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Abstract

Consider a sequence of Poisson random connection models (X,,, Ay, gn) on R,
where A\, /n? — XA > 0 and g, (z) = g(nx) for some non-increasing, integrable connec-
tion function g. Let I,,(g) be the number of isolated vertices of (X, An, gn) in some
bounded Borel set K, where K has non-empty interior and boundary of Lebesgue
measure zero. Roy and Sarkar (2003) claim that

1, —EI
Varl,(g)

where ~» denotes convergence in distribution. However, their proof is not correct. We

correct their proof and extend the result to larger components when the connection

function g has bounded support.



1 Introduction

Let (X, A, g) denote a Poisson random connection model, where X is the underlying Poisson
point process on R? with density A > 0, and where g is a connection function which we
assume to be a non-increasing and which satisfies 0 < [, g(|z])dz < oo. In words,
this amounts to saying that any two points x and y of X are connected with probability
g(|x —yl), independently of all other pairs, independently of X. Let K be a bounded Borel
subset of R? with non-empty interior and boundary of Lebesgue measure zero.

Consider a sequence of positive real numbers A, with \,/n? — X, let X,, be a Poisson
process on R? with density A, and let g, be the connection function defined by g,(x) =
g(nz). Consider the sequence of Poisson random connection models (X, A, g,) on R<.
Let I,,(g) be the number of isolated vertices of (X, \n, ¢,) in K. Roy and Sarkar (2003)

claim to prove the following result.

Theorem 1.1
In(9) —EL(9)
Varl,(g)

where ~~ denotes convergence in distribution.

N(0,1), n — oo, (1)

Although we agree with the statement of this result, we do not agree with the proof in
Roy and Sarkar (2003). In this note, we explain what went wrong in their proof, and how
this can be corrected. In addition, we prove an extension to larger components in case the

connection function has bounded support.

2 Truncation and scaling

The central limit theorem (1) is relatively easy to show when g has bounded support,
see Roy and Sarkar (2003). Hence, the strategy adopted by Roy and Sarkar (2003) is
to truncate the relevant connection functions, and let the truncation go to infinity. This
means that there are two operations involved: scaling and truncation. The root of the

problem lies in the fact that these two operations do not commute.



Following Roy and Sarkar (2003), we define for R > 0 and n € N connection functions

gR7gR7gn,Rug§ . [07 OO) - [07 1] by
gr(2) = Lu<ryg(@), ¢%(2) = 1or 9(2), gar() = lu<ryg(na), gf(z) = 1psrg(ne).

Note that the notation gr can formally not be used to denote ly.<pyg(-), since g, has
already been defined as g(n-). Nevertheless we shall adopt this notation, because we think
that this will not cause any confusion. Henceforth gr will always denote 1;.<gyg(-) and
gn will always denote g(n-). Let Lg(g) be the number of isolated vertices of (X, A, gr)
in K that are not isolated in (X, \,g). Let J, r(g) be the number of isolated vertices of
(X0, Any gnr) in K and let L, r(g) = Ju.r(9) — I.(g) be the number of isolated vertices of
(X0, An, gn.r) in K that are not isolated in (X,,, A, gn)-
Roy and Sarkar (2003) claim the following (without proof).

Statement A If (1) is true when the connection function g has bounded support, then it

is the case that

Inr(9) —BJnr(g)
VarJ, r(g)

for any connection function g.

N(0,1), n — oo, (2)

They then proceed, via a number of moment estimates involving J,, g(g) and L, r(g), to
show that the truth of (2) for any connection function g, implies the full central limit
theorem in (1).

One problem with their argument is that we do not see why Statement A should be
true. In particular, the only reason why Statement A would be true, is that we would be
able to write J,, r(g) = I,(h) for some connection function h with bounded support. This

would mean that g, r can be seen as a scaling of h, that is,

1{ISR}g(nx> - h<nx>7

but this leads to h(x) = liz<nryg(x), which clearly does not make any sense in general.
It seems then that Roy and Sarkar (2003) interchange truncation and scaling, but these

two operations do not commute. This mixing up becomes already apparent when we look
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at their Lemma 5 which states (without proof) that

Tim (A () ELr(9) = p(%gr)(1 = p(X,g"); (3)
lim (0, (K)) VarLalg) = p(\a)(1=p0g™) + [ (1= glel)
[p(A, gr)* P (x,0) = 2p(\, gr)*p(, g™)P3* (2, 0) +
PO (,0)] = p(\ g (1 = p(N, g™ drs  (4)

where ¢ denotes Lebesgue measure on R¢ and

p(p, h) = et za byl dy 514 thM(xh@) — ot Jra Ma(ly—z1)h2(ly—w2)) dy

However, the following proposition shows that (3) and (4) are not correct; see the forth-

coming Lemma 3.3 for a corresponding correct (and useful) statement.

Proposition 2.1 For R > sup{|x; — 22| : x1,22 € K} we have

Tim (\ () EL,5(9) = 0 (5)
Jim (\(K))" VarL, glg) = 0. (6)

Proof: For R > 0 and n € N define k, g, k" : [0,00) — [0, 1] by

knR(x> = 1{z§nR}g(x>7 knR(x> - 1{z>nR}g(x>7 T € [07 OO)
We have as n — oo,

p()\mgn,R> - p()\n/ndaknR) - p()\,g);
p(An,gB) = p(Au/nd k"E) — 1.

According to Roy and Sarkar (2003) Lemma 4 we have for R > sup{|z; — 2| : 21,22 € K},
ELr(g) = M(K)p(X, gr)(1 = p(X, ™)), (7)
and therefore,

(Al(K))"ELnr(9) = p(Any gn,g) (1 = p(Angn)) — 0, n— o0,
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which proves (5).

To prove (6), we use Lemma 4 in Roy and Sarkar (2003) which says that for R >

sup{|r1 — x| : 21,29 € K}, we have

VarLa(g) = M(E)p(hgr)(1 - p(h,g™) + X2 / / (1 g(ler — 2]))

PN, gr) PSR (21, 22) — 2p(X, gr)*P(N, gAY (21, ) +

p(X 9)°p30 (1, w2) | = p(A, 9r)*(1 = (A, ¢™))? da dey.
We use (8) with A = A, and g = g,. Note that as n — oo

pi:Rﬂn,R(x/n, O) _ pAnz/an’ZnR (IL’, O) N pg\’g(gp7 O),

p (@ /n,0) = e (e,0) = pdf(a,0);
P (@/n,0) = pda(x,0) = pY(x,0).
We have
= galler = 220)) [P, G, 05 (21, 22)—

9n,R-gn

2p(>\m9n,R) (A, gD (21, 22) + DAy )PS9 (21, 22) | —
p(>\n>gnR nagn)) dZEgd,iEl
2 knR knR
- / /(K (= o) [0 o 0,2)

2p()‘n/n ’ knR) p()‘n/n ) knR)p)\n};ngd (07 113'2) + p( n/nda g)2p§ g/nd (07 113'2):| -

p(An/n% knr)?(1 — p(An /0%, E"))? day dey.

By Lemma 3.1 below with x = —x, we can apply the dominated convergence theorem.

Combining the result with (5) yields (6).

a

In what follows, we proceed along the way that we believe Roy and Sarkar (2003) had

in mind.

For this, we introduce for R > 0 and n € N connection functions gg,, g"" : [0,00) —

0, 1] as follows:

9rn(7) = Lp<rmg(nz),  g""(2) = Lsr/myg(na).



Note the difference between gr, and g, r and between g™ and gZ. Let Jr,(g) be the
number of isolated vertices of (X, \n,grn) in K and let Lg,(9) = Jra(g) — I.(g) be
the number of isolated vertices of (X, A\, grn) in K that are not isolated in (X,,, A, gn)-
Note that the notations ggr., Jr.(g) and Lg,(g) can formally not be used here, since g, g,
Jn.r(g) and L,, g(g) have already been defined. Nevertheless we shall adopt these notations,
because henceforth we shall use the function g, r and the random variables J, r(g) and
L,, r(g) no more. We now claim that the following is true (compare the incorrect Statement

A above)

Statement B If (1) is true when the connection function g has bounded support, then it

is the case that
JR,n(Q) - EJR,n(Q) ~
VarJR,n(g)

for any connection function g.

N(0,1), n — oo, (9)

To see this, observe that

Jrn(9) = In(gr),

as can be seen by direct computation. Since gr has bounded support, Statement B follows.
The moral of this is, that we should base the proof on Jg,,(¢) and Lg,(g) instead of J,, r(g)
and L,, g(g). In the next section we show that the proof idea of Roy and Sarkar (2003) can

still be carried out, although the computations involved are a little more complicated now.

3 Proof of Theorem 1.1

We start with a technical lemma, needed for applications of dominated convergence.

Lemma 3.1 There exists N such that for R > 0, n > N and = € R¢

)(1 — g(J])) [p(An/nd, gr)* P (2,0) = 2p(A\n /1%, gr)*p(Nn /0, g™ )PS0 (2, 0)+

p()\n/nda g)zp!)]\f/nd(x7 0)] - p()‘n/nd7 gR>2(1 - p()‘n/nd7 gR>>2 S Cg(|l’|/2)7 (10)

where C' is a constant not depending on x, n or R.



Proof: Since p(\,/n?, gr)p(A./n?, g%) = p(A./n?, g), the expression between the absolute

value signs in (10) is equal to

—g(jz]) |p(An/n, gr)*PS (2, 0) = 2p(An /0%, gr)p (A /1, g)DST (22, 0)+
PO/ 050, (0] + D/ ) (0, 0) — 1) —

2p(An/n, gr)P(An /0, g) (D7 a(2,0) = 1) + p(Aa/n?, 9)*(937),a(,0) — 1), (11)

Let N be such that %)\ <\, /nt < %)\, n > N. Then since

[ onth -+ atlsby =2 [ antluby =2 [ onllaatly + )y,

we have for n > N
p()\n/nd,gR)p()\n/nd,g)piR’/g d(x7 0) < e—%)\,/i}{d gR(\y|)+g(|y|)dy+%)\‘/iRd gr(ly—=|)g(lyl) dy < 1. (12)
Also,

PO/, gr) P9 (2,0) S 1, p(An/n?, )29, (2,0) < 1,

which follows from (12) by taking g = gr or letting R — oo respectively. Hence for n > N
the absolute value of (11) is bounded by

4g(lz|) + 4(p3) (z, 0) — 1). (13)
To give an upper bound for the second term in this expression, note that for y € R?
either |y| > |z|/2 or |y — x| > |z|/2, so

[ot=sbotubas < [ ally=salhas+ [ oo dy

ly|>[x]/2

< o) [ olhdvro(elf2) [ gty sl
< 29(lel/2) [ alol) dy

Choose M such that 4\g(M/2) [p. g(|y]) dy < 1. Then since e’ < 1+ et, t < 1, we have
for x| > M

Pal/2) fea gy < 1 4 46Ag<|x,/2)/

g(ly]) dy.
]Rd
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For |z| < M we have
e2r9(121/2) Jra gD dy < AN Jra g dy < 1 4 g(|x|/2)g(M/2)_1[e4”ﬁ%d llyhdy _ 1],
Combining the above inequalities yields
pox (x,0) = 1 < Cy(|=]/2), (14)

where C' is a constant not depending on x, n or R. We conclude that (13) is bounded by
4(1+ O)g(Jal/2). 0

Lemma 3.2

ELR,n(Q) = AnE(K)p(/\ng,n)(l—p(/\ng’")) (15>
VarLan(@) = Al()p(h g (1 — p(as g™)) + A2 /K /K (1= gallzr — )

[p()‘m gR,n)2p§\I:ng’n (21, 22) — 2p(An, gR,n)Qp()‘m ng)p{)J\I:mgn (21, 22) +

P(An, gn) P39 (1, 5172)} — Ay 9rn) > (1 = p(Any g™™))? daa day +

A2p(Ans GRon)” / / g (g — @o| )T (21, wa) dv day (16)
KJK

Proof: The first statement (15) is proved as in Roy and Sarkar (2003) Lemma 4.

For a Borel subset B of R? let X,,(B) be the number of points in X, N B. For t > 0
denote K' = K + {z € R?: |z| < t}. In the model (X,,, \n, gn) let Lr..+(g) be the number
of points € in X, N K such that £ is not connected to any point in X, N K at a distance
R/n or less from £ but £ is connected to some point in X, N K at a distance greater
than R/n from . Since Lgn+(9) — Lrn(g), t — 00, and Lg,+(9) < X, (K), t > 0, and

EX, (K)? < oo, the dominated convergence theorem gives
ELgni(9) = ELRn(9), VarLg,+(g9) — VarLg,(g), t — oo.

In order to compute the moments of Lg,+(g), note that

X (K?

)
LR,TL,t(g>N Z 1Fi7

i=1



where ~ denotes equality in distribution, &;, ¢ € N are independent random variables,
independent of X,,(K"), uniformly distributed on K* and connected to each other according
to gn, and F; = {¢; € K; & is not connected to any &;, j < X,,(K"), at a distance R/n or
less from &;; & is connected to some &;, j < X, (K*), at a distance greater than R/n from
&i}-

Since
Xn(K*) Xp(K?Y)

Lgni(g Z I + Z Z lg1p,,

J#Z
the variance of Lg,+(g) can be written as
VarLpg,.(g) = (17)
= ELrue(g) + ) m(m = DP(F N Fy | Xo(K') = m)P(X,(K') = m) — (ELre(9))".
m=2

We have

P(FiN Fz N {& is connected to &} | X, (K') =m) =

= e [, Jom e [ [

L1 = grnllzi — 210)) (A = gra(|2i — 22]) dav, - . . dvs dy davy

1=3

_ W /K /K g7 (Joy — 3])

[/Kt(l — gra(ly — 21)))(1 = grau(ly — 22])) dy] m_2dx2 day,

whence

oo

m(m — 1)P(F; N Fy N {& is connected to &} | X, (K*) = m)P(X,,(K') =m) =

m=2
—)\n )\m
_ )\2// Rn‘x1_$2|)z v
[ 0= gl = o) = gl 2|
Kt
.t / / G (@ — wa)en St ~9mnly=21D=0mnlly=w2) tam =1 Do (=2 ) s,
— )\np n,an / / Rn |ZE1 —ZL’QD anan(ZL’l,,IQ) d(lfzdl’l, t— o0, (18)
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where we use the dominated convergence theorem.

Furthermore,

P(F N F2 N {&; is not connected to &} | X, (K') = m) =

: e
Kt // (ler = 2, ke

1= 10 5= )| T1 ol =)

=3 i=3

{1 - H(l — g™ (| — x2|))] H(l — grn(|xi — 22])) dap, . . . drs dag dzy. (19)

i=3 =3

Exactly as in Roy and Sarkar (2003) Lemma 4, one can now show that

Z m(m P(Fy, N Fy N {& is not connected to &} | X, (K*) = m)P(X,(K") =m) =

m=2

- // 1= gu(Jzy — 2])) |P(An, grn) PR (01, 32) —

2 (Anaan) (>\mg ) S ($17$2)+p(/\mgn)2 ;. gn(%;@)]dxz dxy, (20>

as t — oo, where we use the dominated convergence theorem.

Combining (17), (15), (18) and (20) yields (16). O

The following lemma replaces the incorrect Lemma 5 (equation (3) and (4) in our

current paper) of Roy and Sarkar (2003).

Lemma 3.3

Tim (M) BLa(g) = p(g)(1—p(A g™) (21)
lim (0, (K)) VarLia(9) = (g1 = p0g™) 3 [ (1= glel)

(PO 9) 37" (,0) = 2\, g2 PN, 95 (,0) +
p(X )3 (,0)| = p(\ 9)*(1 = p(A, ")) dr +

W gl [ oMo .0 da 22)



Proof: Assertion (21) follows from (15) by direct computation. We shall deduce (22) from

(16). By the dominated convergence theorem

)\
E( ngn // Rn |$1—$2D anan(h,xz)dxzd%:

= f( naan / /(K ‘x2| piR/gR (0,%’2) dl’g dl’l
1)

—  Ap(\, gr)? / (|m\) §9R (10) dx, n — oo. (23)
Rd
Furthermore,
— 9n ‘xl - x2‘)) [ (>\m gR,n)2p§\R I n(xb .Tg)—

2p(>‘ng,n> p(Anag ) g (!E1,1’2)+ (/\mgn>2 . gn(mlax2):|_

p()\naan /\n>g )) dedxl
- e / [ =) [0 0.2 ~
2(Aa/n gr)? p(An/n 4 (0,22) + DO/, 9D (0,2) | —

p(An/n, gr)2(1 — p(An/n%, g™))?* dxy da,.

By Lemma 3.1 with = —x5, we can apply the dominated convergence theorem. Combin-

ing the result with (21) and (23) yields (22). O

Corollary 3.4

Jim Tim MUK 'ELgn(g) = 0 (24)
lim lim (\,/(K)) 'VarLg,(g) = 0 (25)

R—o0 n—oo

Proof: The dominated convergence theorem gives

p(Agr) = p(Ng), p(Ag") =1, piPIR(z,0) — pf?(2,0), p§*I(x,0) — p3(z,0),

as R — o0o. Now (24) follows from (21). Another application of the dominated convergence

theorem yields

/ B(|2|)p# 9% (x,0) dz — 0, R — 0.
R4
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Finally, the integrand in the first integral on the right hand side of (22) tends to 0 as
R — oo. By Lemma 3.1 with \,, = An?, we can apply the dominated convergence theorem

to conclude (25). O
Finally, we can prove the main result:

Theorem 3.5 If for R > 0

JR,n(Q) - EJR,n(Q) ~

N(0,1), n — 0o, (26)
VarJg.,.(g)

then (1) holds.
Proof: Roy and Sarkar (2003) Lemma 3 shows that

lim (A ((K)) ™ Varl,(g) = p(A, 9) + Ap(X, 9)? /Rd(l — g(l=))p3?(2,0) = 1dw.  (27)

It follows from (27), Corollary 3.4 and Chebyshev’s inequality that

Lrn(g) — ELR,n(g)' - 5) < lim lim VarLpn(g)

———F— =0, e>0.
Varl,(g) R—oon—oo e2Varl,(g)

lim limsup P (‘

R—oo poco
Moreover, applying (27) also with g replaced by gr gives lim, ., VarJg,(g)/Varl,(g) =
dr, where 0g is a constant. (This was incorrectly claimed in Roy and Sarkar (2003) with

L, r(g) instead of Lr,(g).) Because

(1 = gr(lz))p3™*(z,0) =1 = (1 = gr(lz])) - 1 =1 = —g(|z[)
and by (14)

(1 = gr(lz[))p3*""(z,0) =1 < 1 p39(z,0) — 1 < Cy(|z[/2),

where C' is a constant not depending on x or R, we have by the dominated convergence
theorem limp o 0g = 1. Now if (26) holds, then for z € R

(a-z ).

n - E n
< lim lim limsupIP’(JR’ 9) Trn(9) < x+€) —i—IP’(
el0 R—oo  nooo Var]n(g)

limsup P

n—oo

LR,n(g) — ELRJL(Q) ‘ > E)
Varl,(g) N
= d(x).
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A similar argument yields

. 1.(9) — El,.(g)
hﬁ&lfp( Varl,(g) = x) > 8(@),

which completes the proof of the theorem. O

4 Extension to larger componenents

In this section, we discuss larger components. A central limit theorem for larger compo-
nents needs another approach, even when the connection function has bounded support.
The reason for this is that the exact moment computations of the preceding sections no
longer seem possible. At this point, we can only prove a central limit theorem when the
connection function g has bounded support. For this, we use a result of Bolthausen (1982),
from which it follows that in order to prove a central limit theorem, certain mixing con-
ditions suffice. For convenience, the central limit theorem in this section is stated a little
different from the earlier ones, in the sense that we do not scale the connection function
and the density, but instead take larger and larger subsets of the space. This is equivalent
to the case where )\, = An? in the original setup.

For a subset A of Z¢, let the inner boundary of A be denoted by dA, and its cardinality
by |A|. Let the random variable I"(A) = I"(A, g) be defined as 1/r times the number of
vertices of (X, A, g) in A + (0, 1]¢ that are contained in a component of size r. For z € Z?

write ["(z) = I"({z}). We shall prove the following central limit theorem.

Theorem 4.1 Consider a random connection model with connection function g of bounded
support. Then for any increasing sequence (A, )nen of finite subsets of Z* with |, .y An =

Z% and |OA,,|/|A,] — 0, n — oo, we have

I"(A,) —EI"(A,)
Varl"(A,)

~» N(0,1), n — oo. (28)

In order to prove this result, we use the main theorem in Bolthausen (1982). The

conditions of his theorem involve three mixing conditions which are trivially satisfied when
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g has bounded support, and which we do not repeat here. Under these three mixing

conditions, Bolthausen (1982) shows that if in addition
> Cov(I7(0),I'(2)) > 0, (29)
2€Z7
then it is the case that
I"(A,) — EI"(A,)
VAR 3. cza Cov(17(0), I7(2))

Because of the following elementary lemma, which we give without proof, (29) and (30)

~ N(0,1), n — oo. (30)

imply our Theorem 4.1.

Lemma 4.2 Let (Y,),cz¢ be a stationary random field with EY# < oo. Let (A, )nen be a

sequence of finite non-empty subsets of Z¢ with |OA,|/|A,] — 0, n — oo. If

> [Cov(¥5,Y2)| < oo, (31)

2€74
then
VarZYeZConO, , n — oo.

zEA, z€Z4

Note that (31) is satisfied because g has bounded support. It remains to prove (29). We
give the proof in the two-dimensional case, but the method clearly generalizes to other
dimensions.

With a slight abuse of notation, for a Borel subset B of R? let I"(B) henceforth be
defined as 1/r times the number of vertices of (X, ), g) in B that are contained in a
component of size r. According to Lemma 4.2, it suffices to show that there exists M € N

and v > 0 such that for all n,
VarI"((0,nM]?) > yn?. (32)

We estimate the variance in (32) with the following general abstract trick, which we learned

from J. v.d. Berg (personal communication).
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Lemma 4.3 Let Y be a random variable with finite second moment, defined on a proba-
bility space (2, A,P). Let n € N and let 7y C F; C --- C F,, be sub-o-algebras of A with
E(Y|Fo) = EY and E(Y|F,) =Y a.s. Then we have

Vary = Zn:E [E(Y|F) -EY|F)]  as

Proof: For 1 < i < n, denote A; = E(Y|F;) — E(Y|F;—1). We write the variance
of Y with a telescoping sum as Vary = E(}."  A;)? For 1 < i < j < n we have
EA;A; = EE(AY|F;) —EE(A;Y|F,;_1) = 0. Hence VarY = "  EA? asrequired. O

Let R be such that g(z) = 0, z > R. Define u = EI"((0,1]?) > 0. Choose an integer
M > 3AR/u. We shall show that (32) holds for this M, and this is sufficient to prove
Theorem 4.1.

Partition the first quadrant of R? into cubes of side length M, and denote these cubes
by By, k € N, where the indices run as indicated in Figure 1. For n € N let K, be the set
of indices k € {1,...,(n — 1)?} that are shaded in Figure 1.

16 |15 | 14 | 13

Figure 1: The enumeration of cubes in the first quadrant.
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For k € |, K, we define the following sets:

Hr = (rR,rR) + By;
[k = Bi+ (—rR,rR)
Ne = [N Uf:_ll B;;
ko= e \UZ By

see Figure 2 and Figure 3.

Figure 2 Figure 3

The shaded region on the left is |L,. The dark shaded region on the right is N\ ; and the

light shaded region on the right is \Jg.

For k € N, let F; be the o-algebra generated by the points of X in Ule B;. We shall first
show that for n € N and k € K, the difference E(I"((0, nM]?)|Fr_1) — E(I"((0,nM]*)|F)
is bounded below by a positive uniform constant, with positive probability which is also
uniform in k£ and n.

On the one hand, we have

E(I"((0,nM]*)| Fier) = E(I" () [Fror) + EI((0, nM]* \ ) | Fi-1)
= pM*+EI7((0,nM]*\ ()| ), (33)
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since I"(|0y) is independent of F;,_; and since the o-algebra generated by I"((0, nM]?\[Jx)
and the points of X in Uf:ll B;, is independent of the points of X in Bj.
On the other hand, we also have
E(I"((0,nM]*)|Fi) <
< (/rEXOR)FR) + Q/r)EX ()| Fe) +E((0,2M]*\ )| F)
= 04+ 2\R(M +rR) +EUI"((0,nM]* \ [ Jx)|Fr), (34)

with probability at least e *M+2R)? gince X (\ ) is Fyp-measurable and X (N;) is inde-
pendent of F.
Combining (33) and (34) yields for n € N and k € K,,,

P (E(I"((0,nM]*)|Fy—1) — E(I"((0,nM]?*)|Fi) > pM? — 2XAR(M + rR)) > o A(M+2rR)?

Now observe that the box (0,nM]? contains at least an® boxes indexed by an element of
K,, for some a > 0. Hence, since uM? — 2AR(M + rR) > 0, we have by Lemma 4.3
Varl (0,nM?) = S EBIE(I((0,nM)?)|Fy) — E(I"((0,nM)?)| Fy_y)P
kEKn

> an?(uM? — 2AR(M + rR))2e M+2rR)?

proving the result.
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