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Abstract

This paper is concerned with a stochastic model, describing out-
breaks of infectious diseases that have potentially great animal or hu-
man health consequences, and which can result in such severe eco-
nomic losses that immediate sets of measures need to be taken to
curb the spread. During an outbreak of such a disease, the environ-
ment that the infectious agent experiences is therefore changing due
to the subsequent control measures taken. In our model, we introduce
a general branching process in a changing (but not random) environ-
ment. With this branching process, we estimate the probability of
extinction and the expected number of infected individuals for differ-
ent control measures. We also use this branching process to calculate
the generating function of the number of infected individuals at any
given moment. The model and methods are designed using important
infections of farmed animals, such as classical swine fever, foot-and-
mouth disease and avian influenza as motivating examples, but have
a wider application, for example to emerging human infections that
lead to strict quarantine of cases and suspected cases (e.g. SARS) and
contact and movement restrictions.
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1 Introduction

Recent outbreaks of infectious diseases of animals (e.g. classical swine fever
(CSF), foot and mouth disease (FMD) and Avian Influenza (AI)) in West-
ern Europe have had great impact on the economy, public life and animal
health and welfare in the countries involved. During such an outbreak one
would like to be able to compare the effectiveness of proposed control mea-
sures in, for example, their ability to reduce the expected final size and the
expected duration of the outbreak. Typical for the strategies aimed at stop-
ping outbreaks of important diseases of farm animals, is that infected herds
are removed from the population by culling upon detection. For many in-
fections preventive vaccination is not allowed in the European Union. Also
emergency vaccination during outbreaks is not yet allowed. A second charac-
teristic is that due to increasing quantity and quality of the imposed control
measures, the environment that the infectious agent experiences, is changing.
By this we mean that consecutive measures can make, for example, contact
opportunities between herds different in different phases of the outbreak, or
can make the infectious period, or rate with which infectivity is produced,
differ for farms infected at different times.

In most cases, mathematical methods for computing outbreak character-
istics such as expected final size and expected duration, assume a constant
environment in that the control measures are not compounded in time and
do not lead to changes in the rates that govern epidemic spread (see e.g. [2]).
In this paper we aim to develop stochastic methods, based on branching
processes, which allow us to compare the effectiveness of control strategies
during such outbreaks in situations where the environment is varying because
of changes in subsequent measures of control.

Much work has already been done to describe the spread of classical swine
fever (see e.g. [10, 11, 1]) and foot and mouth disease (see e.g.[5, 6, 9, 8]). In
this paper, we will model the spread of infections in a much more analytic way
than is done in earlier models [5, 6, 9, 1]. We use an iterative method that
computes properties of the spread, like the probability of a major outbreak
of the infection and the final size of an epidemic (i.e. the total number of
infected herds) very efficiently. Furthermore we can derive some properties
of the duration of the epidemic. We allow for different types of herd.

In our model, it is essential that once the infection in a herd is detected,
the whole herd will be culled. Therefore, our main interest is the number
of infected herds, but the number of infected animals in an infective herd is



important for determining the infectivity of a herd and the distribution of
the detection times. We therefore model the spread of the infection on two
levels, namely the spread of the infections within a herd and the spread of
infection between herds; both are described by a stochastic process.

We use a special branching process to describe the spread of the infec-
tion among herds. The parameters of this branching process depend on the
time since the infection of the herd and on the environment, which is deter-
mined by the real time. Using branching processes to describe epidemics is
of course not new (see e.g. [4]), but no theory exists that gives short-term
predictions (as opposed to asymptotics) for general branching processes in
varying environments, with an age-dependent birth rate.

For computations, it is necessary that after a certain moment the envi-
ronment is constant. To achieve this we assume that after some time no
new measures will be taken and the effects of all measures taken in the past
will either be constant or absent. In other words, although the values of the
parameters may differ from those before certain measures were taken, the
values are assumed to be constant after a given moment in time.

Our model can be used to predict the effects of various control measures
and strategies during an ongoing outbreak. Meester et al. gave a method to
estimate the parameters from the data available during an outbreak, [10].
We consider measures like single vaccination of all herds of a certain type,
a total transport ban or killing of animals just after birth. Some of these
measures cause a varying environment. The fraction susceptible animals in
a herd or the fraction susceptible herds of the total number of herds may
be varying and so the infection rate may vary in time as well. In fight-
ing outbreaks, additional measures will be implemented as soon as present
measures turn out to be insufficient. A change in measure will change the
values of the parameters. We assume that the changes in the environment
are determainistic.

We develop the theory using a classical swine fever outbreak in herds of
pigs as motivating example throughout. In our paper we use the same input
data as Klinkenberg et al. [1].



2 Spread of the infection within a herd

2.1 The model

As mentioned in the introduction, we first need to model the spread of the
infection within one herd, since the infectivity of an infective herd, and also
the time at which the infection is detected in a certain herd, depend on the
number of infected animals in that herd. We use ¢ for the time elapsed since
the first measures were implemented. The variable 7 is used for describing
the spread of the infection within the herds, it is the time since infection of
a particular herd and therefore relative. The 7-clock starts ticking at the
moment the first animal in the herd becomes infected. From now on, we will
call 7 the “infection-age” or “age” of the herd.
We use only four types of disease-related parameters:

u: The recovery rate of individual animals in a herd.
A: The infection rate of individual animals within a herd.
a: The per capita detection rate of infected animals within a herd.

(B: The rate at which one infected animal infects susceptible herds.

We assume that as soon as an infection at a particular herd is detected, the
whole herd will be culled instantaneously. Further we assume that the rate
of detection is proportional to the number of infected animals at infection-
age T, I(7), i.e. the detection rate is aI(7), where a does not depend on
the infection-age. We assume that the infection in a herd develops as an
autonomous process until detection. The number of infected animals in a
herd therefore depends only on the infection-age 7, and not on the absolute
time t.

We describe the number of infective animals by an ordinary birth and
death process, writing p;(7) for the probability of i infective animals in a
herd at infection-age 7 and d;; for the Kronecker Delta function. We have,

(see e.g. [3]):

pi(0) = 0i1,
W pa(e),
dpl(’f)

i — (A p)pr(7) + 2upa(T),
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dp;(T)
dr

= —i(A+p)pi(7) + (i = DApia(7) + (0 + Dppia () Viz=2.

Solving these differential equations leads to:

e —1
Rerm — 1’
pi(t) = (1=po(1))(1 = Rpo(7))(Rpo(7))'™"  Vi>1,

where r = A — p and R = % is the reproduction ratio. We assume A > pu,
otherwise the infection will typically only cause a minor outbreak within a
herd, and will therefore typically not infect other herds.

Hence, conditioned on the event that the epidemic in a herd does not
go extinct before age 7, i.e. I(7) > 0, I(7) is geometrically distributed with
parameter (1 — Rpo(7)) = gzt which is small for large .

A geometric random variable with small parameter can be approximated
by an exponential random variable with the same parameter. Therefore,
for large 7, I(7) can be approximated by H(7), where H(7) is an exponen-
tial random variable with parameter Rf;:il. Further, if X is exponentially
distributed with parameter x, than cX is exponentially distributed with pa-
rameter x/c. Therefore, H(7) is distributed as H(e"™ — ), where H is an
exponential random variable with parameter %. For large 7, the term % is

R
negligible compared to €"”. So we use the approximation

I(t) = He', (1)

where the equality is in the distributional sense.

We can interpret this approximation as follows. The random variable H
represents the random character of the start of the outbreak in a herd, when
only a few animals are infective. If the disease does not go extinct, then after
the initial phase, there are many infected animals in the herd, each of which
causes an independent number of new infections per time unit. According
to the law of large numbers, this means that the growth rate is eventually
almost deterministic. We also use this approximation for small 7.

We use the word infective for animals or herds that are able to spread the
infection. We use the notation I(7; h) for the number of infective animals in
a particular herd, with H = h given.



2.2 Discussion of the within-herd model

1. We assume that the infection and recovery rate of individual infected
animals are independent of time and age.

2. It is possible to use alternatives for the birth and death process to
describe the spread within a herd, for example the contact process.
The contact process is appropriate when we have a situation where
all animals are positioned in a row and do not change position. Each
animal can only infect its two nearest neighbours. We assume that
recovered animals with two infective neighbours are re-infected imme-
diately. Therefore, we only consider the animals at the edge of a row
of infective animals. We still assume that the recovery rate is p. An
infective animal infects each of its susceptible neighbours with rate .
We have that

3
<
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= pupr(7),

= —(2X + p)pi (1) + 2ppa(7),

= 2=+ pw)pi(7) + Apica (1) + ppiga (7)) Viz2.

We denote the number of infectives by I(7). One can show that
E(I(1)|I(r) > 0) = 2r7 + o(r). Furthermore, we can show that
Var(I(7)|I(T) > 0) = o(7?). This implies that for I(7) > 0 we have

I(t
ET(I1(7)>0) , o
approximate the random variable I(7) for large 7 by a deterministic

variable 2r7. This makes compuatations much easier in this case.

— 1. So, in contrast to the birth and death model, we may

3. In the original model, the number of animals in one herd is assumed to
be very large compared to the number of infected animals. Therefore,
we assume that the contact rate between infected and susceptible ani-
mals is constant, and hence so is the birth rate. From data of outbreaks
of CSF in the past, we can see that the number of infected animals until
detection of the infection within the herd, is small compared to the to-
tal number of animals in the herd, so these assumptions seem justified
in this case [11].



4. The within-herd infection and recovery parameters A and g can be
measured experimentally or from data of past or on-going outbreaks.
The parameter o depends on the development of symptoms of infected
animals and how attentive the farmers are. Therefore, in reality this
a will change at the first detection of the infection in the country (or
in neighbouring countries), due to higher awareness of farmers and
veterinarians. It is very difficult to estimate « for the period before
the time of the first detection. For the time after the first detection,
we can estimate a from data of past outbreaks in the same area or try
to estimate this parameter during the ongoing epidemic. Using data
from past outbreaks is dangerous, because the characteristics of the
virus and of the farming practice may have changed. Estimation of
the parameters, during an on-going outbreak is done by Meester et al.
[10]. This method has some problems, e.g. the time necessary to get
enough data for a reliable estimate. Another problem is that in [10]
the infectivity of a herd does not depend on the “age” of the herd.
This independence of age is essential for the estimations made. For our
model it is not necessary that « is constant in time. It is possible to
extend the model and use «(t) instead of «.

5. We assume that culling is the only measure which influences the within-
herd spread of the infection. Vaccination is assumed to show no effect
on the spread in the herd. For CSF this assumption is justified by
the fact that vaccination will lead to immunity only after two weeks.
Therefore, during this first two weeks the spread of the infection is
not affected by this measure. For the time after these two weeks, we
assume that we can use the same speed of propagation of the infection,
for computational reasons. The approximation leads to results that are
conservative, that is, too pessimistic.

6. We do not take characteristics of individual animals into account that
might cause the individuals to differ in infectivity, susceptibility or
contact pattern. Often age and type of species can have a substantial
influence. For CSF this implies we do not distinguish between the age
of animals in one herd. The detection rate and infectivity of herds with
many young animals does not significantly differ from the detection rate
and infectivity of herds with especially older animals [11, 1].

7. We also use the approximation /(7) = He'™ for small 7. This is not
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correct, but due to the small number of infective animals at small 7,
the probability that the disease is detected at small 7 is small too. We
will see later that the number of infections in that period is as well, so
the overall influence of the events while the herd is ‘young’ is probably
not so large.

3 Spread of the disease between herds

3.1 The model for non-varying environments

In this section, we consider classical swine fever as a concrete example.

We distinguish between two types of farms: multipliers (m) are,roughly
speaking, farms where young piglets are born, and finishers (f) are farms that
buy piglets and fatten them. p,, denotes the fraction multipliers of the total
number of herds and py is the fraction finishers. We assume that within either
of these types, a birth and death model (with the same parameters for both
types) describes the within-herd spread. The infectivity per non-transport
contact of both types of herds develops in the same way too. However,
transport contacts are only allowed from multipliers to finishers. Therefore,
we take a larger infectivity rate for contacts from multipliers to finishers.

We define A¢(t, 7; h) as the infectivity of a herd at time ¢, while the herd
was infected 7 time units ago and with H = h, where £ is a two-dimensional
vector, denoting the two types of herds involved in the contact, so that &
can be ff, fm, mm or mf. When no measures are implemented, A¢ (¢, 7; h),
with h a given realisation of H, is proportional to the number of infected
animals in the herd.

Ac(t, T3 h) = Bel (15 h)

Here (3 is a constant depending only on {. Because the non-transport con-
tacts all happen at the same rate we can define 3,, := B¢ = Bmm. Further
we write By := B¢y and B,,r is B¢ plus some additional term for infections
caused by transport of piglets from multipliers to finishers. Because all non-
transport infections happen at the same rate the ratio 3,/ is exactly the
ratio of the multipliers to the finishers. Note that the infectivity does not
depend on the absolute time t.

We define 3 by 8 := (,, + B¢, whence 3, = p,, and 3y = ps. In order
to consider transport contacts we also define 3,y = psB + By, where [,
is the proportionality factor of the part of the infection rate that is due to



transport contacts. There is no term p; in front of 3., because all transport
contacts are from multipliers to finishers. We assume that the total number
of herds is very large; in our computations, we assume it to be infinite.

We already know that the detection-rate is given by al(7;h) = ahe’.
From this we can deduce, for given h, the probability p,q(7;h) that an in-
fected herd of age 7 is not yet detected is

Doal( h) = & 7 T o3 )

In the case where no measures are implemented, the expected number
of infected multipliers by one infective multiplier up to age 7, for given h,
tamm (T3 h), is given by:

(730 = 21— =170, )
!
To see this, we first consider only one type of herd. We prove the following
proposition:

Proposition 1 Suppose that the infection and detection rate are propor-
tional to the number of infective animals in a herd and that the environment
1s non-varying. Then the distribution of the size of the progeny of an infective
herd does not depend on the number of infective animals in that herd at the
start of the process.

Proof: The infection and the detection rate are proportional to the number
of infective animals in a herd. The ratio of infection rate and detection rate
is given by [/a. We call the detection of the herd and the infections by

this herd ewvents. The probability that an event is an infection is ﬁ and
a detection O%ﬂ Therefore, the number of events, including detection, is

described by a geometric random variable with parameter ﬁ Hence the
direct offspring distribution does not depend on the size at the start of the
process. Moreover, the same holds for the offspring of this direct offspring.
O

In the same way we can prove that the size of the future offspring of an
infective herd is independent of its age.

To prove (3), consider two types of herds. We note that 1 added to
the number of multipliers infected by one infective multiplier is given by a

geometric random variable with parameter — +°‘6m. (1 is added because the




final event will be the only detection, and the number of events is described by
a geometric random variable.) So the expected number of future infections of
an infective multiplier is %”, at all times. The probability that an infective
herd is not yet detected at age 7 is given by e+ =D From this and
Proposition 1 we deduce that the expected number of infections after age 7
is given by Zme~7h("=1) By subtracting the expected number of infections
after age 7 from the expected total number of infections by one herd we get
the expected number of infections until age 7.

In the same way we can deduce fi,f = %(1 - e_aTh(eM_l)), Wm =
%(1 — e D) and prp = ﬁf(l e~ ST,

Now consider the probability pkl that a finisher infects k& multipliers and
[ finishers. All events (infections of multipliers, infections of finishers and
detection of an infected herd) happen at a rate proportional to the number
of infective animals in the infective herd. Therefore, the rates are all propor-
tional to each other. First, we only consider infections and detections, and
we do not yet consider the different types of herds infected. Detection occurs
with rate ahe’” and infection occurs with rate 3,,he’” 4 Brhe’™™ = Bhe’™. As
in the proof of Proposition 1 we can describe the total number of events, D
say, by an ordinary geometric random variable with parameter o%ﬂ So the
probability that n 4+ 1 events occur, i.e. n herds are infected by one finisher,

B(D=n+1)= <aiﬁ><afﬁ>n

If in total n herds are infected by one finisher, we know by the lack of
memory property that the number of infected multipliers, N¢,,, is binomially
distributed with parameters n and %" That is,

P(Njm=k|D=n+1) = (Z) (%)k<%)"_k

Note that pl, = P(Nfy, = k, Nyy = 1) = P(Npyy = k|D = k+ 14+ 1)P(D =
Bl 1) = (70 (B () (25
The generating function of g,fl is now given by

7 (51, 89) Zzpm5132 +ﬁ—ﬁasl

k=0 =0

_ﬁfSQ‘
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We can deduce

(%

a+ B+ By — Bmst — (B + Bir)s2

in the same way. Note that we did not need the distribution of the random
variable H, we only needed the proportionality factors of the parameters.
In the special case where infection and detection rates are proportional
and these rates are known for the time before the first detection, we can also
give the distribution function of the number of infective herds at the time of
the first detection. This distribution function is the same as the distribution
function of the number of direct infections by one herd, because it still holds
that an event is a detection with probability o%ﬂ and the probabilities of

gm(‘Sl’ 32) =

infections of finishers and multipliers are respectively aﬁTfﬁ and aﬂT’”

We are also interested in the probability that a herd infects k& multipliers
and [ finishers, before the herd reaches age 7. We consider a finisher. We
write P(Ny,, (73 h) = k, Nys(7; h) = 1) for this probability when the detection
age 7y and H = h are given. The infections before age 7; occur independently
of each other and have the lack of memory property. Therefore, for 7 < 7y
the times of infections of the different types of herds are described by an
inhomogeneous Poisson-process with rate G¢che™. So the number of infections
until age 7 is Poisson distributed with parameter i fOT e"*ds = hfe(e'™—1).
Now we see:

P(Ngm(T3h) =k, Ngp(m3h) =1) = e v

Note that now we know the life length distribution, the expected num-
ber of infections by a herd up to age 7 and the underlying Galton-Watson
process of the branching process, we can use the general theory of branching
processes to determine some other properties, like the expected duration of
the outbreak. ([4], chapters 2 and 6).

3.2 Discussion

1. We use a branching idea to describe the spread of the infection among
different herds. For this approach, we assume that one herd has con-
tacts with many other herds. In our model we do not take spatial
distribution of the herds into account. As long as there are many herds
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in an area, the local exhaustion of susceptible herds can be ignored.
If the outbreak is in an advanced state, however, local depletion of
susceptible herds (either by the epidemic progression or by so-called
pre-emptive culling) will certainly play a role. As long as there are
relatively few infected herds in a neighbourhood, (i.e. a group of herds
that have contacts with each other) we assume that the infection rate
does not directly depend on this number of infected herds. Measures
like ring-culling (culling of all herds within a certain distance of an
infected herd) and ring vaccination cannot be considered in our model.

. We distinguish between two types of contacts, transport contacts and
indirect contacts. We have assumed that the indirect contacts are the
same for all herds. Transport contacts are only from multipliers to
finishers. Indirect contacts include transport of the virus by wind, by
visits from an infective herd to a susceptible herd etc. Transport con-
tacts are transports of infected animals from a multiplier to a finisher.

. We simplify the model by assuming that the measures are implemented
at the time of the introduction of the virus in the population (or, in
other words, that the infection is detected immediately). It would be
desirable to implement the measures from the moment of first detection.
It is difficult, however, to estimate parameters like o and 3 for the time
before the first detection, when awareness is not yet heightened by
announcement of the outbreak, and when increased hygienic measures
on farms are not yet taken. If we know the value of the parameters of
the model for the period between introduction and first detection, we
are able to estimate the probability of extinction and the expected final
size of such a situation. However, these calculations still require that
we use the information from our simplified model, where measures are
started directly upon introduction.

. The function fim,(7; k) is not required for our calculations of the final
size and the probability of extinction. The reason why we include this
function in our paper is that this function is interesting in its own right.
It gives the expected offspring 7 time units after an infective herd is
infected itself. In practical applications, it is possible that by contact
tracing some herd is suspected of being infected 7 time-units ago. This
tmm (75 h) is then the expected number of infected multipliers by the
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suspected herd, if that suspected herd is a multiplier and if it is really
infected.

5. The proportionality of the infection rate to the detection rate is essen-
tial in this section. Due to this property, we can find an underlying
ordinary Galton-Watson process. Without this proportionality, we may
ask whether it is possible to give a nice expression for the generating
function. We also lose the independence of & in the generating function,
which gives some computational problems.

6. Knowing the generating function of the number of infected herds at
the first detection is important because if in some way it is possible to
estimate parameters for the time before the first detection, we can use
the distribution function of the number of infective herds at the time
measures are implemented. We do not have the ‘ages’ of the infective
herds at the first detection, but we can find a worst-case-scenario, by
finding what age of a herd at t = 0 leads to the biggest offspring. If the
detection and infection rate does not depend in the same way on the
number of infected animals, we cannot deduce the distribution function
at the time of the first detection in this way.

4 The model for varying environments

4.1 The approach

In the previous section, we considered the model for the spread of an infec-
tious disease in non-varying environments. We heavily used the proportion-
ality of the infection and detection rate of herds. This proportionality does
not hold in a varying environment. Therefore, we need a different approach.

We consider only one type of herd; the multi-type model is a straightfor-
ward generalisation of this. We assume that the spread within a herd is not
influenced by the state of the environment. The detection rate only depends
on the number of infected animals in a herd and is written as «/(7; h), where
I(7;h) is the number of infected animals as described in Section 2. In this
section, we assume that the within-herd spread is described by a birth-and-
death process. So I(7;h) = he"™. We can easily deal with other descriptions
of the within-herd spread.
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The infection rate may change due to control measures. Some measures
lead to an infection rate that only changes finitely many times, other mea-
sures cause a continuously varying infection rate. We assume that in either
case the environment is constant after some given time, ¢ = T". That is the
moment that measures have no more added value and therefore do not lead
to new changes in the values of the model parameters. The infection rate is
given by

A(t, T h) = Bo()I (75 h),

where ¢(t) describes the effects of the measures implemented. We assume
that ¢(t) is deterministic. Because the environment does not influence the
within-herd spread, ¢(t) does not depend on the age 7. For the rest of this
section it is assumed that ¢(t) =1 for t > T

The assumption of constant environment after some given time is often
realistic. 'With a vaccination for instance, we know the moment that all
vaccinated animals no longer live. In other control measures, like a transport
ban, we can vary the time T and compute the effects.

We are looking for the probability of extinction of the infection, the ex-
pected final size and a generating function for the number of infected herds
at a certain moment. To do this we use a discrete approximation of ¢(t), so
we have only a finite number of changes. Because the environment is non-
varying after a certain moment, we can use the ordinary theory of branching
processes to get all interesting properties for herds infected after t = T. By
using backward iteration we will find the relevant properties of the epidemic
for a herd infected in another interval, because these properties only depend
on what happens in the intervals after the interval of infection. We can
compute these properties for the herd infected at ¢t = 0.

4.2 The probability of extinction

Because an infected herd will almost surely be detected in finite time, the
probability of extinction of the ‘progeny’ of an infected herd z, is equal to
the probability of extinction of the progeny of all the herds infected by .
The probability of extinction of the “progeny” of a herd infected at time ¢,
is denoted by ¢(t). So:

a(t) = E([Ja(t) @

14



Here, the times t; are the times that herds are infected by the herd infected
at time t; the expectation is over these random times of infection. The empty
product is defined as 1.

In order to make computations possible we use a discrete time approx-
imation. We divide the positive real line into N + 1 intervals, labeled
1,2,..., N+1. The interval (0,77 is divided into N intervals of equal length,
where ¢ is in interval ¢, if ¢ € ((i — 1)%,i%]), 1 <@ < N. The final interval
N +1is (T,00); in this final interval all the model parameters are constant.
The time t = 0, the moment of the first infection, is not included in one of
the intervals, we treat this point in our notation as interval 0.

If the function ¢(t) is discontinuous we may choose another discretisa-
tion, so that the discontinuities are on the boundaries of intervals. It is not
essential that all intervals have the same length.

For ¢ in interval 4, 1 <i < N, ¢(t) and ¢(t) are approximately constant.
In our “discrete time model” we will write ¢(i) and ¢(i) for the value of ¢
and ¢ in interval i. For instance, we can take ¢(i) to be the value of ¢(t)
at the midpoint of interval i. Because we accept discontinuities in ¢(t), this
function may differ significantly for neighbouring intervals.

Now, with n(i, j), the number of infections in interval j, due to one herd
infected in interval i, we can write (4) as:

q(z) _ E(q(’i)n(i’i)q(i + 1)n(i,i+1) . -q(N + 1)n(i,N+1)>’ (5)

where the expectation is over the numbers of infections in each interval.
q(0) is the probability of extinction of the progeny of the herd infected at
time t = 0. We assume that all infections and detections take place on the
midpoint of the interval, except of course for the events in the final interval,
because there we can compute everything explicitly.

Given that a herd is not yet detected and H = h, the probability of
infection in a certain interval by that herd does not depend on the number of
infections in previous intervals. Consider a herd infected in interval ¢, denote
by D(i; h) = k the event that this particular herd is detected in interval k,
given H = h. After detection no further infections occur. Define n(i, [, k; h)
as the number of infections in interval [ due to a particular herd infected in
interval ¢, while H = h and the interval of detection k, are given. Now, by
using independence we have (writing Py for the distribution function of H)

N+1

q(z) _ / Z E(q(i)n(i,i7k;h)q(i + 1)n(i,i+1,k;h) .
k=1
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- q(R)"EHFP Di; h) = kYB(D(is h) = k)dPy

= / Z E (H(q(l)"“’““h)\D(i; h) = k:)) P(D(i; h) = k)dPy
= /Z HE(Q(U"("’”“’”‘)ID(Z'; h) = k)P(D(i; h) = k)dPy.

Here the expectation inside the integral depends on h, contrary to the non-
varying environment case. Note that the number of infections in a certain
interval is not independent of the interval of detection. It does not make any
difference for the number of infections whether a herd is detected shortly after
the considered interval or very long after that, but it does make a difference
whether the detection is in the considered interval itself. So p(n;i, [, k;h) :=
P(n(i,l, k; h) = n) depends on the detection interval k. For computational
reasons we suppose in this discrete model that for i < N, p(0;4,4, k; h) = 1.
We write pget(i, k; h) for P(D(i; h) = k). We are interested in ¢ := ¢(0). We
can easily compute all these probabilities in our model.

Because we assume a birth-and-death process for the within-herd spread,
we have to take the random character of H into account. Doing this leads
to the following formulae:

N+1

; FR-1 _,na (i, ks n(i,k,k; :
q(i) = Z/O e (Blg(@)" ) - E(g (k)" ) )pac(i, b, h)db.
k=i

Here we have conditioned on the time of detection and on h. We can rewrite
this formula as:

N+1 OOR—l s k 00
gi) = Y / ¢ m (LT QU p(nsi, ks h)a(D)))pace i, b h)dh.
k=i 0 I=i+1 n=0

Here ¢(i) depends on ¢(l) for [ > i. As mentioned before, we can compute
q(N 4 1) by the ordinary theory of branching processes. We use backward
iteration to compute ¢(0).

Note that we also know the probability of extinction for herds infected
after time ¢t = 0. If we estimate (for example by contact tracing) the mo-
ment of infection of a certain herd, we can use this information to improve
predictions.
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4.3 The expected final size of the epidemic

In almost the same way we can calculate the expected final size of the epi-
demic i.e. the expected total number G of infected herds. This will also be
done for only one type of herd.

If ¢ < 1, there is a positive probability for the final size to be infinite
and therefore the expected final size will always be infinite; so to have the
possibility of a finite expected final size we assume ¢ = 1. We denote by G(t)
the size of the progeny of a particular herd, infected at time ¢ (including this
ancestor) and write G(0) = G. The expected number of herds in the progeny
of herd X, including X itself, is 1 plus the sum of the expected size of the
progenies of all herds infected by this X, i.e.

E(G(t) =1+ ZE(G(ti))

Where the t;’s are again the random times at which infections by the element,
infected on time ¢, occur. The empty sum is defined to be equal to 0.

In the same way as we deduced the formulae for ¢(i) we deduce the for-
mulae for E(G(i)) in the discrete approximation. We write G/(i) for E(G(i)):

Gli) = 1+ / OO Ré Lo B (i, i,k )G+

-+ En(i, k, k; h))G(k)paer (4, k; h)dh

OOR_]_ R—-1
= 1+ —hTm
[

N+1 k

SO np(nii 1k h)G(1)))pace i, ks h)dh

k=i =i n=0

For o > 3, G(N+1) is known from the ordinary theory of branching processes

(see e.g. [4]): for (N +1) =1, G(N +1) = atg-

4.4 A generating function for the number of infective
herds

We will give the generating function for the number of infective and infected
herds at any given moment. Here we will consider the generating function
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for the infective and infected herds at time ¢t = T', the time after which the
parameter values are considered to be constant.

Remember that the age of an infective herd only influences the number of
infective animals in that herd. From Proposition 1 in Section 3.1, we know
that the expected direct offspring of a herd, born after ¢ = T', is independent
of the age of that herd, given that the herd is not yet detected at that time.
Furthermore we know that the size of the offspring (infected after time ¢t = T)
of a herd, infective at that time, does not depend on the offspring of other
herds that are infective at time ¢t = T'. So for the distribution of the number
of infections after time t = T', only the distribution of the number of infective
herds at that time is important.

By using Proposition 1 and the theory for ordinary branching processes,
we can compute everything we want to know. We will determine the distri-
bution of X, the number of infective herds at time t = T. X, is the number
of infective herds at time T', from the progeny of one particular herd infected
in interval i. (Here the herd itself is a part of its own progeny.) We denote
Xo by X. We also use Y; for the number of infected herds in the progeny of
a particular herd infected in interval i, that is detected before time t = T.
The generating function of the distribution of X; and Y; is

i TR-1 ,n v,
Gi(s1,82) = E(s"sy") = / R e M (B(s 7 sy
0

h))dh.
We write §;(s1,52; h) = E(s7 53 |h).
We again assume that a herd does not infect other herds in the interval

wherein it becomes infected itself. So:
gi(s1,82;h) = E(s77sy

)
N+1

= Zpdet Z k h Sl

= 9 Zpdet(i, k; h)E(H §l(81, 82)n(i,l,k;h)) i
k=i i

(i, ks h), h)

N
+51Pdet (i, N + 1; h)IE(H Gi(s1, 59)GLNFLR)
I=i

N 3
= $S2 Zpdet(i, ]{77 h) H E(gl(sl, 32)”(iylvk§h)) +
k=i I=i
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N
+81Pget (1, N + 1; h) HE(fll(Sb 5) LN+

=1

N k 00
= 82 Zpdet(iak;iw H Zp(nvz7]7 k’ h)(gl($1732)>n+
k=i

l=1+1 n=0
N [e%s)
+s1paet(i, N+ 150) [T O pnii, 1, N+ 1; 1) (@1, 92))").
I=i+1 n=0

For interval N we have:
gn (51, 52) = 52Dget (N, N) + s1pager(N, N + 1)

Now we can determine go(s1, $2) point wise. Note that we only need to
compute go(s1,s2) in m + 1 points to give a good approximation of the first
m derivatives of this function for a certain point. With this derivatives we
are able to compute the first m moments of the size at time ¢ = T or to
approximate P(X = n) for all n < m.

With this generating function we can also compute the probability of
extinction and the expected final size of the epidemic. We can use the same
reasoning as before. The progenies of all herds, infective at time t = T
have to go extinct. This occurs with probability ¢*°. So the probability of
extinction is Yoo P(Xo = k)(¢(N + 1))* = go(q(N + 1),1). Note that with
these s; and sy the model is exactly the same as the model in Section 4.2.
For the expected final size we add the expected number of infected herds,
already detected, to the expected size of the progeny of all the infective
herds at time ¢ = T (again including the herds infective at that time). This
is d%lgo(sl, D]sy1G(N+1)+ %go(l, S9)|s,=1- We can only use this property
if after time t = T' the infection and detection rate are proportional to each
other, because otherwise we need to know the ages of the infective herds at
time t =T

In a non-varying environment, we know for ¢ = 1 the “speed” at which
P(Z(t) > 0) decreases, for t — oo, where Z(t) is the number of infective
individuals at time ¢, descending from one individual infected at time t = 0
[4]. So we can give an upper bound for the probability the disease is already
extinct at a certain time. We do this by assuming that all infective herds at
time t = T are infected at that time. So all herd at time T" have age 7 = 0.

Now with the notation S; for the probability that the progeny of a herd
infected at time 7', will not survive until time 7"+ ¢t and with Z(¢) for the
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number of infected herds at time ¢, we have that:

P(Z(T +t) ZIP’ = k)(S)F = §(S;,1).

4.5 Discussion

5

1. By using this iterative method, we can compute the expected final size

of an outbreak very fast, but for computing any higher moments of this
final size, we need substantially more computational effort. By using
simulations, it is possible to estimate these higher moments too. (see

[1])

. The lack of memory property is very important for our computations.

We used it to write the formula of ¢(i) in a ‘convenient’ form, with
expectations in front of every ¢(I)"™. The speed of computations also
heavily depends on the lack of memory property of the infection rate.
In each interval the number of infections by one herd is Poisson dis-
tributed. We can easily integrate h out of the formula for ¢(i), for
Poisson distributed numbers of infections. (With the given distribu-
tion of H).

Results

In this section we use the Dutch classical swine fever epidemic of 1997 as
example. We use the same data as Klinkenberg et al. in [1]. However,
Klinkenberg et al. used simulations and for every simulation the parameters
were (pseudo-)randomly chosen from the distributions of the parameters,
while we used only estimations of parameters for our computations.

We consider the following set of control measures:
A Total transport prohibition,
B Killing of young piglets, in combination with a breeding ban,

C Vaccination of all piglets (not sows) at multiplier herds, followed by

recurrent vaccination of newborn piglets,

D Single vaccination of all pigs at finishing herds,
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E Vaccination of piglets on arrival at finishing herds.

Choosing a (combination of) measure(s) is called a control strategy or
scenario. The effects of different scenarios on the fraction of infective animals
in a multiplier, in a finisher and the possibility of transport-infections (¢, (),
¢f(t) and ¢y, (t) respectively) are given in Table 1 (This table is adapted
from [1]). For example, the 0 for ¢y, in strategy A means that infection is
not possible by transport contacts. As another example, ¢¢(t) = ¢/100 for
t < 100 in strategy D means that at time ¢ a fraction /100 of the animals
in a finisher is infective. Note that the first 12 strategies are in a constant
environment. Therefore, for those strategies we can compute properties of
the spread of the disease directly. The probability of extinction is given in
Table 2.

We also compute the expected final size of an epidemic; see Table 3. We
only need to compute this for the strategies with almost sure extinction. The
expected number of infected multipliers, while the initially infected herd was
a finisher is denoted by G,,. In a similar way we define G, Gip, Gyy. The
last column of Table 3 is the expected number of infected herds, when initially
five multipliers and five finishers were infected. Note that we cannot compare
the expected final size with the results of Klinkenberg et al. (Table 6 in [1]),
because they use the median of 1000 simulations, not the mean. The results
of Klinkenberg et al. are given in Table 4. The 95% confidence intervals of
the final size are also taken from [1] and were estimated by simulation.

We used the generating function for the number of infected and infective
herds at time t = T, the point in time after which the parameter values
are assumed to be constant, to estimate the size at time 7" (which varies for
different strategies). We estimate the first two moments of the size at time
T for the four pure strategies in a varying environment B, C, D, E. (Table
5) Especially the results of B and C are of interest because they will give an
idea of the variance of the final size of a herd.

Next we give covariance matrices (for different strategies and different
initially infected herds) of the number of infected multipliers not yet de-
tected, the number of infected multipliers already detected, the number of
infected finishers not yet detected and the number of finishers already de-
tected, respectively. We denote by Var;(J) the covariance matrix for an
initially infected herd of type ¢, while the strategy is J. By comparing the
values in these matrices to the results in Table 5, we know how much trust
we may put in the expected sizes.
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24.3 129 283 18.3
129 9.9 172 12.0
28.3 17.2 419 227
18.3 12.0 22.7 19.0

Varg(E) =

Up to now we used exact parameters. In reality we cannot estimate the
parameters exactly. In order to get some insight into how the computed
properties depend on the values of the different parameters, we varied one
parameter while keeping the other parameters constant. The results for the
strategies B and D are given in Figures 1 and 2. Note that the scales on
the axes differ for the different varying parameters. On the z-axes we put
the ratio between the value of the parameter and the point estimator of that
parameter. We see that for these strategies, the parameters » and R have
relatively little influence on the computed quantities, while o and (5 do have
significant influence.

In a constant environment the only thing that matters is the ratio g For
varying environments we varied «, while keeping g and % constant. The
results are varying, but not very much.

5.1 Discussion

1. We cannot estimate the parameters exactly. Because the expected
final size, the probability of extinction and the generating function for
the number of infective herds at a certain moment heavily depend on
some of the parameters, we cannot really use the computed values in a
quantitative way. But we can use them to compare different scenarios,
while using the same parameter values.

2. We computed the probability of extinction for the progeny of one in-
fective herd, but in reality we may have more than one infected herd
at the moment the first measures are implemented, so the probability
of extinction may be much less than the computed g. We assumed
that different infected herds infect other herds independently of each
other. If we simplify the model by assuming that all herds at time ¢ = 0
have age 0, we can estimate the expected final size by the number of
initially infected herds times the estimated final size of one infected
herd. In the same way we can estimate the probability of extinction by
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the computed probability for one herd, to the power of the number of
initially infected herds. From previous outbreaks of FMD, CSF and Al
in the Netherlands, one can see that as a rule several farms are already
infected at the moment the first case is suspected or confirmed.

. The results are very much the same as the results of Klinkenberg et
al. but we do not need simulations to estimate the properties. Also,
our method is much faster than using simulations. In Table 6 of [1]
it is suggested that the expected final size, with initially five infected
multipliers and five infected finishers, is estimated by simulations. In
reality the median of 1000 simulations is used in that paper. This
explains why our results differ on that point.

. Note that strategy ABC gives an extremely high expected final size.
Klinkenberg et al.[1] did not even give this final size. This is because
for the given parameters the process is very near to a process with a
positive probability of surviving i.e. a positive probability of an infinite
final size.

. Using the expected size at t = T and the variance of this size, we see
that the expected final size is not very informative in some scenarios.
Large variance may imply that a large set of “numbers of infected
herds” have a not-ignorable probability, even if we know the exact
parameters.

. The computed covariance matrices do have values of different order in
them. Consider for instance strategy B. The variance of the number
of finishers and multipliers already detected is much higher than the
variance of the number of finishers and multipliers that are still alive at
time t = T'. This is because the infection rate decreases for this strategy.
At the start of the process one infective herd may infect several other
herds with a relatively high probability, while after some time infections
become rare. This is why the expected number of infective herds at
t =T is much less than the expected number of infected herds.

. For constant environments we are interested in the variance of the final
size. Note that in all of the strategies with almost sure extinction in
a constant environment, only one type of herd can be infected, so we
only have to deal with one type of herd. We use the underlying Galton-
Watson process to deduce the variance of the final size (see Section 2.11
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6

of [4]). If we take m for the expected number of direct infections by

one infective herd, the expected final size is Lm and the variance is

1—
T(”l(ijn’;?. Note that for a large expected final size, the variance will be

of the square order of the final size. Due to this large variance, we
cannot give exact quantitative predictions about the final size of an
epidemic. This also indicates that there is a large intrinsic uncertainty
in the problem.

. If the infection rates are increasing in time, the expected final size

will decrease for increasing r, while for decreasing infection rates the
expected final size will increase for increasing r. This is because r can
be seen as a parameter describing the speed of the process in a constant
environment. Large values of r correspond to short generation lengths
compared to small r. So, if the infection rate is increasing in time, the
n-th generation for small values of r will have a larger infection rate
than the n-th generation for large 7.

The effect of decreasing R, the parameter describing the random effects
at the start of the within-herd spread, is less clear from formulae and
definitions. From the figures we can only see that R has relative small
effect on the expected final size and the probability of extinction.

. Some parameters heavily influence the expected final size and the prob-

ability of extinction. We have already seen that in a constant environ-
ment 7 and R do not influence these quantities. For predictions the
ratios (3 : By : « are most important. So the estimation effort is best
devoted towards estimating these ratios.

Conclusion and final remarks

By using a stochastic model, we could estimate the probability of extinction
and the expectation of the final size of an epidemic in a varying environment.
We only need that the environment is not varying anymore after some given
time. We use a branching process in varying environments, depending on the
age of the particles. In the constant environment the probability of extinction
and the final size are known. By using an iterative process, we computed
this probability and size for the time the environment is still varying.
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By using generating functions, we can compute many important proper-
ties, like the moments of the final size, and a lower bound for the probability
that the process has gone extinct after a given time. These generating func-
tions are very useful especially if in a constant environment the expected
number of infections after a certain age does not depend on that age. This
only holds if the infection and detection rate are in direct proportion, for the
non-varying environment.

It is difficult to estimate the parameters for the computations. Some
of the properties computed in this model, like the probability of extinction
heavily depend on the parameters o and (3, describing the infection and
detection rate. The model presented in this paper may be useful to compare
the effect of different measures, but it is very dangerous to use this model
for absolute quantitative predictions.

We used the model to describe the spread of classical swine fever. It is
worth investigating if the same model, with other parameters, may be used
to describe the spread of other animal diseases, with culling at detection,
or even human diseases, which lead to strict quarantine of detected infected
individuals (and suspected cases) and contact and movement restrictions.
Emerging infections such as SARS are possible examples of this.

References

[1] KLINKENBERG, D.; EVERTS-VAN DER WIND, A.; GrRAAT, E.A.M.
AND DE JoNng, M.C.M.(2003), Quantification of the Effects of Con-
trol Strategies on Classical Swine Fever Epidemics, Mathematical Bio-
sciences 186 (2) 145-173.

[2] DIEKMANN, O. AND HEESTERBEEK, J.A.P.(2000), Mathematical Epi-
demiology of Infectious Diseases, Chichester: John Wiley & Son.

[3] GRIMMETT, G.R. AND STIRZAKER, D.R.(1992), Probability and Ran-
dom Processes, New York: Oxford University Press Inc.

[4] JAGERS, P.(1975), Branching Processes with Biological Applications,
London: John Wiley & Son.

[5] FERGUSON, N.M.; DONNELLY C.A. AND ANDERSON R.M.(2001),
The Foot-and-Mouth Epidemic in Great Britain: Pattern of Spread and
Impact of Interventions, Science 292 1155-1160.

26



[6]

[10]

[11]

FERGUSON, N.M.; DONNELLY C.A. AND ANDERSON R.M.(2001),

Transmission Intensity and Impact of Control Policies on the Foot and
Mouth Epidemic in Great-Britain, Nature 413 542-547.

JAGERS, P. AND LU Z.W.(2002), Branching Processes with Deteri-

orating Random Environments, Journal of Applied Probability 39 (2)
395-401.

Kao, R.R.(2002), The Role of Mathematical Modelling in the Control
of the 2001 FMD Epidemic in the UK, Trends in Microbiology 10 (6)
279-286.

KEELING, M.J.; WOOLHOUSE, M.E.J.; SHAW, D.J.; MATTHEWS,
L.; CHASE-TOPPING, M.; HAYDON, D.T.; CORNELL, S.J.; KAPPEY,
J.; WILESMITH, J. AND GRENFELL B.T.(2001), Dynamics of the 2001
UK Foot and Mouth Epidemic - Dispersal in a Heterogeneous Land-
scape, Science 294 813-817.

MEESTER, R.; DE KONING, J.; DE JONG, M.C.M. AND DIEKMANN,
0.(2002), Modelling and Prediction of Classical Swine Fever Epidemics,
Biometrics 41 178-184.

STEGEMAN, A.; ELBERS, A.R.W.; SMmAk, J. AND DE JONG,
M.C.M.(1999), Quantification of the Transmission of Classical Swine
Fever Virus between Herds during the 1997-1998 Epidemic in The
Netherlands, Preventive Veterinary Medicine 42 219-234.

27



Table 1: The effect of different strategies on ¢¢(t), ¢, (t) and ¢y, ().

Strategy | Time interval ¢ (¢) Om(t) G (t)
none t>0 1 1 1
ABCD [t>0 0 365/1975 0
ABC t>0 1 365/1975 0
ABD t>0 0 1 0
AB t>0 1 1 0
ACD t>0 0 1009/1975 0
AC t>0 1 1009/1975 0
AD t>0 0 1 0
A t>0 1 1 0
BCD t>0 0 365/1975 0
CD t>0 0 1009/1975 0
DE t>0 0 1 1
BC 0 <t <100 1 —1¢/100 365/1975 0
t > 100 0 365/1975 0
BDE 0<t<T70 0 1—23t/1975 1
t>170 0 365/1975 0
BD 0<t<T70 t/100 1—23t/1975 1
70 <t <100 0.7 365/1975 0
100 <t <170 1.7 —1t/100 365/1975 0
t> 170 0 365/1975 0
BE 0<t<70  1-t/100 1-23t/1975 1
70 <t <100 1-—1t/100 365/1975 0
t > 100 0 365/1975 0
B 0<t<70 1 1—23t/1975 1
70 <t <170 1.7—1t/100 365/1975 0
t> 170 0 365/1975 0
C 0 <t <100 1 —1t/100 1009/1975 0
t > 100 0 1009/1975 0
D 0<t<100  ¢/100 1 1
t > 100 1 1 1
E 0<t<100 1-t/100 1 1
t > 100 0 1 1
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Table 2: Probability of extinction for various strategies.

Strategy 4n(0) qr(0)
none 0.32 0.51
ABCD, ABC, ABD 1 1
ACD, AD, BCD, CD

AB 0.61 0.61
AC 0.80  0.80
A 0.61 0.61
DE 0.69 0.46
BC, BDE, BD, BE, B, C | 1 1

D 0.38 0.61
E 0.39 0.59

Table 3: Expected final size for various strategies.

Strategy | Gpm Gy Gim Gyp o Gsmysfif+m
ABCD 1.2 0 0.2 1 11.8
ABC 7.5 354 6.5 36.4 4294
ABD 5.7 0 4.7 1 56.9
ACD 1.7 0 0.7 1 17.3
AD 5.7 0 4.7 1 56.9
BCD 1.2 0 0.2 1 11.8
CD 1.7 0 0.7 1 17.3
BC 1.1 0.8 0.3 1.8 21.6
BDE 2.7 3.6 0.9 2.0 45.4
BD 3.6 8.5 1.3 4.0 87.2
BE 3.2 5.8 1.2 3.2 066.6
B 4.5 13.2 19 6.8 132.3
C 2.4 1.0 1.4 2.0 33.8
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Table 4: Median and 95% confidence interval of the final size.

Strategy | median of final size 95% CI
ABCD 11 10— 16
ABD 42 13 — 452
ACD 16 10— 35
AD 42 13 — 452
BCD 11 10— 16
CD 16 10 — 35
BC 21 12 — 38
BDE 35 15— 69
BD 67 20 — 157
BE 53 22 — 110
B 108.5 37 — 238
C 33 15—-173

Table 5: Expected sizes at time T'.

Strategy | initially infected type | undetected m detected m undetected f detected f
B multiplier 0.39 3.98 0.47 12.57

B finisher 0.18 1.61 0.22 6.50

C multiplier 0.35 1.72 0.14 0.82

C finisher 0.35 0.72 0.14 1.82

D multiplier 5.26 4.24 9.93 6.12

D finisher 2.39 1.72 4.57 3.28

E multiplier 5.34 4.55 6.88 6.27

E finisher 2.64 2.00 3.45 3.65
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