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pc = 1/2AMS 2000 Subject Classi�cation: 60K35, 82B43, 82B201 Introduction and motivationIf one considers the percolation properties of spin clusters, the high temper-ature (β < βc) Ising model on the triangular lattice T with no external �eldis believed to show critical behaviour and to be in the universality class ofBernoulli (independent) percolation. One way to understand the conjectureis in terms of the renormalization group: one expects the high temperaturephase of the Ising model to be in the basin of attraction of the (stable) in�-nite temperature �xed point, which in the case of the triangular lattice (butnot of other lattices) corresponds to critical site percolation.The conjecture can also be cast in the language of the O(n) model. In-deed, the high temperature phase of the zero �eld Ising model on T falls inthe so-called dense phase of the O(n) model with n = 1, which is believed toshow critical behaviour and to be driven, under the action of the renormal-ization group, to a stable �xed point corresponding, once again, to criticalpercolation. Rephrased in the language of scaling limits, the conjecture canbe expressed in terms of convergence of certain interfaces to SLE6, and ap-pears in several places (see, e.g., [24, 30, 31, 2]), often as part of a largerconjecture about the O(n) model.Motivated by the above considerations, in this paper we show that, forany �xed inverse temperature β < βc, the zero �eld Ising model on T corre-sponds to the critical point of a dependent percolation model. To do that,we generalize the FK random-cluster representation of the Ising model, ob-taining a site percolation model with parameter r ∈ [0, 1] which reduces tothe Ising model for r = 1/2. We then show that the new percolation modelhas a (sharp) percolation phase transition at r = 1/2.It will be clear from its de�nition that in the new percolation modelthe states of di�erent sites are not independent, but that correlations decayexponentially with the distance. As a consequence, we can now view theconjecture about the high temperature Ising model on the triangular latticeas a particular instance of another general conjecture that has to do withpercolation only, namely that the scaling limit of a (two-dimensional) per-colation model exists and is independent of the particular model, as longas the correlations in the probability measure decay fast enough (see, e.g.,[12]). Such a result has been proved for a few speci�c models of dependent2



percolation (see [11, 10, 8, 9, 5]).It is interesting to notice that the Ising model corresponds to the self-dualpoint of the new percolation model. Therefore, our result also shows that forthat model the self-dual and the critical point coincide, in accordance witha very natural principle which is believed to be valid in great generality, butwhich has been veri�ed only in a handful of cases, including bond percolationon the square lattice [26], site percolation (see [27]) and the Divide and Colour(DaC) model [2] on the triangular lattice, and Voronoi percolation [6]. Thesame priciple should apply to other interesting models, such as the random-cluster model (where it is known for q = 1, corresponding to percolation,and q = 2, corresponding to the Ising model � see [16]), other DaC models(see [2], and in particular Conjecture 1.7 there) and �confetti percolation�(see Problem 5 in [3]).In our analysis we make substantial use of a result by Higuchi, who hasextensively studied the percolation properties of the two-dimensional Isingmodel (see [19, 20, 21, 22, 23]).2 Main resultsWe work on the triangular lattice T with vertex set VT and edge set ET, anddenote the unique Ising Gibbs measure on T at inverse temperature β < βcand zero external �eld by µβ.The random-cluster measure νp,q on edge con�gurations η ∈ {0, 1}ET (withthe usual σ-�eld generated by cylinder events) is characterized by two pa-rameters satisfying 0 ≤ p ≤ 1 and q > 0 (see [16] for the de�nition and somebackground). We call an edge e ∈ ET open if η(e) = 1, and closed otherwise.The maximal connected components of the graph obtained by removing allthe closed edges from T are called FK clusters.For �xed q, the random-cluster measure has a percolation phase transitionat some 0 < pc(q) < 1, and with probability one all FK clusters are �niteif p < pc(q). When q = 2, one can generate an Ising spin con�guration
σ ∈ {+1,−1}VT distributed according to µβ, β < βc, by drawing an edgecon�guration according to νp,2 with p = 1− e−β and assigning spin +1 or −1to each vertex of T in such a way that (1) all the vertices in the same FKcluster get the same spin and (2) +1 and −1 have equal probability. Notethat β < βc implies p = 1− e−β < pc(2), so that the FK clusters are all �nitewith probability one.From now on, unless otherwise stated, we will always assume that q = 2.We generalize the above procedure by assigning spin +1 with probability
r and −1 with probability 1 − r, with r ∈ [0, 1], while keeping condition3



(1). For �xed β, this generates a dependent (spin) percolation model withparameter r, whose measure we denote by Pβ,r. Clearly, the spin marginal of
Pβ,1/2 coincides with µβ. Note also that P0,1/2 (equivalently, µ0) is a productmeasure and corresponds to critical site percolation on T. As soon as β > 0,however, the spins are correlated. Nonetheless, the exponential decay of theFK cluster size distribution when β < βc (see [16]) immediately implies theexponential decay of correlations in the measure Pβ,r.We call a maximal connected subset V of VT such that all vertices in Vhave the same spin a spin cluster. If the spins in V are all +1 (respectively,
−1), we call V a (+)-cluster (resp., a (−)-cluster). Our aim is to studythe percolation properties of spin clusters. We denote by Θ(β, r) the Pβ,r-probability that a given vertex of the triangular lattice is contained in anin�nite (+)-cluster, and de�ne rc(β) := sup{r : Θ(β, r) = 0}. By the size ofa cluster we mean the number of vertices in the cluster. The main result ofthis paper is the following theorem where, due to the +/− symmetry of themodel, we focus without loss of generality on the behaviour of (+)-clusters.Theorem 2.1. For all β < βc, rc(β) = 1/2. Moreover,

• If r < 1/2, the distribution of the size of the (+)-cluster of the originhas an exponentially decaying tail.
• If r = 1/2, Θ(β, 1/2) = 0 and the mean size of the (+)-cluster of theorigin is in�nite.
• If r > 1/2, there exists a.s. a unique in�nite (+)-cluster.Note that r = 1/2 is clearly the self-dual point of Pβ,r. Thus, Theorem 2.1implies that the critical point of the model coincides with its self-dual point.We remark that one can obtain a polynomial lower bound for the tail distri-bution of the (+)-cluster of the origin at r = 1/2 by using elementary dualityarguments only, see [17], p. 15.Since the phase transition described in Theorem 2.1 is continuous, onemay expect continuity of the percolation function Θ(β, r). Indeed, this canbe proved by standard methods.Theorem 2.2. For each β < βc, Θ(β, r) is a continuous function of r ∈

[0, 1].It is worth remarking that Pβ,r belongs to a family of measures that canbe obtained via a two step procedure: �rst partition the vertices of a latticeinto clusters according to some rule, then assign spin values (or colours) tothe vertices with some probability, making sure that all vertices in the same4



cluster get the same colour. We call such measures Divide and Colour (DaC)models. The �rst DaC model was introduced by Häggström [18], and itsphase transition is studied in detail in [2]. DaC models can be considered asnatural dependent percolation models. They are relatively simple, yet theiranalysis is considerably more complicated than that of Bernoulli percolation(see, e.g., the present paper and [2]), and requires new techniques that maybe useful in studying other dependent models.A brief outline of the paper is given as follows. In Section 3, we intro-duce some more de�nitions and notation, and we collect results which areeither known or can be proved by standard methods, including a result byHiguchi [22] about the Ising model. We shall use them later, together withthe standard Edwards-Sokal coupling [13] and results described in Section 4,which contains some technical lemmas and an overview of the main step inthe proof of Theorem 2.1. In Section 5, we prove Theorems 2.1 and 2.2.3 Preliminaries3.1 Notation and de�nitionsIn order to de�ne a concrete coordinate system in the triangular lattice T,we embed T in R
2 as in Figure 1, so that its set of vertices VT consists of theintersections of the lines y = −

√
3x +

√
3k and y =

√
3

2
` for k, ` ∈ Z, anddenote the elements of VT by (k, `). We call two vertices in VT adjacent iftheir Euclidean distance is 1, and de�ne the edge set ET by ET = {(v, w) : vand w are adjacent}.The state space of our con�gurations is denoted by Ω := ΩD×ΩC , where

ΩD = {0, 1}ET is the set of random-cluster realisations, and ΩC = {−1,+1}VTcorresponds to the spin con�gurations. The probability measure Pβ,r is themeasure (on the usual σ-algebra on Ω) obtained by the procedure describedin Section 2; we denote the expectation with respect to Pβ,r with Eβ,r.We introduce the set Ω̃ ⊂ Ω as the set of con�gurations such that verticesin the same FK cluster have the same spin, and we equip Ω̃ with a partialorder, which depends on the spins only, as follows. For ω1 = (η1, σ1), ω2 =
(η2, σ2) ∈ Ω̃ we say that ω1 ≥ ω2 if σ1(x) ≥ σ2(x) holds for every x ∈ T. Allthe con�gurations are implicitly assumed to be in Ω̃. We call an event A ⊂ Ω̃increasing if ω ∈ A and ω′ ≥ ω implies ω′ ∈ A. A is a decreasing event if Acis increasing.We call a sequence (x0, x1, . . . , xn) of vertices in T a (self-avoiding) pathif for all i = 0, . . . , n− 1, xi and xi+1 are adjacent, and for any 0 ≤ i < j ≤
n, xi 6= xj . A horizontal crossing of a parallelogram R = [a, b] × [c, d], with5



Figure 1: Portion of the triangular lattice T. The heavy segments are thesides of the parallelogram S2,3 = [0, 2] × [0, 3].
a, b, c, d ∈ Z, is a path x0, x1, . . . , xn such that x0 ∈ {a}×[c, d], xn ∈ {b}×[c, d]and for all i, xi ∈ R. A vertical crossing of the same parallelogram is a path
x0, x1, . . . , xn such that x0 ∈ [a, b]×{d}, xn ∈ [a, b]×{c} and for all i, xi ∈ R.In a con�guration (η, σ) ∈ Ω̃, a (+)-path is a path x0, x1, . . . , xn suchthat for all i = 0, . . . , n, σ(xi) = +1. Horizontal (+)-crossings and vertical(+)-crossings are de�ned analogously. The de�nitions of (−)-path, horizontal(−)-crossing, vertical (−)-crossing are obtained by replacing +1 with −1.Let Sn,m denote the parallelogram [0, n] × [0, m], with n,m ∈ N. Denoteby V +

n,m the event that there is a vertical (+)-crossing in Sn,m; let H+
n,m bethe corresponding event with a horizontal (+)-crossing. The analogous eventswith (−)-crossings are denoted by V −

n,m and H−
n,m, respectively.Let d denote the graph distance on T. We de�ne the distance betweentwo sets V and W by d(V,W ) = {min(d(v, w)) : v ∈ V, w ∈W}. Let B(v, n)denote the disc of radius n with center at vertex v in the metric d, i.e.,

B(v, n) = {w : d(v, w) ≤ n}. For a vertex set A ⊂ VT, we denote by ∂Athe vertex boundary of A, that is, we de�ne ∂A = {v ∈ A : ∃w ∈ VT \ Asuch that d(v, w) = 1}. For a vertex v ∈ VT, let CFK
v be the FK clusterof v, i.e., the set of vertices that can be reached from v through edges thatare open in the underlying random-cluster measure with parameters p and

q = 2. Let us de�ne the dependence range of a vertex v by D(v) := max{n ∈
N : CFK

v ∩ ∂B(v, n) 6= ∅}.We call an edge set E = {e1, e2, . . . , ek} a barrier if removing e1, e2, . . . , ek(but not their end-vertices) separates the graph T into two or more disjointconnected subgraphs, of which exactly one is in�nite. (Note that a barrier as6



de�ned above corresponds to dual circuits in bond percolation. Its de�nitionis motivated by Lemma 3.2.) We call the in�nite subgraph the exterior of E,and denote it by ext(E). We call the union of the �nite subgraphs the interiorof E, and denote it by int(E). With an abuse of notation, we shall write
int(E) and ext(E) also for the vertex sets of int(E) and ext(E) wheneverit does not cause confusion. E = {e1, e2, . . . , ek} is a closed barrier in acon�guration (η, σ) ∈ Ω̃ if E is a barrier and η(ei) = 0 holds for i = 0, . . . , k.For a vertex set A ⊂ VT, let ∆A denote the edge boundary of A, that is,
∆A = {(x, y) ∈ ET : x ∈ A, y ∈ VT \ A}. Note that for β < βc, the edgeboundary of any FK cluster is a.s. a closed barrier.3.2 Preliminary resultsTo make the paper self-contained, we collect here the tools needed to proveTheorems 2.1 and 2.2. The �rst theorem in this subsection follows fromresults in [1], and is stated explicitly e.g. in [16].Theorem 3.1. If p < pc(2), there exists ψ(p) > 0 such that for all n, wehave

νp,2(D(0) ≥ n) ≤ e−nψ(p).Another property of the random-cluster measures is that for e ∈ ET theconditional measure νp,q(· | Y (e) = 0) can be interpreted as a random-clustermeasure with the same parameters p and q on the graph obtained from T bydeleting e (see [16]). This property implies the following observation, whichwe state as a lemma for ease of reference.Lemma 3.2. If B = {e1, . . . , ek} is a barrier, C(B) = ∩ki=1{η(ei) = 0}, E1and E2 are events which depend only on states of edges and spins of verticesin int(B)∪B and ext(B) respectively, then conditioned on C(B), E1 and E2are independent.In the proof of Theorem 2.1, we will use a version of Russo's formula fordecreasing events, hence we state the theorem in a slightly unusual form. Theproof, as sketched in [2], is standard. Let A be an event, and let ω = (η, σ)be a con�guration in Ω̃. Let C be an FK cluster in η. We call C pivotalfor the pair (A, ω) if IA(ω) 6= IA(ω′) where IA is the indicator function of A,
ω′ = (η, σ′), and σ′ agrees with σ everywhere except that the spins of thevertices in C are di�erent.Theorem 3.3. Let W be a set of vertices with |W | < ∞, and let A be adecreasing event that depends only on the spins of vertices in W . Then we7



have that
d

dr
Pβ,r(A) = −Eβ,r(n(A)),where n(A) is the number of FK clusters which are pivotal for A.The following result, like Lemma 2.10 in [2], is a �nite size criterion forpercolation.Lemma 3.4. There exists a constant ε > 0 with the following property. If

β, p = 1 − e−β and N ∈ N satisfy
(N + 1)(3N + 1)νp,2(D(0) ≥ N

3
) ≤ εand

Pβ,r(V
+
N,3N) > 1 − ε,then Θ(β, r) > 0.As in [2], this theorem can be proved by a coupling argument with a 1-dependent bond percolation model. Theorem 3.1 and Lemma 3.4 imply thefollowing result.Theorem 3.5. For all β < βc, if lim sup

n→∞
Pβ,r(V

+
n,3n) = 1 for some r, then

Θ(β, r) > 0.3.3 Cut pointsWe shall use (a slightly modi�ed version of) a result of Higuchi from [22](see also Proposition 4.2 in [23]) about the Ising model. In order to state thetheorem, we need a few de�nitions. For positive integer values of k, let Rn,knbe the collection of all horizontal crossings in Sn,kn. For R ∈ Rn,4n, we denotethe region in Sn,6n (note the di�erent side length) under R by L(R), the regionin Sn,6n above R by A(R), the parallelogram [bn1/4c, n− bn1/4c] × [0, 6n] by
S ′
n,6n, and the parallelogram [2bn1/4c, n−2bn1/4c]× [0, 6n] by S ′′

n,6n. (For a ∈
R, we denote by bac the greatest integer smaller than or equal to a.) Also, let
D(R) denote the vertex set {v ∈ VT \ (A(R)∩S ′

n,6n) : d(v, L(R)∪R) ≤ n1/4}(see Figure 2). We call a vertex x ∈ R a cut point of R in Sn,6n if there existsa (+)-path in A(R) ∩ S ′′
n,6n from [0, n] × {6n} to a neighbouring vertex of x(we use Higuchi's language although our de�nition is slightly di�erent). Fora �xed R ∈ Rn,4n, we denote by c(R) the �maximal number of cut points inthe middle part of R far enough from each other,� that is, the cardinality ofa maximal subset M(R) ⊂ R∩S ′′

n,6n for which the following properties hold:8



Figure 2: Bottom part of the parallelogram Sn,6n. The lines inside Sn,6nparallel to the sides of Sn,6n represent the sides of the parallelograms S ′
n,6nand S ′′

n,6n. The partly thin, partly thick line from the left side of Sn,6n tothe right side represents a horizontal crossing R ∈ Rn,4n. The thick linerepresents the boundary of D(R).
• every v ∈M(R) is a cut point of R in Sn,6n,
• for all v1, v2 ∈M(R), d(v1, v2) ≥

√
n.We shall next compute a lower bound for (a conditional expectation of) c(R)by using the aforementioned result by Higuchi.Proposition 5.1 in [22] concerning the Ising model on the square latticeessentially states that if both (+)-crossings and dual (−)-crossings in the longdirection of 4n × n rectangles have probability bounded away from 0, thenfor an arbitrary �xed horizontal crossing R in the lowest quarter of an n by

n square S, irrespective of what the spins of vertices in and below R are, theexpected number of vertices v in R with a (+)-path from a neighbour of vto the top of S is arbitrarily large for all n large enough. A careful readingof the proof of this proposition shows that the same method works on thetriangular lattice T. Moreover, we can take the parallelogram Sn,6n insteadof a square, consider a horizontal crossing R ∈ Rn,4n, condition on the spinsof vertices in D(R) instead of L(R) ∪ R, require that the (+)-path from aneighbour of v ∈ R to the top of Sn,6n be in A(R) ∩ S ′′
n,6n, and the expectednumber of special vertices (which are here cut points of R in Sn,6n) still goesto in�nity as n → ∞. In fact, using Higuchi's notation in [22], we see thatsince all the cut points considered in the proof are found inside annuli A′′′

jwhich are at distance at least 5
2
· 4j from one another (where only integers

j satisfying √
n ≤ 2 · 4j are considered � see (5.21) in [23]), all cut pointsconsidered are automatically at distance at least 5

4
· √n from one another.Therefore, if Eβ denotes the expected value w.r.t. µβ, and FV denotes the

σ-algebra generated by {σ(x) : x ∈ V }, we have the following result.Proposition 3.6. Let β < βc and assume that there exists δ > 0 such that
min{µβ(H+

3n,n), µβ(H
−
3n,n)} ≥ δ (1)9



for every n ≥ 1. Then we have
lim
n→∞

inf
R∈Rn,4n

inf
E∈FD(R)

Eβ (c(R) | E) = ∞.Due to the self-matching property of T and the +/− symmetry of themodel, for any n ∈ N, we have
µβ(H

+
n,n) = 1/2. (2)It follows from this observation and the RSW-type results in [19] (which applyto T as well as to the square lattice) that condition (1) in Proposition 3.6 issatis�ed with a proper choice of δ. Furthermore, since r = 1/2 correspondsto the Ising model, for all β < βc, we have

lim
n→∞

inf
R∈Rn,4n

inf
E∈FD(R)

Eβ,1/2(c(R) | E) = ∞. (3)4 Domination lemmas4.1 Strategy of the proof of Theorem 2.1In order to motivate the technical results in this section, we give an informal(and somewhat imprecise) overview of the main step in the proof of Theorem2.1, namely the proof that rc(β) ≤ 1/2. The structure of our proof of thisfact is based on Russo's formulation [29] of Kesten's celebrated proof [26]of the analogous statement for bond percolation on the square lattice. Theproof proceeds by contradiction, assuming that rc(β) > 1/2 and showingthat this implies the existence of some ε > 0 such that, ∀r ∈ [1/2, 1/2 + ε],the number of FK clusters which are pivotal for the event corresponding tothe presence of a (−)-crossing in a su�ciently large parallelogram SN,6N isvery large (in expectation). By Russo's formula, the expected number ofpivotal FK clusters equals the derivative of the probability of the crossingevent. This leads to a contradiction since the probability of any event hasto remain between 0 and 1, and so its derivative cannot be too large on aninterval.We show in Section 5 that if we take β < βc and assume rc(β) > 1/2,then the probability of a horizontal (−)-crossing in the lower half SN,3Nof the parallelogram SN,6N is bounded away from 0, uniformly for every
r ∈ [1/2, rc(β)). We take r0 in that range and consider the lowest suchcrossing R and the union UR of FK clusters of vertices in and below R,which is surrounded by a closed barrier B. Since β < βc, the FK clusters�tend to be small.� Therefore, with high probability, every edge of B is at10



most at distance N1/4 from the set of vertices in and below R. Assuming thatthis is the case, the vertex boundary of int(B) contains exactly one horizontalcrossing of SN,4N , which we call ΓB. Since the vertices in ΓB ∩ S ′′
N,6N (i.e.,the middle part of ΓB) are in FK clusters of vertices in the lowest horizontal(−)-crossing R, if v ∈ ΓB ∩ S ′′

N,6N is a cut point of ΓB in SN,6N , then CFK
v ispivotal for H−

N,6N . Therefore, from this point on, our goal is to �nd a largenumber of cut points of ΓB in SN,6N in ΓB ∩ S ′′
N,6N .In Section 3.3, we used Higuchi's results and the Edwards-Sokal couplingto obtain equation (3), which informally states that for β < βc and r = 1/2,for any horizontal crossing of a su�ciently large parallelogram, regardless ofthe values of the spins of vertices in and below the crossing, the expectednumber of cut points of the crossing is arbitrarily large. We would like touse this result to conclude that there are many cut points of ΓB in SN,6N in

ΓB ∩ S ′′
N,6N . We couple the r = r0 and the r = 1/2 case by taking the samerandom-cluster con�guration in ext(B) (which is allowed since B is a closedbarrier), and assigning spins to the FK clusters as follows. We take i.i.d.random variables (V (CFK

v ) : v ∈ ext(B)) with uniform distribution on theinterval [0, 1], and assign spin +1 to v if V (CFK
v ) is smaller than r0 or 1/2,respectively. Then, every vertex which is a cut point in the r = 1/2 case is acut point in the r = r0 (> 1/2) case as well, since being a cut point requiresthe presence of (+)-paths only, and every vertex in ext(B) whose spin is +1at 1/2 has a +1 spin also at r0.We now would like to use (3), but we cannot do that immediately becauseat this point of the proof we have information on the FK clusters of vertices inand below R, and not only on spin values, as required by (3). To circumventthis problem, we will use the presence of the closed barrier B to show thathaving information on the FK clusters of vertices in and below R does notcreate problems. This is intuitively not surprising, but proving such a resultrequires a considerable amount of work, to which the rest of the presentsection is dedicated.The proof of Theorem 2.1 can be �nished from here as follows. First ofall, it follows from Lemma 3.2 that turning the spin of every vertex in int(B)to −1 does not change the expected number of cut points in ΓB ∩ S ′′

N,6N .Then, Corollary 4.4 implies that this expected number is bounded below bythe expected number without conditioning on B being closed. For the latterexpected number, we can use (3) to conclude that the expected number of cutpoints in ΓB∩S ′′
N,6N becomes arbitrarily large as the size of the parallelogramincreases, leading to the desired contradiction, as discussed earlier.

11



4.2 A barrier around −1 spinsOur goal in this section is to prove Corollary 4.4. We do this through threelemmas, using ideas from [2] and [25]. We need a property of the random-cluster measure νp,q on T from [15] (see also [16]), namely that for all q ≥ 1,the so-called �FKG lattice condition� holds for νp,q. We use the followingversion of it: for any E ⊂ ET, e ∈ ET \ E, and ψ, ζ ∈ {0, 1}E with ζ ≥ ψ(coordinate-wise), we have
νp,q(η(e) = 1 | η ≡ ζ on E) ≥ νp,q(η(e) = 1 | η ≡ ψ on E). (4)This property will play an important role in the following proofs. We state thefollowing lemmas for the measure Pβ,r but in fact all statements in this sectionhold for all DaC measures obtained by replacing νp,2 in the construction of

Pβ,r by νp,q with q ≥ 1.Inequality (4) informally states that the more edges in a certain set E areopen, the more likely it is that other edges are open as well. The next lemmastates that further conditioning on the left hand side on the event I thatthe vertices of a certain set V all have the same spin κ leaves the inequalityunchanged.Let V = {v1, v2, . . . , vk} ⊂ VT be a set of vertices, κ ∈ {−1,+1} a spinvalue, E = {e1, e2, . . . e`} ⊂ ET a set of edges, s1, s2, . . . , s` ∈ {0, 1} and
g1, g2, . . . , g` ∈ {0, 1} states, with gi ≥ si for all i. Consider the events
I =

⋂k
i=1{σ(vi) = κ}, As =

⋂`
j=1{η(ej) = sj}, Ag =

⋂`
j=1{η(ej) = gj} (thecase E = ∅, As = Ag = Ω̃ is also allowed).Lemma 4.1. For all e ∈ ET \ E, we have

Pβ,r(η(e) = 1 | Ag, I) ≥ Pβ,r(η(e) = 1 | As). (5)Proof: Since
Pβ,r(η(e) = 1 | Ag, I) =

Pβ,r(η(e) = 1, Ag, I)

Pβ,r(Ag, I)

=
Pβ,r(I | η(e) = 1, Ag)

Pβ,r(I | Ag)
· Pβ,r(η(e) = 1 | Ag),and Pβ,r(η(e) = 1 | Ag) ≥ Pβ,r(η(e) = 1 | As) by (4), we have that (5) followsfrom

Pβ,r(I | η(e) = 1, Ag) ≥ Pβ,r(I | Ag). (6)Since
Pβ,r(I | Ag) = Pβ,r(I | η(e) = 1, Ag)Pβ,r(η(e) = 1 | Ag)

+ Pβ,r(I | η(e) = 0, Ag)Pβ,r(η(e) = 0 | Ag),12



we see that (6) is equivalent to
Pβ,r(I | η(e) = 1, Ag) ≥ Pβ,r(I | η(e) = 0, Ag). (7)In order to show (7), we will �rst construct two coupled bond con�gu-rations, ψ0 and ψ1, such that ψ0 has distribution νp,2(· | η(e) = 0, Ag), ψ1has distribution νp,2(· | η(e) = 1, Ag) (both with p = 1 − e−β), and ψ0 ≤ ψ1.Such a coupling can be obtained by setting ψ0(ei) = ψ1(ei) = gi, ψ0(e) = 0,

ψ1(e) = 1, then determining the states of the remaining edges one edge at atime in some deterministic order, using (4) at each step (for a precise way ofdoing this, see e.g. the proof of Lemma 2 in [25]).We could easily �nish the proof from here by completing the coupling toobtain con�gurations (ψ0, σ0) and (ψ1, σ1) with distributions Pβ,r(· | η(e) =
0, Ag) and Pβ,r(· | η(e) = 1, Ag) respectively, in such a way that if I occursin σ0, it occurs in σ1 as well. Alternatively, we may notice that given a bondcon�guration ψ, de�ning n(ψ) as the number of FK clusters in ψ which con-tain vertices of V , the probability of I is simply cn(ψ), where c = r if κ = +1and c = 1−r if κ = −1. Since n(ψ0) ≥ n(ψ1) and 0 ≤ c ≤ 1, this observationconcludes proof of (7) and thereby the proof of Lemma 4.1. 2Now take E = {e1, e2, . . . , e`}, s1, s2, . . . , s`, As as before, and let F =
{f1, f2, . . . , fm} ⊂ ET be a set of edges such that F ∩ E = ∅, and de�ne theevent C(F ) =

⋂m
i=1{η(fi) = 0}. Then, as an easy consequence of (4), wehave that for all q ≥ 1, e ∈ ET \ (E ∪ F ),

νp,q(η(e) = 1 | As) ≥ νp,q(η(e) = 1 | As, C(F )).The next lemma follows from this observation and Lemma 4.1.Lemma 4.2. For all e ∈ ET \ (E ∪ F ), we have
Pβ,r(η(e) = 1 | Ag, I) ≥ Pβ,r(η(e) = 1 | As, C(F )).Note that this statement is still an intuitively clear consequence of (4),since the additional conditioning on I (i.e. that certain vertices all have spin

κ) on the left hand side of (4) should intuitively increase the probabilitythat other edges are open, whereas the additional conditioning on C(F ) (i.e.having even more edges closed) on the other side should intuitively decreasethis probability.We are now ready to state the main result in this section, which immedi-ately implies the desired Corollary 4.4.13



Lemma 4.3. Let V = {v1, v2, . . . , vk} ⊂ VT be a connected set of vertices,and take its edge boundary B = ∆V = {f1, f2, . . . , fm} ⊂ ET (which is abarrier). Consider the events I =
⋂k
i=1{σ(vi) = −1}, C(B) =

⋂m
j=1{η(fj) =

0}, and let D be an increasing event. Then we have
Pβ,r(D | C(B)) ≥ Pβ,r(D | I). (8)Proof. We prove (8) by constructing two coupled realisations (ψC(B), σC(B))and (ψI , σI) with distributions Pβ,r(· | C(B)) and Pβ,r(· | I) respectively, insuch a way that if D occurs in σI , it occurs in σC(B) as well.First, we construct the bond con�gurations ψC(B) and ψI one edge at atime, using Lemma 4.2 at each step, as follows. Fix a deterministic order ofedges in ET starting with edges incident on v1, v2, . . . , vk. Take a collection

(U(e) : e ∈ ET) of i.i.d. random variables having uniform distribution on theinterval [0, 1]. We start with a situation where ψC(B)(e) and ψI(e) are unde-termined for every edge, and determine the states of edges by the followingiteration. We take the �rst edge in the deterministic order, and denote it by
e1. We declare ψC(B)(e1) = 1 if and only if U(e1) ≤ Pβ,r(η(e1) = 1 | C(B)),and ψI(e1) = 1 if and only if U(e1) ≤ Pβ,r(η(e1) = 1 | I). Note that byLemma 4.2, ψC(B)(e1) ≤ ψI(e1).Let us now assume that the states of e1, e2, . . . , ej are determined and
ψC(B)(ei) ≤ ψI(ei) for i = 1, 2, . . . , j. The next edge ej+1 is the next undeter-mined edge in our deterministic order that shares a vertex with an edge whichis open in ψI . If no such edge exists, we simply take the next undeterminededge.Having chosen ej+1, we determine its state by de�ning ψC(B)(ej+1) = 1 ifand only if U(ej+1) ≤ Pβ,r(η(ej+1) = 1 | C(B),∩ji=1{η(ei) = ψC(B)(ei)}) (oth-erwise we assign ψC(B)(ej+1) = 0), and ψI(ej+1) = 1 if and only if U(ej+1) ≤
Pβ,r(η(ej+1) = 1 | I,∩ji=1{η(ei) = ψI(ei)}) (otherwise ψI(ej+1) = 0). By thehypothesis ψC(B)(ei) ≤ ψI(ei) for i = 1, 2, . . . , j and Lemma 4.2, we havethat ψC(B)(ej+1) ≤ ψI(ej+1).In this way, we obtain bond con�gurations ψC(B) with distribution Pβ,r(· |
C(B)) and ψI with distribution Pβ,r(· | I) such that ψC(B) ≤ ψI . Let us �x
j∗ to be the index of the last edge chosen by the iteration which is connectedby a ψI-open edge path to any of the vertices v1, v2, . . . , vk. The �rst partof the iteration (i.e. before ej∗+1 is chosen) �explores� the FK clusters in ψIof the vertices v1, v2, . . . , vk, and when it ends, V is surrounded by a barrier
B2 (which consists of edges from e1, e2, . . . , ej∗) which is closed in ψI . Since
ψI ≥ ψC(B), B2 is closed in ψC(B) as well. Using Lemma 3.2, we obtain

Pβ,r(η(ej∗+1) = 1 | C(B),∩j∗i=1{η(ei) = ψC(B)(ei)})
= Pβ,r(η(ej∗+1) = 1 | I,∩j∗i=1{η(ei) = ψI(ei)}),14



which implies ψC(B)(ej∗+1) = ψI(ej∗+1). Using the same argument, it iseasy to prove by induction that the remaining part of the iteration yields
ψC(B) = ψI in ext(B2).We now de�ne the spin con�guration σI by assigning +1 with probability
r, −1 with probability 1− r independently to the ψI FK clusters in ext(B2)(according to some deterministic order), and assigning σI(v) = −1 to each
v ∈ int(B2). This gives the correct distribution since every vertex in int(B2)is in the same FK cluster as one of the vertices v1, v2, . . . , vk. We �nish thecoupling by de�ning σC(B) in the following way. We assign +1 with proba-bility r, −1 with probability 1− r independently to the ψC(B) FK clusters in
int(B2) (according to some deterministic order), and de�ne σC(B)(v) = σI(v)for all v ∈ ext(B2) (since ψC(B) = ψI in ext(B2), we get the right distribu-tion). Let us assume that D occurs in σI . It is important to notice that allvertices that have spin +1 in σI are in ext(B2), where σC(B) = σI , so theyhave spin +1 also in σC(B). Since D is an increasing event, this observationshows that D occurs in σC(B) as well. This concludes the proof of Lemma4.3. 2Corollary 4.4. If V = {v1, v2, . . . , vk} ⊂ VT is a connected set of vertices,
B = ∆V = {f1, f2, . . . , fm} ⊂ ET is its edge boundary, and we consider theevents I =

⋂k
i=1{σ(vi) = −1}, C(B) =

⋂m
j=1{Y (fj) = 0}, and an increasingevent D ∈ Fext(B), then we have

Pβ,r(D | C(B), I) ≥ Pβ,r(D | I). (9)Proof. Since B is a barrier, I ∈ Fint(B), and D ∈ Fext(B), we have by Lemma3.2 that Pβ,r(D | C(B), I) = Pβ,r(D | C(B)). Therefore, Lemma 4.3 givesthe statement. 25 Proofs of Theorems 2.1�2.2In order to prove rc(β) = 1/2 in Theorem 2.1, we only need to show rc(β) ≤
1/2, since rc(β) ≥ 1/2 is implied by Proposition 1.8 in [2]. By Theorem3.5, it su�ces to prove that lim supn→∞ Pr(V

+
n,3n) = 1 when r = 1/2 + ε forall ε > 0. We shall prove that the assumption of the contrary implies thepresence of too many pivotal FK clusters for a certain event, leading to acontradiction. (For a more detailed summary of the proof, see Section 4.1.)Theorem 5.1. For any β < βc and ε > 0, we have that

lim sup
n→∞

Pβ,1/2+ε(V
+
n,3n) = 115



Proof: Let us assume that there exist β < βc, ε > 0 such that
lim sup
n→∞

Pβ,1/2+ε(V
+
n,3n) < 1, (10)and �x such a β and ε. We shall derive a contradiction from (10). Due tothe self-matching property of T, (10) implies that there exists γ > 0 suchthat for all n large enough,

Pβ,1/2+ε(H
−
n,3n) > γ. (11)By (11), monotonicity, (3), and elementary properties of the exponentialfunction, it is possible to choose an integer N large enough so that for n ≥ N ,the following inequalities hold:

Pβ,r(H
−
n,3n) > γ ∀r ∈ [1/2, 1/2 + ε], (12)

inf
R∈Rn,4n

inf
E∈FD(R)

Eβ,1/2(c(R) | E) >
2

εγ
, (13)

(n+ 1)(6n+ 1)e−n
1/4ψ(p) <

γ

2
, (14)where ψ(p) is the same as in Theorem 3.1. Fix such an N and an arbitrary

r0 ∈ [1/2, 1/2 + ε]. We shall show that, denoting the number of FK clusterswhich are pivotal for H−
N,6N by n(H−

N,6N), we have
Eβ,r0(n(H−

N,6N)) >
1

ε
. (15)For R ∈ RN,3N , we de�ne

B(R) = {B ⊂ ET : B is a barrier; ∂(L(R) ∪ R) ⊂ int(B);

∀e ∈ B , d(e, ∂(L(R) ∪ R)) ≤ N1/4;

∂int(B) contains exactly onehorizontal crossing of SN,4N}.(The motivation for this de�nition is that since β < βc, FK clusters aresmall, hence with high probability, the �tightest� closed barrier surrounding
L(R) ∪ R is contained in B(R).) For B ∈ B(R), we denote the horizontalcrossing of SN,4N contained in ∂int(B) by ΓB. We also de�ne l(R) to be theevent that R is the lowest horizontal (−)-crossing in SN,6N . For R ∈ RN,3N ,
B ∈ B(R), we denote the union of FK clusters ⋃

v∈L(R)∪R C
FK
v by UR, theevent ⋂

v∈L(R)∪R{D(v) ≤ N1/4} by t(R), and consider the event
Q(R,B) = {l(R)} ∩ {B = ∆UR} ∩ {t(R)}.16



Then we obtain
Eβ,r0(n(H−

N,6N)) ≥
∑

R∈RN,3N

∑

B∈B(R)

Eβ,r0(n(H−
N,6N) | Q(R,B))Pβ,r0(Q(R,B))

≥
∑

R∈RN,3N

∑

B∈B(R)

Eβ,r0(c(ΓB) | Q(R,B))Pβ,r0(Q(R,B)), (16)where the second inequality follows from a pointwise comparison: conditionedon Q(R,B), we have n(H−
N,6N) ≥ c(ΓB), due to the following reasons. Usingthe notation from the de�nition of c(ΓB) (see Section 3.3), conditioned on

Q(R,B), the FK cluster of every vertex v in M(ΓB) is pivotal for H−
N,6Nsince v is a cut point of ΓB in SN,6N , and R is the lowest horizontal (−)-crossing in SN,6N . It is important to note that every v ∈ M(ΓB) is indeedin the FK cluster of a vertex in R (i.e., of a vertex in the lowest horizontal(−)-crossing), not of a vertex in L(R) (there is no other possibility due to

{B = ∆UR}). This is the case since M(ΓB) ⊂ ΓB ∩ S ′′
N,6N � since noneof the vertices below R has a dependence range larger than N1/4, none ofthe FK clusters of the vertices in L(R) is large enough to go around Rand reach the middle part S ′′

N,6N of the parallelogram SN,6N . The last stepnecessary for proving the conditional pointwise comparison is to notice thatfor v1, v2 ∈M(ΓB), v1 6= v2, we have CFK
v1

6= CFK
v2

since d(v1, v2) ≥
√
N and,conditioned on Q(R,B), none of the vertices in L(R) ∪ R has a dependencerange greater than N1/4. Therefore, di�erent vertices in M(ΓB) belong todi�erent pivotal FK clusters.The next step is to give a lower bound for the expectation via a compari-son with the case with parameter r = 1/2. We shall �rst work with probabil-ities, then we will sum them up to get back the expectation. Let us denote

(N +1)(6N +1) (i.e. the number of vertices in SN,6N ) by K. For a barrier B,we de�ne the events C(B) =
⋂

e∈B{η(e) = 0} and W (B) =
⋂

v∈int(B){σ(v) =

−1}. Since for every R ∈ RN,3N , B ∈ B(R), i = 1, . . . , K, we have
{c(ΓB) ≥ i} ∈ FA(ΓB)∩S′′

N,6N
⊂ Fext(B), {l(R) = R} ∈ FL(R)∪R ⊂ Fint(B),

W (B) ∈ Fint(B), and the event {B = ∆UR}∩{t(R)} depends on the state ofedges in int(B) ∪ B only, it follows from a repeated use of Lemma 3.2 thatfor all R,B, and i, we have
Pβ,r0(c(ΓB) ≥ i | Q(R,B)) = Pβ,r0(c(ΓB) ≥ i | C(B))

= Pβ,r0(c(ΓB) ≥ i | C(B),W (B)). (17)Coupling the measures with r = r0 and r = 1/2 by taking the same bondcon�gurations in ext(B) (see Section 4.1), we see that
Pβ,r0(c(ΓB) ≥ i | C(B),W (B)) ≥ Pβ,1/2(c(ΓB) ≥ i | C(B),W (B)). (18)17



Since for all i, {c(ΓB) ≥ i} ∈ Fext(B) is an increasing event, we can useCorollary 4.4 to conclude that
Pβ,1/2(c(ΓB) ≥ i | C(B),W (B)) ≥ Pβ,1/2(c(ΓB) ≥ i |W (B)). (19)Summing up for i = 1, . . . , K, using (17),(18),(19) and then (13), we obtainthat for every R ∈ RN,3N , B ∈ B(R), a.s.,

Eβ,r0(c(ΓB) | Q(R,B)) =

K
∑

i=1

Pβ,r0(c(ΓB) ≥ i | Q(R,B))

≥
K

∑

i=1

Pβ,1/2(c(ΓB) ≥ i |W (B))

= Eβ,1/2(c(ΓB) |W (B))

>
2

εγ
. (20)Finally we need to note that for a crossing R ∈ RN,3N , if t(R) occurs,then ∆UR ∈ B(R). Therefore,

∑

R∈RN,3N

∑

B∈B(R)

Pβ,r0(Q(R,B)) =
∑

R∈RN,3N

Pβ,r0(l(R) ∩ t(R))

≥ Pβ,r0(H
−
N,3N) − Pβ,r0(

⋃

v∈Rn,6n

D(v) > N1/4)

≥ γ − (N + 1)(6N + 1)νp,2(D(0) > N1/4)

≥ γ − (N + 1)(6N + 1)e−N
1/4ψ(p)

≥ γ/2,where we used the translation invariance of νp,2, (12), Theorem 3.1, and (14).Using (16), (20), and this computation, we obtain that
Eβ,r0(n(H−

N,6N)) >
∑

R∈RN,3N

∑

B∈B(R)

2

εγ
Pβ,r0(Q(R,B))

≥ 2

εγ
· γ
2

=
1

ε
,as desired.Since (15) can be proved for all r ∈ [1/2, 1/2 + ε] with the same method,we obtain by Theorem 3.3 that

sup
r∈[1/2,1/2+ε]

d

dr
Pβ,r(H

−
N,3N) < −1

ε
,18



which leads to a contradiction since it yields
Pβ,1/2+ε

(

H−
N,3N

)

≤ Pβ,1/2

(

H−
N,3N

)

+ ε sup
r∈[1/2,1/2+ε]

d

dr
Pβ,r(H

−
N,3N)

< Pβ,1/2

(

H−
N,3N

)

− 1.

2Sketch of the Proof of Theorems 2.1 and 2.2. As remarked at thebeginning of this section, for all β < βc, rc(β) ≥ 1/2 follows from Proposition1.8 of [2], and rc(β) ≤ 1/2 from Theorem 5.1 and Theorem 3.5. Hence,
rc(β) = 1/2. The exponential tail of the distribution of the size of the (+)-cluster of the origin for r < 1/2 can be proved similarly to Theorem 2 in[6]. The statement concerning the critical case r = 1/2 has been proved inProposition 1.8 of [2]. For β < βc, the ergodicity of Pβ,r (which follows fromthe ergodicity of νp,2) guarantees the presence of an in�nite (+)-cluster when
r > 1/2. The uniqueness of the in�nite (+)-cluster follows from a result in[7], which implies that if a probability measure µ on {−1,+1}VT is translationinvariant and satis�es the �nite energy condition [28], then µ-a.s. there existsat most one in�nite cluster of +1's. If β < ∞ and 0 < r < 1, then the spinmarginal of Pβ,r clearly satis�es both properties.Theorem 2.2 about the continuity of Θ(β, r) in r for β < βc follows from
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