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Summary . In this paper we are interested in consistent estimators for (functions of the) pa-
rameters in supercritical Galton-Watson branching processes, when we only have partial ob-
servations.

If the full generation sizes are observed, it is known that one can only estimate two moments
of the offspring distribution consistently on the explosion set of the Galton-Watson process. In
our context we observe a random subset of each generation, in such a way that each element
is observed with unknown probability 4, independently of each other. The offspring distribution
of an observed element changes upon being observed. This idea has an interpretation and
application in epidemiology, where the start of a simple epidemic can be described by a Galton-
Watson process, and where the only observations are those individuals that are recognized as
being infected, and which subsequently produce no further offspring, or produce a reduced
offspring in the time interval of detection.

We prove that under certain conditions, we can estimate the mean of the offspring distribution
of an individual and some other function which can be interpreted as a second moment when
we ignore dependencies.

Somewhat surprisingly, if our observations do have further offspring, we are able to estimate a
third function of the parameters consistently. This often enables us to estimate ;. consistently.
We also discuss rates of convergence of the various estimators.

We apply the estimators to data of real epidemics and computer simulations, and find that we
can estimate the first moment of the offspring distribution very well, while the estimator for the
second and third function of the parameters converges very slowly. The conclusion is that what
is theoretically possible, is not always practically feasible.

1. Introduction

It is known that it is impossible to consistently estimate more than two moments of the
offspring-distribution in a supercritical Galton-Watson process if only the generation sizes
X, of the process are observed, (Theorem 1.3 of Guttorp it et al. (1991)). However, it is
not a-priori clear what one can estimate consistently in a Galton-Watson process if only a
random subset of each generation is observed, and the observation of an element (possibly)
changes its offspring distribution.

For X,,, the generation sizes and pu,, a known sequence, converging to u, Jacob it et
al. (1998) have shown that if the observations are binomially distributed with parameters
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X, and pu, and the offspring distribution has a finite fourth moment, it is also possible to
estimate the first two moments of the offspring distribution consistently on the explosion
set (i.e. the set where lim,, . X, = 00). Here the observed individuals may produce off-
spring, but the offspring of these individuals is distributed like the offspring of L unobserved
individuals, where L is a non-negative integer.

Our set-up differs in two aspects from Jacob it et al. (1998). First, we are interested in
the case where u,, = p is constant but unknown. Furthermore, we assume that the offspring
distribution of unobserved and observed individuals have a finite fourth moment, but no
further assumptions are made about the offspring distributions. Our methods are also quite
different; our martingales are based on observable quantities. Besides proving some results
analogous to Jacob it et al. (1998), we also show that u, unknown in our case, can under
certain circumstances be estimated consistently.

The kind of partial observations we are dealing with is especially interesting for esti-
mation in epidemics of infectious diseases. If the number of susceptible individuals (where
an individual may also refer to a herd instead of an individual animal) is very large, we
may describe the start of an idealized epidemic by a Galton-Watson process, where discrete
points in time index the generations (see e.g. Andersson it et al. (2000) or Trapman it et
al. (2004)). As soon as an infectious disease is observed in an individual, it stops being
infective because of isolation (in the case of human infections) or culling (in the case of
very contagious animal diseases like classical swine fever, foot and mouth disease or avian
influenza). So in the time interval of detection, the individual was only infectious during
a fraction of the interval length which implies that observed individuals have reduced off-
spring. In this epidemiological setting, an individual that is infectious but not detected in
a certain generation, will still be infectious in the next one, so a surviving individual will
cause at least one infective individual in the next generation, namely itself. Our task is to
estimate parameters of the offspring distribution using only this partial information. This
interpretation should be compared to the work in Becker it et al. (1997). In that paper,
estimation takes place under the assumption that one also observes, in addition to individ-
uals without further offspring, the total number of infectious individuals at the beginning,
and at the end of the observation period.

Our main interest is in estimating the offspring mean and the parameter u, because
those parameters are extremely important for decisions about measures to be taken to stop
an epidemic. We are able to estimate the offspring mean very efficiently. On the explosion
set, we are (under certain conditions) able to consistently estimate two other functions of
1 and the parameters of the offspring distribution. These three estimators will lead to a
system of three equations. For many models we also have three unknowns, namely the
offspring mean, the offspring variance and p. In principle, we can therefore often estimate
these parameters.

In the next section we set things up formally. In Section 3 we introduce two consistent
estimators for the offspring mean, and in Section 4 we estimate a second function of the
parameters. This function can be interpreted as a second moment, as we will explain. In
Section 5 we give the estimator for a third function of parameters. Finally, we apply our
results to simulated data, as well as to real data from the 1997 epidemic of classical swine
fever in The Netherlands. It turns out that what is theoretically possible, is not always
practically feasible due to extreme slow convergence of estimators.
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2. Formal set-up

Throughout, (X,,) represents the generation sizes of a supercritical Galton-Watson branch-
ing process. We interpret this branching process as the number of infected individuals at
the discrete time instants n, n = 0,1,2,.... The X,, are not observable. Between time n
and n + 1, a certain (random) number of the infected individuals is detected; we assume
that each infected individual is detected with probability p during this time interval, in-
dependently of each other. The parameter p is unknown. The number of such detected
individuals between time n and time n + 1 is denoted by Z,,41, and this random quantity
is observable. So, given X,,, Z,+1 has a binomial distribution with parameters X, and
. The Z-individuals produce no further offspring, but the X-individual producing the
Z-individual may produce offspring in the interval it is detected (and so produce some new
X-individuals and precisely one Z-individual). Each infected individual at time n leads to
at most one Z-individual at the next time n 4 1, and to a random number of X-individuals
at time n + 1. If we assume that an infectious individual can only be removed from the
process by being detected, the offspring of an undetected X-individual consists of at least
one element, namely itself.

We denote by m the expected number of X-offspring of an infected individual at time
n, given that it is not detected between time n and time n+1. Similarly, m_ is the expected
number of X-offspring of an infected individual given that it is detected. The corresponding
variances are denoted by ai and o2 respectively. In formulas, this reads as follows:

my = E(XllX() = 1,Z1 = ),
m_ = E(Xi1|Xo=1,7Z1=1),
0'_2,'_ = ]E((Xl — (m+))2|X0 = 1, Zl = O)7
03 ]E((Xl — (m_))2|Xo = 1,Z1 = ].)

Finally, we write m for the unconditional expected number of X-individuals of an infected
individual:

m=E(X1|Xo=1)=(1—-p)my +pum_.

Similarly, the unconditional variance is denoted by 2. We have from Lemma, 2.1 of Guttorp
it et al. (1991) that for a random variable Y, an event F' and F¢ the complement of F,

Var(Y) = PF)Var(Y|F)+PF)Var(Y|F®) +
HEY|F) = E(Y[F))*P(F)P(F).

Applying this with F' = {Z; = 0} yields

o = Var(X1|Xo = 1) = (1 = p)o? + po? + (my —m-)?u(1l — p).

Define A := {W > 0}, where W is defined as lim,,_, ffl" Assuming a finite offspring
variance, we have that A differs by a null set from the explosion set {lim, . X, > 0}
(Theorem 1.1 of Guttorp it et al. (1991)). Because A is a tail-event, conditioning on this
event is strictly speaking not proper for estimation purposes, but analyzing the behavior
of the process on the set A seems necessary, for only on this set we obtain infinitely many

observations.
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3. Estimating the offspring mean m

In this section we discuss two consistent estimators for m. Perhaps the first estimator that
comes to mind is
Zn+1

Zn

and our first result states that this estimator is indeed consistent on the explosion set A.

My, =

THEOREM 3.1. We have that
My — M a.s. on A.

Proof: The proof is based on a simple martingale argument. Let

n

Ziq1+1
M, = —_—
1}) uX;+1

Note that this is a (positive) martingale with respect to F,, the o-algebra generated by
{Zi+1,X:;0 < i < n}. Since sup,, E(M,,) < 1, the martingale convergence theorem implies
that M, converges almost surely to an almost surely finite random variable M.

We also need to show that M is strictly positive on A. To do this, we define

_ (X +1
M, = 7/1( + )
Py Ziy1+1
Elementary computations yield
k kY, i —1
E[z4lXo =] = Yo s (0 — "
_ k+1Y i k—i
- k+1 Zz 0 H(z+1)/‘k+1(1 — 1) (1)
= ,L(kﬂ)(l (1 =™
<

so M, is a supermartingale with respect to F,,. By the martingale convergence theorem we
know that M,, converges almost surely to an almost surely finite random variable M. Now

write
w(X; +1) - ( 1—p )
M, M, = 1——).
g) uX; +1 g) uX; +1
The X;’s almost surely grow exponentionally on A, so

oo

L—p
— <
;MXi-&-l >

almost surely on A, which implies that

A 1 (R ®

almost surely on A. Because M is almost surely finite, (2) is only possible if M is almost
surely positive on A.
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Now since % — m a.s. on A (Theorem 2.1 of Guttorp it et al. (1991)), we have that

Xnt1+p™?t

X, - — mas. on A So we have

Zn+1+1:m MXTL+1 —m a.s.on A
Zn+1  MeipX, 41 o
2

because from 0 < M < oo a.s. on A, it follows that

M, M
- — =1, a.s. on A.
M, M
On A, Z, will almost surely tend to infinity, so Zgﬂﬁl will have the same limit as Zg“ ,
proving the theorem. O

Clearly, m,, does not use all the available information. To this end, we introduce another
estimator, namely

+1

- Z?:Q Zi
n == —=-
Zi:l Zi

We now prove that m,, also is a consistent estimator for m:

THEOREM 3.2. On the explosion set A we have a.s., as n — 00,
My, — M.
To prove this theorem, we start with a lemma from Hall it et al. (1980).

LEMMA 3.3. Let (S, = > &, Fn,n > 1) be a martingale and let (U,,n > 1) be a
nondecreasing sequence of positive random variables such that U, is F,_1-measurable. Then
U;lsn — 0 a.s. on the set

o0
{lim Un =00,y U’E(§|Fi-1) < oo} .
i=1
COROLLARY 3.4. On the explosion set A we have a.s. as n — o0,
Z?:l Zi N
n—1
Zi:o Xi

This corollary is intuitively obvious because the denominator is the total number of individ-
uals in the first n generations (including generation 0), while the numerator is the number
of observed individuals in these generations. Here is a formal proof.

Proof of Corollary 3.4: Write

i1 Zi Y (Zi — pXioa) oy
E;L—:ol Xi Z?:_()l Xi
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We define U,, = Z?;OI Xi, & = Z; — pX;—y and S, = Y., &. Note that U, is F,_1-
measurable, where F,,_; is the o-algebra generated by Xo, X1,...,Xn_1,21,...,2p_1.
Furthermore,

— — E((Zi — pXi-1)?|Fi1)
Ui 2E §z2 ﬁ— = —
L UTEE ) = ) (1= X))?

This last sum is almost surely finite on A, because X; is strictly positive and almost surely
grows exponentially in i. So the set {limU,, = oo, > o0, U; *E(£2|F;_1) < oo} contains A
up to a set of measure zero. Now we may apply Lemma 3.3 and conclude that

Z?:l Zi
Z?:_ol Xi

as n — 00. O
F)

Proof of Theorem 3.2: From Theorem 2.1 of Guttorp it et al. (1991) we have P:ill—); —
o Xi

- 04+p=pn a.s. on A.

i

m a.s. on A. We apply Corollary 3.4, giving

1 n+1 .
n+ BPi=2 7 n
Z’L:Q Zi L e X 21:1 X wo . A
= = P& = — —m =m, a.s. on A.
Z Z; im1 Zi n 1X
i=1 Zi =LY Xio M

O
We are also interested in the rate of convergence of m,,. This rate follows from the next
theorem.

THEOREM 3.5. The random variables
(> 7)) (i —m)
i=1

converge in distribution to a sum of three normal random wvariables with zero mean and
finite variance.

1
This theorem implies that (7, — m) converges with a rate of order (Z?:l Zi) ’
We use a part of Theorem 2.3 of Guttorp it et al. (1991) as a lemma to prove Theorem

3.5.

LEMMA 3.6. Assume that m > 1 and let Y be a standard normal random wvariable,
independent of (X, ). For any x we have

P[5 (5 (Fot ) <o) <m0 )
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In the same way one can prove that

IED[\/M(;__M)(2_;)(_1)(ZZ_I—E(Z_1 —u) < zX, > 0] = PY < ).

N|=

Proof of Theorem 3.5: First we rewrite (ZZ 1 Z) (M, —m) as

Yo (Zigr —mZ;)

),
= (z?lzl Zi) 2[2?:1(21‘-5-1 pXi) + > (X —mXi_q)
(

—my i (Zi - MXi—l)}
p

We already know that on A, P% converges a.s. to the constant p and Pilxxl
=1 =1 %

converges a.s. to the constant m. Now the second term on the righthand side of (3) can be
rewritten as

P, 1
M(PT) (Zl X)) izy;(xi_mxiﬂ)
() () (B )

From Lemma 3.6 we see that the second term converges in distribution to a normal distri-
bution with zero mean and finite variance. We can treat the other terms on the righthand
side in the same way, which proves the theorem. O

4. Estimating a second function of the parameters

Next we want to find a consistent estimator for another function of o2, ;1 and m. We first
do this for the special case where m_ = 02 = 0. After that we treat the general case, and
finally we interpret the function of the parameters that we can estimate.

4.1. Thecasem_ =02 =0
We will prove the following result, yielding a consistent (in probability) estimator of (1 —
wym + po? + pm? + m2.

THEOREM 4.1. As n — oo, we have

2
,ZZ—i—l ( Z+11—~n> — (1 — p)m + po?® + pm? +m?

in probability on A.

This subsection is devoted to a proof of this result. We first compute E {(Zl +1) ( leil _

To do this, we remember (1):

o
7u(k+1)

E[ X = (1= (1= ), (4)

Z1+1

m)2|X0:k].
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and note that elementary computations yield

]E[XZ +1 |X0_k}

I
[e=]
ST
+1
=] -,
7N
S
~__
t@
—
|
=
T

(Xo—Z)(Xo—Z1—1) o 1 s=k—)(k—i—1)(k\ , _
E[*= me1 |X°_k} - ; i1 (i)“(l_“)k
k
_ (1—#)216 k—1 i+1 k—i—2
B = I <i—|—1> (1 )
- R a-wey

Now we can compute the desired expectation:

[Zl—kl 1—m>2|X0:k}
(

E[(Z1+1)" (Zz —m(Zy + 1)) Xo = k]
E[(Z1 +1)"'([Z2 — pXa] + [uX1 — m(Z1 + 1)])?| Xo = K]

= E[(z1 + ) (ZQ — 1 X1)*|Xo = K]+ E[(Z1 + 1) (pX1 —m(Z1 +1))%| X = K]

~ E[¥ 121 LS X = k] + B2+ )7 (u(Xy = mi (Xo = 20)%[Xo = K
+E[(Z1 + 1) (pmy (Xo = Z1) = m(Z1 +1))*Xo = K]
1((1 = pymy + po ) (Xo — Z1)
Z1+1
FE((Z) + 1)y (Xo — Z0))2|Xo = K
+E[m2(Z; + 1) = 2umm, (X — Z1)| X0 = k]
= (L=p)(m+pot +pmy)*) (1= (1 —-p)")
FE[(Z1 + 1) (12 (my)}(Xo — Z1)(Xo — Z1 — 1)| Xo = k] +m® — pm®k

[T H

- IE[ 1Xo = k

= 1—p)m+ po? —
(1 =p) - T

= ((1- u)mﬂw +pm?) (1= (1= p)*) +m?(1 = kp(1 — )™
= ((1=pm+ po® + pm®)P(Z1 # 0| Xo = k) + m*P(Z1 # 1|Xo = k).

m? + ) (1= (1= )+ m? — k(1 — )~

With this expression in our hand, we can identify a suitable martingale. We denote by

F, the o-algebra generated by {Z;;1 <i < 2n}.
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LEMMA 4.2.

Zo 2
(Z 1) J
g< ot (ZQJ 1+1 m)

— [((1 — wym + po® + pm )]]{22_7_1>0} + mQ]]{sz_l#l}D
s a martingale with respect to F,,.

Proof: It is clear that M, is measurable with respect to F,,. Let &,41 := My, 11 — M, be
the increments and note that E(&,+1|Xan, Frn) = E(&nt1|Xan) = 0, where the last equality
follows from the previous computation. Hence,

THEOREM 4.3. We have, as n — o0, a.s. on A,
2
*Z Zojr+1) (=2 —m) (1= pym+ po® + pm? +m?.
Z2g 1 + 1

Furthermore, writing

we have a.s. on A,

Sp(m) — (1 — p)ym + po® 4+ pm? + m?>.

3=

Proof: From Lemma 4.2 we have that M, is a martingale with respect to F,,, with incre-
ments,

f' o (Z ) + 1) sz o 2
o S Zaj—1+1
— [((1 = w)ym + po® + #mz)]l[zzj,po} + m21]{zgj,1;ﬁ1}] .

Now we apply Lemma 3.3 with the given {; and U,, = n. On the set A, we have U,, — oo.
To show that 52, U; *E(£2|Fi—1) < oo on A, we claim that there exists a constant C' < oo
such that

Var

Z ?
Zi+1 — Xo=k
@+ 1) (g - m) Xo=#| <C.

uniformly in k. The computation that justifies this claim is tedious, elementary and lengthy,
and is omitted. (The computations can be obtained from the authors on request.) Now we
have

E(&}|Fi-1)

2
VCLT’ |:(Z27;1 + ]_) <Z21Z721i+1 — m) |.7:7,1:|

]E(Var |:(Zgl 1+1) ( T - m>2 |X2(i1):| |.7-'i_1) < C,
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and we conclude that

— 0.

My,
n

e LN — 150 £
Now write M, = 5 > %, &, where

= 2241 2
§j = (Z25 +1) (Z;_T_l - m) — (1= wym + po® + pm* My 7, ~oy + mlz,, 21y]

are the martingale increments. Define F; as the o-algebra generated by {Z1,..., Z2j41}-
Now with the same arguments as for the a.s. convergence of %Mn we may prove that
%Mn — 0 a.s. on A. Finally note that

2n 2
1 Zit1
om Z(ZZ +1) (Z‘ +1 B m> - [(1 — p)m+ NO—Q + /Lmz]]l{zzj—1>0} - mz]]{zw'—l#l}
i=1 v
is equal to
1 _
o Mn Mn b
and the second result of the theorem follows. O

Remark: Observe that > (Z;+1)( Zrl —m)?—[(1—p)m+po®+pm 7,0y +ml 7,41]
is not a martingale itself, so we can not use Lemma 3.3 directly.

Because we do not know m, we cannot use Sn(m) for estimation purposes, and we also need
to analyse the behavior of S,,(m,,). Some algebra yields

(8ulm) = Bulin)) = (= 00)> D 24+ (0 — 2, (5)

n

S|

From Theorem 3.5 we know that the square root of (m —m,)? Y " | Z; is the sum of
three random variables, each converging in distribution to a normally distributed random
variable with finite variance. So the square root of the first term on the right hand side
converges in distribution to 0. Because 0 is a constant, the convergence also is in probability.
If A,, — 0 in probability, then A2 — 0 in probability, so = (m —m,)? " | Z; converges in
probability to 0 on A. Together with Theorem 4.3 this proves Theorem 4.1.

4.2. The general case

Until now we considered the situation where the observed individuals have no further off-
spring. We now allow observed individuals to have some X-offspring in the generation after
the observation. So in terms of epidemics, in this section we allow detected individuals to
infect other individuals during the interval of detection. We assume that the fourth moment
of the offspring distributions are finite. Our main result in this more general case reads as
follows.



Estimation in branching processes with restricted observations 11

THEOREM 4.4. As n — 0o, we have

n n+1 2
1 Zit1 Yite Zj
= Zi+1 = 1— 2 2 2_29 _
ngl( + )<Zi+1 ST 7, — (1= p)m+ po® + pm” +m* — 2umm_,

in probability on A.

This gives us a consistent estimator (in probability) of (1— p)m+puo?+pum? +m? —2umm _
on the explosion set A.
To prove this result, one can compute that (again we omit the lengthy details)

2
E|((Z 1 — —
[( 1t )<Zl+1 m)
[(1 = wym + po? + pm?llg 7, 50y — MMz, 13 + 2pm(m gz, 513 Xo = k}
plpo? + (1= p)(m-)] p*(m-)?
+ E{ Z 1 iz, >0} — ﬁ(ﬂ{zlx} —lyz,—1y)|Xo = k} =0.

This leads to the following lemma, which can be proved as Lemma 4.2:

LEMMA 4.5. Let F,, be the o-algebra generated by {Z;;1 < i < 2n}. Then

n

Zs;j 2
M, = [Z D (2E ) -
= (Zas-s )(Z2j—1+1 m)

J
(1= p)ym + po” + pm® iz, sop — Mz, 21y
plpo? + (1 — p)(m_)]
2 _ ) )
+2pm(m Nz, >1y + A Iz, 1 >0}

2
p*(m-)
_ m(ﬂ{Z2J’—1>l} _]]{sz—1:1})}

is a martingale with respect to F,,.

Using this lemma we now prove

THEOREM 4.6. As n — 0o, we have a.s. on A,

7 2
*ZZQJ 1+1( 2 m) — (1= p)m + po? + pm? + m? — 2umm_.

we have a.s. on A,

S, (m) — (1 — p)ym + po? + pm? +m? — 2pumm_.

S|
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Proof: Again we use the same proof as for the special case of the previous section. The
only extra thing to prove is that there exists a C' < oo such that

Zy 2
1% Zi+1 — X, =
ar(1—|—)<Zl+1 m>| 0=k| <C,
for all k. This is equivalent to proving that
E|(Z +1)2( L )4|X k|l <C (6)
-m =
! Zi+1 0 !

for some C7 < oo and all k. Z5 consists of, say, Z; individuals that are stemming from
individuals not detected in generation 1 and Z; individuals stemming from individuals
detected in generation 1. Now we can write (6) as

Z5+Zy

E {(Zlﬂ)?( P

4
—(1=pymy — um_> | Xo = k} < (.
Minkowski’s inequality yields

+ - 4
E |:(Zl +1)? (ZQZI%Zf - (1= pmy — /Jmf) | Xo = k’}

n 4
< 16E {(Z1 +1)? (Z?H —(1- u)m_,_) X, = k]

2 ( 4y 4
+16E [(Z1 +1) (leﬂ - um,) X, = k] .

Note that the first expression at the righthand side is exactly the expression we used in
Section 4.1, so we only have to analyse the second expression. We write this as

(Zyg —um_Zy — um_)
(Z1+1)?

16E[ 4|XO - k]

Now (Z5 —pum_Zy) is the sum of Z; i.i.d. random variables. Because the fourth moment of
the binomial distribution is finite and because we have assumed that the offspring distribu-
tion of observed individuals has a finite fourth moment, we have by a simple computation
that

E[(Zy — pm_21)*Z1] < Co 23,

for some constant C; < co. In a similar way we have
E[(Zy — um_71)% 2] < C374,

and
E [(Zy — pm_Z1)?Z1] < CuZy,

for some C3 < oo and C4 < oo. Hence

(Zy —pm-Zy — pm_)* Cs(Z + 71 +1)
E Xo=k| < <C
(Z1 +1)2 %o (Z,+1)2 = 7°
for some Cy < oo, which proves our theorem. O

The argument can now be finished exactly as in the previous section.
It seems rather difficult to establish the rate of convergence for the estimator of the
second function of parameters, but the following theorem gives a bound for this rate.
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THEOREM 4.7. Define v := (1 — p)m + po? + um? +m? — 2umm_. Then for all § > 0
we have

1 1~
=0 = T — —
n (nS"(m") 'y> 0,

in probability on A.

Proof: From Corollary 3.1 in Hall it et al. (1980) it follows that if {Sp;, Fn:, 1 < i < n}
is a square integrable martingale array with differences X,,; := Sp; — Spi—1 (where Sy is
defined as 0) and such that

> E(X72,|Fni1) -0 in probability,

=1

and F,; C Fpy1,i for 1 <i <mn, then S,, =Y i~ X, — 0 in probability.

We use this with S, = n~(2+9) M,,, where M; is as in Lemma 4.5, and X,,; = n~G+9T;,
where T; are the summands of M,,. We define F,, ;,1 < i < n, as the o-algebra generated
by {Z;;1 < i< 2n}, so Fpni € Fpg1, holds for 1 < i < n. We have already shown that
E(T?) < C for some C, uniformly in 4, hence

ZE(Xian,i—l) <n~ 20 0 in probability,
i=1

0 n’(%j‘s)Mn — 0 in probability. We can prove in the same way that n’(%Jr‘s)J\Zl}l — 0,
where M, is as in the proof of Theorem 4.3. Now by the definitions of M,, and M, we
may see that on the explosion set A,

n
Sn(m) —7) = =GN, +n~GHONL, 10~ GHIN" f(7,),

=1

Nl

,5(

n

S|

where f(z) = O(%). Since % — g as. on A and 2 converges almost surely to a finite
random variable, we know that an almost surely converges to an almost surely finite and
positive random variable, W say. Now we use the Toeplitz Lemma (Lemma 1.2 in Guttorp

it et al. (1991)) to see that
if(ZZ) < imﬂ' C’i < 00,
i=1 i=1 w
1

for some C. So n%*‘;(ggn (m) —«) — 0 in probability on the explosion set A.
By using the rate of convergence of 1, equation (5) and the arguments following that

equation we see that for all §; > 0, n%lSn(m) - n%lSn (M) — 0 in probability on A, and
now with §; = % + ¢ the theorem follows. O

4.3. Interpretation of ~
The expression
v =(1—p)m + po?® 4+ pm? + m? — 2umm_
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which appeared as the limit in the previous subsection, turns out to have a somewhat
surprising interpretation: it appears as a second moment if we treat our Z-observations as
a Galton-Watson process itself. To explain what we mean by this, we compute P(X, =
1|Zy = k), when the a-priori distribution of Xy is uniform on the integers between k and
N, where N >> k. After this we let N tend to infinity.

P(Z, = k| Xo = 1)P(Xo =1) P(Zy =k|Xo=1)

P(Xo=1|Z1 =k) = . — = —.
SN P(Z =k Xg = D)P(Xo=10) YN P(Zy = k| Xo = i)

First we compute the denominator for N — oo

N o) .
: _ N YN ke Ni—k
nganP(Zl—mXo—z) =, (k>u (1—p)
i=k i=k
1 (k+j A
= (M,
[ r S

The summands are exactly the probabilities of a negative binomial distribution, with param-
eters k+1 and 1, so Y77 (kjﬂ )t (1= p)? = 1. Therefore we know that the denominator
converges to pu~ L.

With some abuse of notation, we write a superscript * when we discuss probabilities

and accompanying expectations after taking the limit for NV — oo. This leads to

l
P (o= 120= ) = ) )it =

Now it is easy to compute that

k41
E*(Xo|Z1 = k) — %71

Var (Xo|Z = k) = “_“ZLW

Now we may compute E*(Z3|Zy = k) and Var*(Z3|Z, = k) by

)

= wmiEY(Xo—Z1|Z1 = k) + pm_k
k+1
= By = pmy — p(my —m-)k

(1—pmy(k+1)+pm_k
= (1 - ,u)m+ + mkv
Var*(Zo|Z, = k) = 1E[(Z2 — (1 - pwmy — mkz)2|Zl = K]

= B - X+ (50— (1 pme - mk) |20 = 4
= p(l = p)mi B (Xo = Z1|Zy = k) + p(1 — p)ym—k
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+uP ot B (Xo — Z1|Z1 = k) + pPo?k
AE* ([ (Xo — Z1) + pm—Zy — (1 = pymy — mk*| 21 = k)
= (I=—pwmy(k+1—-p)— u(l —p)(my —m_)k
+uod (k+1—p)+p* (02 — o)k
N k+1
+u?(my)’E ([XO—T—I] %1 = k)
= (1 —pmk+1) = (1 - pum_ + po’k
(1 = p)(my —m-)’k + p(o® — po? — p(l — p)(my —m-)?)

2 o (1= w)(k+1)
Fap e

= [ = pwm+ po® + 1+ pym® — 2pmm_k
+(1 = p)ym — (1 = p)pm_ + p(o® — po” — %(m —m_)?)
(m — pm-)*
(1—n)
= [(1—pwm+po®+ (1 + p)m? — 2umm_](k + 1)
—(1 = p)pm_ — po?.

We see that E*(Z3]Z; = k) = mk + O(1) for k — oo and Var*(Z2|Z1 = k) = vk + O(1) for
k — oo. In this sense, we again estimate a first and second moment, just as in the classical
case where the full generation sizes are observed.

+

5. Estimating a third function of parameters

From Theorem 1.3 of Guttorp it et al. (1991) we know that we cannot estimate more than
two functions of the parameters consistently if only the generation sizes are observed. How-
ever, in our context we can under certain conditions estimate a third function of parameters,
as we will now show.

We have already shown that for k& — oo

Za
E(Zl X, = k) — m,
E((Z v (22 2|X :k:) =
! Z1+1 0 t
We next compute E[(Z; + 1)(ZIZj’_1 —-m?)?| Xy = k:
E[(Z1 + 1)( z ) | Xo = k]

= El(z1+ [ (% *‘X:*) 2 Xy 2+m2(;§11—m)2}\xo:k]
= u(1 = WmE( X1 Xo = k) + 120°E (241 X0 = k)

+m?E((Z1 4+ 1) (7 = m)2IXo = k) = m2u(1 — B 41 X0 = k)
= (1= pym+ po® fm<1f i)E( 721X = k)

+m?E((Z1 +1)(Z 21X = k).
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Now note that on A,

E[(Zy + 1) (555 —m®)*[Xo = K]

= (1= pym+ po® = m2(1 — p)E( 2| Xo = k)
+m?E((Z1 + 1) (21 — m)*|Xo = k)

— (v —=2m? 4+ 2umm_)m +m?3y

= (Mm% +m)y—2(1 — p)ym?my,

where the convergence is almost surely. We define

Yo 1= (m? +m)y = 2(1 — pym>my,

and

We can use the same martingale argument as used for the proof of Theorem 4.4 to prove
the following result.

THEOREM 5.1. The quantity

n +1 1 1 2
1 22;2 Zak 25:2 Zj ‘ Zit1 Zyig Z; 1
n= Zj:l Z; Ej:l Z; Zi+1 Zj:l Z; n

converges (on A) in probability to 2(1 — p)m?m,.. Hence,

1
Zg* .
- n(m) —

in probability on A.

In order to obtain an observable quantity (m is not), we need to bound (S (i) —
Sp(m)):
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= Lz (fs o) - T 1<z+1>( 2 ()2
= T [(Z 4 Dt~ (m)*) — 2Zisalm® — ()]
= S0 [ Zilm = (7)) = 2 a0m Zi[m? < )]}

tn(m' — (mn)") + 2(Z2 — Mn121)[m? — ()7
= 2(Zy — i1 Z1)[m® — (mn)Q]
F(m? = (7)) + (m? = (7)) (1, Z)
_Q(mn-&-l - mn)mn [mZ - (mn) ] E
= n(m' = (7)) +2(Z2 — Mps1 Z1)[m n)’]
(4 )2 (m = 1) (S0 )
—|—2(m + 1 ) (Zi:l ZZ) {(m — Mpg1)(m — 1) — (M — 1m,)?
= n(m? = (1in)* ) +2(Z = tin121)[m? = ()7
(4 1) (m = 1i)* (S0, Z)
2+ i i (m — 1 1) (m = ) (S0 2 )
n(m* — (Mn)*) + 2(Zz — Mpi1Z1)[m? — (1))
(4 i) (m = 1) (2 Z)

2

)
—(m

IN

+(m + 17 ) [(m — pg1)? + (m — my,)? i=
= n(m* = (Mn)*) + 2(Zs — Mn1Z1)[m? — (1, )2]
Fm(m + i) (m = 1) (7 Z)

S (m ) (M — g )? ((Z?j Zi> - mnzl).

Now % and % converge almost surely to 0. We can use the same arguments as used in
Section 4 for the proof of convergence of X (S, (17,,) — Sy (m)) to see that L (S7 (1m,,) — S;;(m))
converges to zero in probability.

Note that 2(1 — p)m?m. is not necessary in the plain spanned by m and v, so we are
able to estimate a third parameter.

Remark: If m_ = 0 we are unable to estimate the third parameter this way. However,
if we look at the case where we observe a binomial distributed number of individuals from
each generation, but observations do not influence the offspring distribution (that is, my =
m_ =m and 0% = 02 = ¢?), we have an estimator for (1 — )m* and because we have an
estimator for m that converges a.s., we are in theory able to estimate p consistently.

As far as rates are concerned, we can prove in exactly the same way as Theorem 4.7
that

THEOREM 5.2. For all 6 >0

in probability on A.
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Summerising the results of the previous sections, we have given three consistent estima-
tors for three functions of the parameters:

My — M, a.s. on A,
%Sn(mn) — vy =(1—p)m+ po?+ pm? +m? — 2umm_, in probability on A,
LSr () — 7= (m*+m)y —2m3 + 2um®m_, in probability on A,
where

n+1
~ Zi:-; Zz
Ei:l Zi
n 7. L 2
~n = Zi 1 Bt S
Sum) = S (2 m)
n 7. ) 2
Gk _ ) 22
Sr(im) = ;(Zz—i—l) (ZiJrl m) .

i=1

In principle, this gives three equations with four unknowns, namely m, yt, 02 and m_.
If we have further information, or make further assumptions about the relation between
m and m_, then we can estimate all parameters consistently, in theory at least. This is
illustrated with a concrete example in the next section.

6. Analyzing a concrete offspring distribution

6.1. Definition of the model
In this section, we consider a concrete example from epidemic theory. We analyze the
discrete approximation of the standard SIR epidemic (see e.g. Diekmann it et al. (2000)),
where we take the number of susceptible individuals to be infinite.

We assume that if an infective individual is not detected in a certain interval, the number
of new infections by this infective individual is Poisson distributed with parameter A. Since
an individual that is not detected remains infective itself, this leads to

m_,_ = )\ + ].,

ai = A\

We need to make a choice for what happens during the interval that an individual is detected.
In order to keep the model rather general we assume that the detected individual was
infective during a (known) fraction ¢ of the detection interval. It then follows that

m_ = QA
o> = ¢

and hence
mo= (1= @A +1)+6An,

[ V)

o? = (I=wA+oAu+p(l—p)((1— @A+ 1)
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Remark: If we assume that the detection time is uniformly distributed over the interval
of detection, m_ will be % The variance of the offspring in the interval of detection will be

slightly larger than % because the randomness of the detection time will cause some extra

. . 2
variance. In fact the variance would be % + %

We are particulary interested in estimating m, which describes the mean growth of the
number of infectious individuals, and p, because that parameter is needed to estimate the
number of infectious individuals at a certain time, which is very important in order to make
decisions about measures to stop the epidemic.

In the context of the present example, the results summarised at the end of the previous
section give

oy = (L= p) (A1) + dAp a.s. on A,
L8u(mn) — (1=wA+ (1 —p)?+ (1 —p)(A+1)%+¢Au  in probability on A, (7)
LSr(my) — (m*4+m)y+2m?(1—p)(A+1) in probability on A.

For ease of notation, we did not expand the last quantity at the right-hand side. In (7) we
have, after substituting the estimates for m, v and ~,, three equations with two unknowns,
A and p. At this point, it seems that the third equation doesn’t help us very much. There
are several ways to proceed now.

First of all, we can ignore the third equation and solve the other two for A and pu.
However, it turns out that %S‘n(mn) converges very slow, and we need a huge number of
generations to obtain reliable estimates (see the next subsection).

But there is a way to use the information contained in the third equation in a meaningful
way. To this end, we reparametrise the epidemic process by using m and p instead of A
and pu. The parameter m is estimated by 7, while we may use the combination (1 +
m;l)%s‘n(mn) - fn;2%§;§(7ﬁn) to estimate 2(1 —p)(A+1). Since m = (1 —p)(A+1) +pAp
we may write:
m+ ou

(L—p) +op’

so again we have a system of two equations with two unknowns. From simulation results it
turns out that we can give reasonable estimates for p much faster than in the case where
we use only the estimators for m and  (see the next subsection), but for practical purposes
our new estimators for u still converges too slow.

A+1=

6.2. Simulation results

We used our analysis on simulated branching processes. For the simulations we use Mathematica.
For small generation sizes (X,, < 1000) we used a Binomial(X,,_1, u) distribution for Z,
and if Y (z) ~ Poisson(z),

Xn - Xn—l - Zn + Y()\(Xn—l - (1 - ¢)Zn))

For large X,,_; it is very time consuming to simulate with binomial and Poisson distribu-
tions. To deal with this we use the (integer parts of the) normal approximations for the
distributions of Z, and X,,. So Z, has approximately a normal distribution with mean
uX,—1 and variance (1 — p)uX,—1, while X,, — X,,_1 + Z,, has approximately a normal
distribution with mean and variance \(X,,—1 — (1 — ¢)Z,).
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Table 1. Point estimates and 95% quantile intervals for the case where qS =0.5

mo| K Ma2s Y 5= Sa5 (2s5) Y 5= 555 (26

1.1 ] 0.1 1.12(1.00—1.50) | 2.33 1.46 (0.914 — 2.60) | 2.74 1.89 (0.923 — 5.34)
0.4 1.11(1.00—1.21) | 244 218 (1.13—4.15) | 3.29 3.00 (141 — 5.95)
0.5 111 (1.01—1.21) | 247 215 (1.03—4.29) | 3.53 3.15 (1.43 — 5.55)
0.6 1.11 (1.02—1.20) | 2.46 2.25 (1.04 —4.44) 3.75 3.50 (1.49 —6.71)
09 1.10 (1.01—1.18) | 1.80 1.69 (0.817 — 3.31) | 3.49 3.10 (1.31 — 6.18)

1.5 | 0.1 150 (1.47 — 1.52) | 3.81 3.23 (1.78 — 5.43) | 7.66  6.54 (3.90 — 12.0)
04 150 (148 — 1.51) | 3.97 3.55 (1.64 — 6.49) | 9.15 8.21 (3.83 — 15.3)
0.5 150 (149 — 1.51) | 3.97 3.55 (1.88 — 5.66) | 9.65 8.42 (4.05 — 15.7)
0.6 1.50 (1.48 —1.51) | 3.90 3.58 (1.92 — 6.09) 10.0  9.02 (4.03 — 15.1)
0.9 1.50 (1.49 —1.51) | 2.67 2.55 (1.28 —4.10) 8.41 7.68 (3.90 — 15.0)

2.0 | 0.1 2.00(2.00—2.00) | 6.10 5.46 (2.89 —9.69) | 21.0 19.1 (10.5 — 30.8)
0.4 2.00 (2.00 —2.00) | 6.30 6.03 (3.13 — 10.1) 24.6  22.8 (11.5 — 35.4)
0.5 200 (2.00—2.00) | 6.25 6.04 (2.97—11.4) | 255 24.5 (12.5 — 42.8)
0.6 2.00 (2.00 —2.00) | 6.08 5.70 (3.06 — 10.3) 26.0 23.5 (13.2 —41.0)
0.9 2.00 (2.00 —2.00) | 3.89 3.99 (2.08 — 6.53) 19.8  19.6 (9.78 — 34.0)

Table 2. Point estimates and 95%-quantile intervals for the case where ¢ = 0.

m | g mes v 2= 525 (1h25) V= 35535 (1226)

11|05 1.10 (101 — 1.18) | 327 3.06 (L4l — 6.55) | 4.80 4.7 (2.02 — 9.59)
1.5 | 0.5 1.50(1.49—1.51) | 5.75 5.33 (2.44—9.96) | 14.8 13.6 (6.57 — 26.1)
2.0 | 0.5 2.00 (2.00 —2.00) | 9.75 9.43 (5.20 — 15.6) | 42.5 40.2 (21.8 — 63.3)

(A) First we simulated with ¢ = 0.5, Xy = 1 and we used 25 generations for estimation.
We simulated - for several u and m values - 200 exploding branching processes. The results
are given in Table 6.2. In this table, we give point estimates and 95% quantile intervals for

m, v and 7.. It was impossible to obtain estimates for p with only 25 generations.

(B) We also did simulations with ¢ = 0 and ¢ = 1. Here we took p = 3 and X, = 1. For

the results see Table 6.2 and Table 6.2.

(C) The estimates of m and v at different generations are given in Table 6.2. Here we have
used estimated A and p from the 1997 Dutch classical swine fever outbreak Meester it et
al. (2002), A = 0.6, u = 0.4, while ¢ = 0.5. The real values of the parameters we estimate
in our simulation are m = 1.08, v = 2.376 and 7, = 3.098. In the last column we have used
the estimated values of m, v and v, to estimate u. We used that for the real values of m,

~ and ~y, it holds that

and my =

pu+m
put+(l—p)”

(m™" +m)y —m 2y, =2(1 - p)m

+

Only after 140 time steps we got real values for the estimator of .

Table 3. Point estimates and 95%-quantile intervals for the case where ¢ = 1.

m | mas ¥ %525 (mas) Vs 2%535(7”7126)

1.1 ] 0.5 1.10 (1.01 — 1.19) 2.13 1.83 (0.940 — 3.03) 2.98 2.43 (1.17 — 4.74)
15| 05 1.50 (149 — 1.51) | 3.25 3.07 (1.67 — 5.31) | 7.60 7.11 (3.58 — 12.5)
2.0 0.5 2.00 (2.00 — 2.00) 4.88 4.65 (2.23 —8.41) 19.3 18.1 (9.15 — 30.6)
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Table 4. Estimated values at different generations when A = 0.6, . = 0.4

and ¢ = 0.5.

generation (n) | 7, L8 (Mn) 5 Sn-1(Mn)  estimated p
2 1.400 7.200 2.888 -

3 1.000 5.600 1.100 —

4 0.9333 4.049 1.487 —

5 1.278 4.382 2.874 —

6 1.111 3.964 1.677 —

7 1.147 3.672 1.695 —

8 1.186 3.246 1.642 —

9 1.127 2.723 1.307 —

10 1.167 2.635 1.347 —

11 1.086 2.241 1.103 —

12 1.141 2.413 1.250 —

13 1.092 2.196 0.9483 —

14 1.122 2.238 1.030 —

15 1.113 2.081 0.9204 —

16 1.142 2.033 1.013 —

17 1.063 1.823 0.9735 -

18 1.049 2.086 1.514 —

19 1.128 2.261 2.362 —

20 1.112 2.907 2.745 —

25 1.087 2.766 2.703 —

50 1.082 2.849 3.142 —

100 1.082 2.928 3.750 -

150 1.080 2.613 3.431 0.2120
200 1.080 2.438 3.190 0.3665
250 1.080 2.478 3.424 0.4601
300 1.080 2.514 3.441 0.4220
350 1.080 2.529 3.404 0.3732
400 1.080 2.625 3.472 0.2302
450 1.080 2.481 3.318 0.3889
500 1.080 2.522 3.288 0.2852
550 1.080 2.502 3.225 0.2674
600 1.080 2.502 3.236 0.2776
650 1.080 2.415 3.162 0.3839
700 1.080 2.383 3.094 0.3871
750 1.080 2.398 3.059 0.3318

21
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Table 5. Estimates from the 1997 Dutch CSF-outbreak; comparison between MLE and our current
estimates.

mle’s computed estimates
stage | weeks observations | u A m ¥ Y m ol Ve
2 10 101 0.4 0.6 1.08 2.376  3.098 | 1.15 1.03 0.942
3 8 160 0.5 0.7 1.025 2.220 2.822 | 1.04 1.87 2.57
4 9 107 0.3 0.3 0.955 1.928 1.940 | 0.857 0.813 0.935
5 30 51 0.05 0.25 | 1.194 2.631 3.505 | 0.880 0.859 0.867

6.3. Real data

We also did the analysis of the data of the 1997 Dutch classical swine fever (CSF) outbreak
as treated in Meester it et al. (2002). In that paper the outbreak is modelled by a Galton-
Watson process. Because of changing measures of the government, the parameters 1 and
A differ for different stages of the epidemic. For this reason the epidemic is divided into
5 stages. The time unit is one week and it is assumed that on average detections take
place in the middle of a time interval, so ¢ is set to 0.5. In Meester it et al. (2002), an
expensive algorithm is used find the maximum likelihood estimators for p and A in the
different stages. Klinkenberg et al.(Klinkenberg (2003), Chapter 6) already showed that
these maximum likelihood estimates are not reliable.

We will use our estimators to estimate m and  for the different stages. We omit the
first stage, because for that stage we have only one observation. We compare our estimates
with the m and v computed from the maximum likelihood estimates of A and p given in
Meester it et al. (2002). The results are given in Table 6.3. We also give the duration of
the stage (in weeks) and the number of observed individuals in a stage of the epidemic in
this table.

In the second, third and fourth stage of the epidemic our estimate for m seems to be
rather good, as we might expect. The estimate for v doesn’t seem to be very informative.
In the final stage of the epidemic only few cases were observed and there were many weeks
without any observation. Due to this few observations we may expect our estimators not to
converge very fast. In none of the stages we could estimate 1 and A by using our estimated
m and v in (7), as the solutions of this system of equations gave no real u between 0 and 1.

7. Conclusions

(A) From Theorem 1.3. of Guttorp it et al. (1991) we know that we cannot estimate more
than two functions of parameters consistently only the generation sizes X, are given. In
Jacob it et al. (1998) it is showed that if we observe only a Binomial(X,,u) distributed
fraction of the generation sizes, we can estimate two functions of parameters consistently,
if p is known. In this paper we have shown that, under certain conditions, we can estimate
three functions of the parameters even when we do not know .

(B) For epidemiological purposes we want to estimate p as well, because this parameter
gives an indication of how many individuals are infectious at a certain time, which may be
important for implementing measures. In order to estimate this parameter in reasonable
time we apparently need more and other information. We can possibly get this information
by using contact tracing, i.e. finding out what contacts are made by an individual before it
was observed and which contact may have caused the infection. Sometimes it is possible to
get experimental information about the time between infection and removal of an individual,
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from that information we may also estimate pu. Note that Becker it et al. (1997) are able
to estimate p and A but they need information about the number of infectious individuals
at the time of estimation, and this information is typically not available.
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