx,j)

))
(6.7)

23



)(y)τ(
(y)τ

b

η

(
N

η

(b)
N

ξ

εb+

x,iτ

xΠΠy

)

N
(y)τ )ξ (

N

ξ (
N

τx,i ) x,iτ

Fig. 2. Any path out of ξN (b) should use at least one arrow inside ξN (b).

and since, for any y ∈ ξN (b), we have always (ξN (b), b) (y, τ(y))in GRN ,

= E

( ∑

y∈ξN (b),τ(y)<b+ε

(
η̂N (τ(y))

+
∑

x∈Λ(N),τx,j∈ΠN,x∩[τ(y),b+ε),

s.t. (y,τ(y)) (x,τx,j) in GRN

η̂N (τx,j)

))

= E

( ∑

y∈ξN (b)

SN (y, b)

)
,

(6.8)

where

SN (y, b) =

(
η̂N (τ(y)) +

∑

x∈Λ(N),τx,j∈ΠN,x∩[τ(y),b+ε)

s.t. (y,τ(y)) (x,τx,j) in GRN

η̂N (τx,j)

)
1{τ(y) < b + ε}.

We will now prove that the conditional expectation of SN (y, b) given τ(y) < b+ε,

is the same as the unconditional expectation of ηN (b + ε). Indeed, at arrival

τ(y) we have in GRN an independent subavalanche from threshold τ(y). We

construct this subavalanche via an independent graphical representation GR′
N .

If τ(y) ≥ b + ε we do nothing. If τ(y) < b + ε, we glue the part of GR′
N before

threshold τ(y), with the part of GRN after threshold τ(y), shifted by −y vertices,

see Figure 3.
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GR’
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τ (y)

Fig. 3. We glue the part of GR′

N before threshold τ(y) with the part of GRN after threshold

τ(y) to construct GRN (y, b).

We denote the result by GRN (y, b). Since GRN and GR′
N are independent

and τ(y) is a stopping time with respect to Π(N), GRN (y, b) is again a graph-

ical representation. It is easy to see that SN (y, b), given τ(y) < b + ε, is the

total duration of all (b + ε)-subavalanches in GRN (y, b). Hence the conditional

expectation of SN (y, b), given τ(b) < b + ε, is the same as the expectation of

ηN (y, b + ε), i.e. the expectation of ηN (b + ε). Therefore,

E(SN (y, b) | τ(b) < b + ε) = DN (b + ε),

and hence,

E(SN (y, b)) = DN (b + ε)P (τ(y) < b + ε)

= DN (b + ε)
(
ε + o(ε)

)
.
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Hence, taking into account that for any y ∈ Λ(N), SN (y, b) and ξN (b) are inde-

pendent, we obtain that the r.h.s. of (6.7) is equal to

RN (b)DN (b + ε)
(
ε + o(ε)

)
. (6.9)

So we have (6.6) and the lemma.

�

7. Proof of Theorem 3.4

Lemma 7.1 For any b < bd
c we have

lim sup
N→∞

lim sup
n→∞

GN (n, b) = 0.

Lemma 7.2 Suppose for some 0 < b < b′ < ∞, we have

lim
N→∞

NPN (b)DN (b′)/DN (b) = ∞.

Then for any b′′ > b′ we have

lim inf
N→∞

lim inf
n→∞

GN (n, b′′) = 1.

If b′ > b > bp
c then DN (b′) ≥ DN (b) and PN (b) ≥ P∞(b) > 0, uniformly on

N ≥ 3. This gives the following corollary of Lemma 7.2.

Corollary 1. For any b′′ > bp
c we have

lim inf
N→∞

lim inf
n→∞

GN (n, b′′) = 1.

Proof of Theorem 3.4: Suppose bd
c = br

c = bp
c and equal to bc. Then, by

Lemma 7.1 and Corollary 1, for any b′ > bc,

lim inf
N→∞

lim inf
n→∞

GN (n, b′) = 1,

26



and for any b′′ < bc,

lim sup
N→∞

lim sup
n→∞

GN (n, b′′) = 0.

Hence, by Lemma 2.1, the limit distribution in the BS-process exists and is equal

to the product of exponential distributions above bc.

�

Note that the condition of Lemma 7.2 is weaker then that of Corollary 1, and to

have the statement of Theorem 3.4 it would be sufficient to prove that for any

b′ > b > br
c

lim
N→∞

NPN (b)DN (b′)/DN (b) = ∞.

It remains to prove Lemma 7.1 and Lemma 7.2.

Proof of Lemma 7.1: Let PN (b, k) denote the probability that a b-avalanche

has range k. Let DN (b|k) denote the mean duration of a b-avalanche, given the

avalanche has range k. Decompose the Bak-Sneppen process into the sequence of

b-avalanches. Since the b-avalanches have i.i.d. (range, duration), the probability

that at time n we are in a b-avalanche of range k converges, as n → ∞, to

DN(b|k)PN (b, k)
N∑

l=3

DN (b|l)PN (b, l)

=
DN(b|k)PN (b, k)

DN(b)
.

For any k ≥ 3, given that we are in a b-avalanche of range k, we have at most k

locking thresholds below b. Thus for any N ≥ 3 and n ≥ 3, we have

lim
n→∞

GN,0(n, b) = lim
n→∞

P (YN,0(n) ≤ b) ≤

N∑

k=3

k

N
DN (b|k)PN (b, k)

DN (b)
.

(7.1)

It follows from the coupling of the avalanches on Λ(N) and Z, introduced in the

proof of Theorem 3.2, that for k < N , the values of DN (b|k) and PN (b, k) are
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independent of N ,

DN (b|k) = D(b|k) = E
(
η(b)

∣∣∣ |ξ(b)| = k
)

,

PN (b, k) = P (b, k) = P (|ξ(b)| = k).

Hence

DN(b) = DN (b|N)PN (b, N) +

N∑

k=3

D(b|k)P (b, k).

Since, for any b < bd
c , D∞(b) < ∞, we have, according to Lemma 3.2,

lim
N→∞

DN (b) = E(η(b)) =

∞∑

k=3

D(b|k)P (b, k) < ∞.

Hence for any ε > 0, there exists K(ε) ≥ 3 such that for any N > K(ε),

N∑

k=K(ε)+1

DN(b|k)PN (b, k)

≤
N−1∑

k=K(ε)+1

D(b|k)P (b, k) + DN (b|N)PN (b, N) < ε.

Hence the r.h.s. of (7.1) is at most

K(ε)∑

k=3

K(ε)

N
DN (b|k)PN (b, k) +

N∑

k=K(ε)+1

DN(b|k)PN (b, k)

N∑

k=3

DN (b|k)PN (b, k)

≤
K(ε)

N DN (b) + ε

DN (b)

≤ 2ε, for N > K(ε)/ε.

(7.2)

Combining (7.1) and (7.2) we have

lim sup
N→∞

lim
n→∞

GN,0(n, b) ≤ 2ε.

Since ε > 0 was arbitrary, we have the lemma.

�
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Proof of Lemma 7.2: We will modify the proof of Theorem 1.1 in [15]. Let

0 < b < b′ < ∞ be fixed and satisfy the condition of the lemma. Fix some

arbitrary b′′ > b′. For any N ≥ 3 consider a BS-process on Λ(N), such that at

the initial time all the fitnesses are i.i.d. and exponentially distributed. Define a

sequence (τj,A, τj,R)j∈N of stopping times, with respect to the natural filtration,

as follows: τ0,A = τ0,R and they are equal to the first moment that all the locking

thresholds are above b. For any j ∈ N, τj+1,A is the end of the first b-avalanche

of range N after τj,R, and τj+1,R is the first moment after time τj+1,A such

that all the fitnesses are above threshold b′′. See Figure 4 for an illustration.

For any j ∈ N, we call the time interval IN
j (b, b′′) = [τj,R, τj+1,R) the j-th

spanning
part part

recovery

i.i.d. i.i.d.

j,R j+1,A j+1,R

b
i.i.d.

above

j- th period

τN τN τN

above b’’ above b’’

Fig. 4. IN
j (b, b′′) = [τj,R, τj+1,R) is the j-th period. It consists of the avalanche part IN

j,A
(b) =

[τj,R, τj+1,A), and the recovery part IN
j,R

(b, b′′) = [τj+1,A, τj+1,R).

period, and within the period IN
j (b, b′′) we distinguish between the avalanche

part IN
j,A(b) = [τj,R, τj+1,A), and the recovery part IN

j,R(b, b′′) = [τj+1,A, τj+1,R).

Observe that the recovery part can be empty, if at time τj+1,A the minimal fitness

is larger than b′′. For any time n, we denote by j(n) the number of the period

containing n, i.e. by definition n ∈ IN
j(n)(b, b

′′). Suppose n is in the recovery

part of its period, i.e. n ∈ IN
j(n),R(b, b′′). Then, we claim that at time n, all the
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locking thresholds are below b′′. Indeed, during the b-avalanche of range N at

the end of IN
j(n)+1,A(b) every locking threshold has been updated by a new value,

below b. Hence at time τj(n)+1,A − 1, the end of this b-avalanche, all the locking

thresholds are below b < b′′, and at time interval [τj(n)+1,A, n], we assign to the

locking thresholds only values below b′′. Hence at any n ∈ IN
j(n),R(b, b′′), all the

locking thresholds are below b′′. Therefore we have

GN (n, b′′) = P (YN,0(n) < b′′)

≥ P ( for all x ∈ Λ(N), YN,x(n) < b′′)

≥ P
(
n ∈ IN

j(n),R(b, b′′)
)

.

Thus to prove the lemma it suffices to show that

lim inf
N→∞

lim inf
n→∞

P
(
n ∈ IN

j(n),R(b, b′′)
)

= 1.

It is clear that at every τj,R the fitnesses are i.i.d. and exponentially distributed

above the threshold b′′, and at every τj+1,A the fitnesses are i.i.d. and ex-

ponentially distributed above the threshold b. Thus the sequences of lengths
(
|IN

j,A(b)|
)

j∈N

and
(
|IN

j,R(b, b′′)|
)

j∈N

are independent, and each consists of i.i.d.

random variables. Since both |IN
j,A(b)| and |IN

j,R(b, b′′)| have non-lattice distri-

butions, in the stationary regime with N vertices we can write (using standard

alternating renewal process theory),

lim
n→∞

P
(

n ∈ IN
j(n),R(b, b′′)

)
=

E

(
|IN

0,R(b,b′′)|

)

E

(
|IN

0,A
(b)|

)
+E

(
|IN

0,R
(b,b′′)|

) . (7.3)

The duration of the avalanche part |IN
0,A(b)| can be decomposed into two parts:

the duration of the b-avalanche of range N , and the waiting time until this

avalanche. We denote by WN a typical waiting time before the b-avalanche of
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range N , and by AN the duration of this avalanche. We already found in [15]

that

E(WN ) =

(
1

PN (b)
− 1

)
E
(
ηN (b)

∣∣∣ ξN (b) < N
)

.

Thus

E
(
|IN

0,A(b)|
)

= E(WN ) + E(AN )

=
(

1
PN (b) − 1

)
E
(
ηN (b)

∣∣∣ ξN (b) < N
)

+E
(
ηN (b)

∣∣∣ ξN (b) = N
)

= DN (b)/PN (b).

(7.4)

Furthermore

E
(
|IN

0,R(b, b′′)|
)

= E
(
η
(Λ(N),b)
N (b′′ − b)

)

≥ E
(
η
(Λ(N),b′)
N (b′′ − b′)

)

≥ (b′′ − b′ + o(b′′ − b′))ND(b′),

(7.5)

where the last inequality is obtained in the same way as (6.5) in the proof of

Lemma 6.2. Equation (7.4) together with inequality (7.5) shows that the r.h.s.

of (7.3) is at least

(b′′ − b′ + o(b′′ − b′))ND(b′)

DN (b)/PN (b) + (b′′ − b′ + o(b′′ − b′))ND(b′)
,

and the last expression tends to 1, as N tends to infinity, according to the

condition of our lemma.

�
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8. The uppper bound for br
c

For any b ≥ 0, let `(b) denote the leftmost vertex of ξ(b), i.e.

`(b) = min
{
k ∈ Z : k ∈ ξ(b)

}
.

Let L∞(b) denote the expectation of `(b). It is clear that L∞(b) is decreasing in

b, and it becomes −∞ at the same point as the function R∞(b).

Lemma 8.1 If R∞(b) < ∞, we have

lim sup
ε→0

L∞(b+ε)−L∞(b)
ε ≤ − 1

2L2
∞(b) + 1

2L∞(b). (8.1)

Proof of Theorem 3.5: By definition we have, `(0) = −1, and hence L∞(0) =

−1. Thus L∞(b) decays at least as fast as the solution of





y′(b) = − y2(b)
2 + y(b)

2

y(0) = −1,

The above differential equation can be solved analytically:

y(b) =
−1

2e−b/2 − 1
,

and the solution blows up at b = 2 log 2. Thus br
c < 2 log 2.

�

Proof of Lemma 8.1: Fix any b > 0, such that R∞(b) < ∞. Since L∞(·) and

R∞(·) have the same critical thresholds, we automatically have L∞(b) > −∞.

Consider the range set as a function of threshold b′ ≤ b on GR. Fix ε > 0. We

will estimate the mean of the following increment

∆(b, ε) = `(b + ε) − `(b).
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Let Big(x(b), τ(b)
)

be the position and the moment of the first arrival in the

superposition of the Poisson processes

⋃

x∈[`(b),0]

Πx,

of GR after time (threshold) b. It follows from the definition of x(b) and τ(b)

that

P (τ(b) < b + ε | `(b) = l) = −(l + 1)(ε + o(ε)), as ε → 0,

P (x(b) = x | `(b) = l) = −1
l+1 , x ∈ [l, 0],

(8.2)

Moreover, x(b) and τ(b) are conditionally independent given `(b). In the graphi-

cal representation GR, at the moment τ(b) we have the subavalanche
(
ξ̂(τ(b)), η(τ(b))

)
.

If τ(b) < b + ε we have

∆(b, ε) ≤ min
(
m(b) + x(b), `(b)

)
− `(b), (8.3)

where m(b) is the leftmost point of ξ̂(τ(b)), i.e.

m(b) = min
{

k : k ∈ ξ̂(τ(b))
}

.

Observe that the conditional distribution of m(b) given `(t) depends on `(b), but

only through the value of τ(b). Since any τ(b)-avalanche contains a b-avalanche,

we can couple m(b) with ˆ̀(b), a random variable independent of τ(b) and `(b),

and distributed as the leftmost point of a b-avalanche with origin at 0, and

therefore E(ˆ̀(b)) = L∞(b). So the r.h.s. of (8.3) is at most

min
(

ˆ̀(b) + x(b), `(b)
)
− `(b). (8.4)

The random variables ˆ̀(b) and `(b) have finite expectations, but we have no in-

formation about their second moments. To deal with this, we use the truncations

aM (b) = max
(
`(b),−M

)
,

âM (b) = max
(

ˆ̀(b),−M
)
, M ≥ 1.
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Since,

lim
M→∞

aM (b) = `(b),

lim
M→∞

âM (b) = ˆ̀(b),

we also have by Fatou’s lemma

lim
M→∞

E(aM (b)) = E(`(b)) = L∞(b),

lim
M→∞

E(âM (b)) = E(ˆ̀(b)) = L∞(b).

(8.5)

The expression in (8.4) is at most

≤
(

min
(
âM (b) + x(b), `(b)

)
− `(b)

)
1
{
x(b) ≤ `(b) − aM (b)

}
(8.6)

=

`(b)−max(aM (b),âM (b))∑

x=`(b)

(
âM (b) + x − `(b)

)
1
{
x(b) = x

}

=

−max(aM (b),âM (b))∑

j=0

(
j + âM (b)

)
1
{
x(b) = `(b) + j

}
.

Combining the above estimates with (8.3) and taking expectations on both sides,

we get

E(∆(b, ε)) ≤ E

(
1{τ(b) < b + ε}

−max(aM (b),âM (b))∑

j=0

(j + âM (b))1{x(b) = `(b) + j}

)

=
−1∑

l=−∞

E

(
1{τ(b) < b + ε}

−max(aM (b),âM (b))∑

j=0

(j + âM (b))

×1{x(b) = `(b) + j}

∣∣∣∣ `(b) = l

)
P (`(b) = l) .

(8.7)

Since τ(b) and x(b) are conditionally independent given `(b), and since âM (b)

and `(b) are independent, the r.h.s. is equal to

−1∑

l=−∞

P
(
τ(b) < b + ε

∣∣∣ `(b) = l
)

E
(−max(aM (b),âM (b))∑

j=0

(j + âM (b))
∣∣∣ `(b) = l

)

×P
(
x(b) = `(b) + j

∣∣∣ `(b) = l)
)

P (`(b) = l) .

(8.8)
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After substituting (8.2) in the above expression, we get

−1∑

l=−∞

E

(
(ε + o(ε))

−max(aM (b),âM (b))∑

j=0

(âM (b) + j)

∣∣∣∣ `(b) = l

)
P (`(b) = l)

= E

(−max(aM (b),âM (b))∑

j=0

(âM (b) + j)

)
(ε + o(ε))

= E
(
− âM (b)(âM (b)−1)

2 1{âM (b) > aM (b)}
)

(ε + o(ε))

+E
((

−(aM (b) − 1)âM (b) + aM (b)(aM (b)−1)
2

)
1{âM (b) ≤ aM (b)}

)
(ε + o(ε))

= E

((
− âM (b)(âM (b)−1)

2 + (aM (b) − 1)âM (b) − aM (b)(aM (b)−1)
2

)

×1{âM (b) > aM (b)}

)
(ε + o(ε))

+E
(
−(aM (b) − 1)âM (b) + aM (b)(aM (b)−1)

2

)
(ε + o(ε))

= E
((

− (âM (b)−aM (b))2

2 − âM (b)−aM (b))
2

)
1{âM (b) > aM (b)}

)
(ε + o(ε))

+
(
−E(aM (b))E(âM (b)) + E(âM (b)) + (E(aM (b)))2

2 − E(aM (b))
2

)
(ε + o(ε))

≤ E
((

− (âM (b)−aM (b))2

2

)
1{âM (b) > aM (b)}

)
(ε + o(ε))

+
(
−E(aM (b))E(âM (b)) + E(âM (b)) + (E(aM (b)))2

2 − E(aM (b))
2

)
(ε + o(ε)).

(8.9)

Since aM (b) and âM (b) are i.i.d., the difference aM (b)− âM (b) has a symmetric

distribution. Hence

E

((
aM (b) − âM (b)

)2

1{aM (b) > âM (b)}

)
=

1

2
E
(
aM (b) − âM (b)

)2

,
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and we can continue (8.9) as

=
(
−E (aM (b)−âM (b))2

4 − (EaM (b))2 + E aM (b)
2 + E (aM (b))2

2

)

=
(
− (EaM (b))2

2 + EaM (b)
2

)
(ε + o(ε)).

Substituting the above estimates in (8.7) results in

E
(
∆N (b, ε)

)
≤
(

−(EaM (b))2

2 + EaM (b)
2

)
(ε + o(ε)).

The lemma is now straightforward by (8.5).

�
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