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Abstract

The Ising model at inverse temperature 3 and zero external field
can be obtained via the Fortuin-Kasteleyn (FK) random-cluster model
with ¢ = 2 and density of open edges p = 1 — e~ by assigning spin
+1 or —1 to each vertex in such a way that (1) all the vertices in the
same FK cluster get the same spin and (2) 41 and —1 have equal
probability.

We generalize the above procedure by assigning spin +1 with prob-
ability  and —1 with probability 1 — r, with r € [0, 1], while keeping
condition (1). For fixed (3, this generates a dependent (spin) per-
colation model with parameter r. We show that, on the triangular
lattice and for 8 < f., this model has a percolation phase transition at
r = 1/2, corresponding to the Ising model. This sheds some light on
the conjecture that the high temperature Ising model on the triangular
lattice is in the percolation universality class and that its scaling limit
can be described in terms of SLEg.

We also prove uniqueness of the infinite +1 cluster for r > 1/2,
sharpness of the percolation phase transition (by showing exponential
decay of the cluster size distribution for » < 1/2), and continuity of
the percolation function for all r € [0, 1].
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1 Introduction and motivation

If one considers the percolation properties of spin clusters, the high temper-
ature (8 < (.) Ising model on the triangular lattice T with no external field
is believed to show critical behaviour and to be in the universality class of
Bernoulli (independent) percolation. One way to understand the conjecture
is in terms of the renormalization group: one expects the high temperature
phase of the Ising model to be in the basin of attraction of the (stable) infi-
nite temperature fixed point, which in the case of the triangular lattice (but
not of other lattices) corresponds to critical site percolation.

The conjecture can also be cast in the language of the O(n) model. In-
deed, the high temperature phase of the zero field Ising model on T falls in
the so-called dense phase of the O(n) model with n = 1, which is believed to
show critical behaviour and to be driven, under the action of the renormal-
ization group, to a stable fixed point corresponding, once again, to critical
percolation. Rephrased in the language of scaling limits, the conjecture can
be expressed in terms of convergence of certain interfaces to SLEg, and ap-
pears in several places (see, e.g., [24, 30, 31, 2|), often as part of a larger
conjecture about the O(n) model.

Motivated by the above considerations, in this paper we show that, for
any fixed inverse temperature 3 < 3., the zero field Ising model on T corre-
sponds to the critical point of a dependent percolation model. To do that,
we generalize the FK random-cluster representation of the Ising model, ob-
taining a site percolation model with parameter r € [0, 1] which reduces to
the Ising model for r = 1/2. We then show that the new percolation model
has a (sharp) percolation phase transition at r = 1/2.

It will be clear from its definition that in the new percolation model
the states of different sites are not independent, but that correlations decay
exponentially with the distance. As a consequence, we can now view the
conjecture about the high temperature Ising model on the triangular lattice
as a particular instance of another general conjecture that has to do with
percolation only, namely that the scaling limit of a (two-dimensional) per-
colation model exists and is independent of the particular model, as long
as the correlations in the probability measure decay fast enough (see, e.g.,
[12]). Such a result has been proved for a few specific models of dependent



percolation (see |11, 10, 8, 9, 5]).

It is interesting to notice that the Ising model corresponds to the self-dual
point of the new percolation model. Therefore, our result also shows that for
that model the self-dual and the critical point coincide, in accordance with
a very natural principle which is believed to be valid in great generality, but
which has been verified only in a handful of cases, including bond percolation
on the square lattice [26], site percolation (see [27]) and the Divide and Colour
(DaC) model [2] on the triangular lattice, and Voronoi percolation [6]. The
same priciple should apply to other interesting models, such as the random-
cluster model (where it is known for ¢ = 1, corresponding to percolation,
and ¢ = 2, corresponding to the Ising model — see [16]), other DaC models
(see [2|, and in particular Conjecture 1.7 there) and “confetti percolation”
(see Problem 5 in [3]).

In our analysis we make substantial use of a result by Higuchi, who has
extensively studied the percolation properties of the two-dimensional Ising
model (see [19, 20, 21, 22, 23|).

2 Main results

We work on the triangular lattice T with vertex set Vr and edge set Er, and
denote the unique Ising Gibbs measure on T at inverse temperature 3 < [3.
and zero external field by .

The random-cluster measure v, , on edge configurations n € {0, 1}¢7 (with
the usual o-field generated by cylinder events) is characterized by two pa-
rameters satisfying 0 < p < 1 and ¢ > 0 (see [16] for the definition and some
background). We call an edge e € Er open if n(e) = 1, and closed otherwise.
The maximal connected components of the graph obtained by removing all
the closed edges from T are called FK clusters.

For fixed ¢, the random-cluster measure has a percolation phase transition
at some 0 < p.(q) < 1, and with probability one all FK clusters are finite
if p < pe(q). When ¢ = 2, one can generate an Ising spin configuration
o € {+1,—1}¥" distributed according to pg, B < ., by drawing an edge
configuration according to 1,5 with p =1 —e~# and assigning spin +1 or —1
to each vertex of T in such a way that (1) all the vertices in the same FK
cluster get the same spin and (2) +1 and —1 have equal probability. Note
that 3 < 3. implies p = 1 —e™# < p.(2), so that the FK clusters are all finite
with probability one.

From now on, unless otherwise stated, we will always assume that ¢ = 2.
We generalize the above procedure by assigning spin +1 with probability
r and —1 with probability 1 — r, with » € [0, 1], while keeping condition



(1). For fixed 3, this generates a dependent (spin) percolation model with
parameter r, whose measure we denote by [Pg,. Clearly, the spin marginal of
P31 /2 coincides with p5. Note also that Py (equivalently, y) is a product
measure and corresponds to critical site percolation on T. As soon as 3 > 0,
however, the spins are correlated. Nonetheless, the exponential decay of the
FK cluster size distribution when 5 < (. (see [16]) immediately implies the
exponential decay of correlations in the measure Pg,.

We call a maximal connected subset V' of Vg such that all vertices in V'
have the same spin a spin cluster. If the spins in V are all +1 (respectively,
—1), we call V a (+)-cluster (resp., a (—)-cluster). Our aim is to study
the percolation properties of spin clusters. We denote by O(f3,r) the Pg,-
probability that a given vertex of the triangular lattice is contained in an
infinite (4)-cluster, and define r.(3) := sup{r : ©(5,r) = 0}. By the size of
a cluster we mean the number of vertices in the cluster. The main result of
this paper is the following theorem where, due to the +/— symmetry of the
model, we focus without loss of generality on the behaviour of (+)-clusters.

Theorem 2.1. For all 5 < (., r.(8) = 1/2. Moreover,

o [fr < 1/2, the distribution of the size of the (+)-cluster of the origin
has an exponentially decaying tail.

o Ifr=1/2, ©(6,1/2) = 0 and the mean size of the (+)-cluster of the
origin is infinite.

o [fr>1/2, there exists a.s. a unique infinite (+)-cluster.

Note that r = 1/2 is clearly the self-dual point of Pg,. Thus, Theorem 2.1
implies that the critical point of the model coincides with its self-dual point.
We remark that one can obtain a polynomial lower bound for the tail distri-
bution of the (+)-cluster of the origin at » = 1/2 by using elementary duality
arguments only, see [17], p. 15.

Since the phase transition described in Theorem 2.1 is continuous, one
may expect continuity of the percolation function ©(3,r). Indeed, this can
be proved by standard methods.

Theorem 2.2. For each 3 < (., O(8,7) is a continuous function of r €
0, 1].

It is worth remarking that P53, belongs to a family of measures that can
be obtained via a two step procedure: first partition the vertices of a lattice
into clusters according to some rule, then assign spin values (or colours) to
the vertices with some probability, making sure that all vertices in the same



cluster get the same colour. We call such measures Divide and Colour (DaC)
models. The first DaC model was introduced by Héaggstrom [18|, and its
phase transition is studied in detail in [2]. DaC models can be considered as
natural dependent percolation models. They are relatively simple, yet their
analysis is considerably more complicated than that of Bernoulli percolation
(see, e.g., the present paper and [2|), and requires new techniques that may
be useful in studying other dependent models.

A brief outline of the paper is given as follows. In Section 3, we intro-
duce some more definitions and notation, and we collect results which are
either known or can be proved by standard methods, including a result by
Higuchi |22] about the Ising model. We shall use them later, together with
the standard Edwards-Sokal coupling [13| and results described in Section 4,
which contains some technical lemmas and an overview of the main step in
the proof of Theorem 2.1. In Section 5, we prove Theorems 2.1 and 2.2.

3 Preliminaries

3.1 Notation and definitions

In order to define a concrete coordinate system in the triangular lattice T,
we embed T in R? as in Figure 1, so that its set of vertices Vr consists of the
intersections of the lines y = —V3z + 3k and Yy = @E for k,¢ € Z, and
denote the elements of Vr by (k,¢). We call two vertices in Vr adjacent if
their Euclidean distance is 1, and define the edge set & by & = {(v,w) : v
and w are adjacent}.

The state space of our configurations is denoted by €2 := Qp x Q¢, where
Qp = {0,1}" is the set of random-cluster realisations, and Q¢ = {—1, +1}"r
corresponds to the spin configurations. The probability measure P, is the
measure (on the usual o-algebra on ) obtained by the procedure described
in Section 2; we denote the expectation with respect to Pg, with Eg,.

We introduce the set © C Q as the set of configurations such that vertices
in the same FK cluster have the same spin, and we equip  with a partial
order, which depends on the spins only, as follows. For w; = (n1,01),ws =
(2, 09) € Q we say that w; > ws if oy (x) > oa(x) holds for every x € T. All
the configurations are implicitly assumed to be in . We call an event A C
increasing if w € A and W' > w implies W’ € A. A is a decreasing event if A°
is increasing.

We call a sequence (g, x1,...,2,) of vertices in T a (self-avoiding) path
if forallt=20,...,n—1, x; and x;,; are adjacent, and for any 0 <1 < 5 <
n, x; # xj. A horizontal crossing of a parallelogram R = [a, b] x [c, d], with
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Figure 1: Portion of the triangular lattice T. The heavy segments are the
sides of the parallelogram S, 3 = [0, 2] x [0, 3].

a,b,c,d € Z,is a path xg, x1, .. ., x, such that zy € {a}x|[c,d], x, € {b}x[c, d]
and for all ¢, x; € R. A wvertical crossing of the same parallelogram is a path
To, X1, .., T, such that zq € [a, b] x {d}, z, € [a,b] x{c} and for all i, x; € R.

In a configuration (n,0) € Q, a (+)-path is a path xg,zy,...,z, such
that for all i = 0,...,n, o(x;) = +1. Horizontal (+)-crossings and vertical
(+)-crossings are defined analogously. The definitions of (— )-path, horizontal
(— )-crossing, vertical (—)-crossing are obtained by replacing +1 with —1.

Let S, ,, denote the parallelogram [0, n] x [0, m], with n, m € N. Denote
by V., the event that there is a vertical (+)-crossing in S, ,; let H," = be
the corresponding event with a horizontal (+)-crossing. The analogous events
with (—)-crossings are denoted by V- and H_ ", respectively.

Let d denote the graph distance on T. We define the distance between
two sets V and W by d(V, W) = {min(d(v,w)) : v € V,w € W}. Let B(v,n)
denote the disc of radius n with center at vertex v in the metric d, i.e.,
B(v,n) = {w : d(v,w) < n}. For a vertex set A C Vr, we denote by 0A
the vertexr boundary of A, that is, we define 0A = {v € A: Jw € Vp\ A
such that d(v,w) = 1}. For a vertex v € Vr, let CI'F be the FK cluster
of v, i.e., the set of vertices that can be reached from v through edges that
are open in the underlying random-cluster measure with parameters p and
q = 2. Let us define the dependence range of a vertex v by D(v) := max{n €
N: CFENIB(v,n) #0}.

We call an edge set E = {ey, eq, ..., e} a barrier if removing eq, es, . .., ey
(but not their end-vertices) separates the graph T into two or more disjoint
connected subgraphs, of which exactly one is infinite. (Note that a barrier as



defined above corresponds to dual circuits in bond percolation. Its definition
is motivated by Lemma 3.2.) We call the infinite subgraph the exterior of E,
and denote it by ext(E). We call the union of the finite subgraphs the interior
of E, and denote it by int(E). With an abuse of notation, we shall write
int(E) and ext(FE) also for the vertex sets of int(E) and ext(E) whenever
it does not cause confusion. E = {ej,es, ... e} is a closed barrier in a
configuration (1, 0) € Q if E is a barrier and n(e;) = 0 holds for i = 0,.. ., k.
For a vertex set A C Vr, let AA denote the edge boundary of A, that is,
AA = {(z,y) € & : v € A,y € Vr \ A}. Note that for 5§ < ., the edge
boundary of any FK cluster is a.s. a closed barrier.

3.2 Preliminary results

To make the paper self-contained, we collect here the tools needed to prove
Theorems 2.1 and 2.2. The first theorem in this subsection follows from
results in |1], and is stated explicitly e.g. in [16].

Theorem 3.1. If p < p.(2), there exists ¥(p) > 0 such that for all n, we
have
Upa(D(0) > n) < e ™W®),

Another property of the random-cluster measures is that for e € & the
conditional measure v, (- | Y(e) = 0) can be interpreted as a random-cluster
measure with the same parameters p and ¢ on the graph obtained from T by
deleting e (see [16]). This property implies the following observation, which
we state as a lemma for ease of reference.

Lemma 3.2. If B = {ey,...,ex} is a barrier, C(B) = NE_{n(e;) = 0}, E;
and Fy are events which depend only on states of edges and spins of vertices
in int(B)U B and ext(B) respectively, then conditioned on C(B), Ey and Es
are independent.

In the proof of Theorem 2.1, we will use a version of Russo’s formula for
decreasing events, hence we state the theorem in a slightly unusual form. The
proof, as sketched in [2], is standard. Let A be an event, and let w = (1, 0)
be a configuration in Q. Let C' be an FK cluster in . We call C' pivotal
for the pair (A, w) if [4(w) # La(w’) where 14 is the indicator function of A,
W' = (n,0'), and o’ agrees with o everywhere except that the spins of the
vertices in C are different.

Theorem 3.3. Let W be a set of vertices with |W| < oo, and let A be a
decreasing event that depends only on the spins of vertices in W. Then we



have that p
—Ps,.(A) = —Eg.,.(n(A)),

where n(A) is the number of FK clusters which are pivotal for A.

The following result, like Lemma 2.10 in [2], is a finite size criterion for
percolation.

Lemma 3.4. There exists a constant € > 0 with the following property. If
B,p=1—eP and N € N satisfy

(N+1)(BN 4+ 1)1,2(D(0) > —) <¢

N
3/ S
and

PB,T(VJ\JIF,:;N) >1—g,

then ©(3,r) > 0.

As in [2], this theorem can be proved by a coupling argument with a 1-
dependent bond percolation model. Theorem 3.1 and Lemma 3.4 imply the
following result.

Theorem 3.5. For all 3 < f3, if limsup Py, (V,,
e(8,r) > 0.

) = 1 for some r, then

n—oo

3.3 Cut points

We shall use (a slightly modified version of) a result of Higuchi from [22]
(see also Proposition 4.2 in |23]) about the Ising model. In order to state the
theorem, we need a few definitions. For positive integer values of k, let R,
be the collection of all horizontal crossings in Sy, y,. For R € R,, 4,,, we denote
the region in S, ¢, (note the different side length) under R by L(R), the region
in S, 6, above R by A(R), the parallelogram [[n'/*],n — [n'/4]] x [0, 6n] by
S}, 6n» and the parallelogram [2|n/*], n —2[n*/*]] x [0,6n] by Sy, (Fora €
R, we denote by |a] the greatest integer smaller than or equal to a.) Also, let
D(R) denote the vertex set {v € Vr\ (A(R)N S, 4,) : d(v, L(R)UR) < n'/*}
(see Figure 2). We call a vertex x € R a cut point of R in S, 6, if there exists
a (+)-path in A(R) N .S] g, from [0,n] x {6n} to a neighbouring vertex of =
(we use Higuchi’s language although our definition is slightly different). For
a fixed R € R, 4,, we denote by ¢(R) the “maximal number of cut points in
the middle part of R far enough from each other,” that is, the cardinality of

a maximal subset M(R) C RN S/, for which the following properties hold:

n,6m
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Figure 2: Bottom part of the parallelogram S, ¢,. The lines inside 5, ¢,
parallel to the sides of S, ¢, represent the sides of the parallelograms S g,
and S} q,. The partly thin, partly thick line from the left side of S, ¢, to

the right side represents a horizontal crossing R € R, 4,. The thick line
represents the boundary of D(R).

e every v € M(R) is a cut point of R in S, g,
e for all U1,V € M(R), d(’Ul,’Ug) Z \/ﬁ

We shall next compute a lower bound for (a conditional expectation of) ¢(R)
by using the aforementioned result by Higuchi.

Proposition 5.1 in [22] concerning the Ising model on the square lattice
essentially states that if both (4)-crossings and dual (—)-crossings in the long
direction of 4n x n rectangles have probability bounded away from 0, then
for an arbitrary fixed horizontal crossing R in the lowest quarter of an n by
n square S, irrespective of what the spins of vertices in and below R are, the
expected number of vertices v in R with a (4)-path from a neighbour of v
to the top of S is arbitrarily large for all n large enough. A careful reading
of the proof of this proposition shows that the same method works on the
triangular lattice T. Moreover, we can take the parallelogram S, ¢, instead
of a square, consider a horizontal crossing R € R, 45, condition on the spins
of vertices in D(R) instead of L(R) U R, require that the (+)-path from a
neighbour of v € R to the top of Sy, be in A(R)NS] ., and the expected
number of special vertices (which are here cut points of R in S, g,) still goes
to infinity as n — oo. In fact, using Higuchi’s notation in 22|, we see that
since all the cut points considered in the proof are found inside annuli A;-”
which are at distance at least g - 49 from one another (where only integers
J satisfying \/n < 2-47 are considered  see (5.21) in [23]), all cut points
considered are automatically at distance at least 2 - \/n from one another.
Therefore, if Eg denotes the expected value w.r.t. pug, and Fy denotes the
o-algebra generated by {o(x) : x € V'}, we have the following result.

Proposition 3.6. Let § < (. and assume that there exists 6 > 0 such that
min{ps(Hy, ), 15(Hy, )} > 0 (1)

9



for every n > 1. Then we have

lim inf inf Eg (¢(R)|E) = 0.

n—oo RGRnAn EE]‘—D(R)

Due to the self-matching property of T and the +/— symmetry of the
model, for any n € N, we have

pa(H,,) = 1/2. (2)

It follows from this observation and the RSW-type results in [19] (which apply
to T as well as to the square lattice) that condition (1) in Proposition 3.6 is
satisfied with a proper choice of . Furthermore, since r = 1/2 corresponds
to the Ising model, for all § < (., we have

lim inf inf Egip(c(R) | E) = oco. (3)

n—oo RERnAn EE]‘—D(R)

4 Domination lemmas

4.1 Strategy of the proof of Theorem 2.1

In order to motivate the technical results in this section, we give an informal
(and somewhat imprecise) overview of the main step in the proof of Theorem
2.1, namely the proof that r.(8) < 1/2. The structure of our proof of this
fact is based on Russo’s formulation [29] of Kesten’s celebrated proof [26]
of the analogous statement for bond percolation on the square lattice. The
proof proceeds by contradiction, assuming that r.(3) > 1/2 and showing
that this implies the existence of some € > 0 such that, Vr € [1/2,1/2 + €],
the number of FK clusters which are pivotal for the event corresponding to
the presence of a (—)-crossing in a sufficiently large parallelogram Sy gy is
very large (in expectation). By Russo’s formula, the expected number of
pivotal FK clusters equals the derivative of the probability of the crossing
event. This leads to a contradiction since the probability of any event has
to remain between 0 and 1, and so its derivative cannot be too large on an
interval.

We show in Section 5 that if we take 8 < (. and assume r.(3) > 1/2,
then the probability of a horizontal (—)-crossing in the lower half Sy sy
of the parallelogram Sygn is bounded away from 0, uniformly for every
r € [1/2,7.(8)). We take ry in that range and consider the lowest such
crossing R and the union Ug of FK clusters of vertices in and below R,
which is surrounded by a closed barrier B. Since § < f., the FK clusters
“tend to be small.” Therefore, with high probability, every edge of B is at

10



most at distance N'/* from the set of vertices in and below R. Assuming that
this is the case, the vertex boundary of int(B) contains exactly one horizontal
crossing of Sy 4y, which we call I'p. Since the vertices in 'y N Sy 4y (i-e.,
the middle part of I'g) are in FK clusters of vertices in the lowest horizontal
(—)-crossing R, if v € Tp NSy ¢y is a cut point of I'g in Sy gy, then CI* is
pivotal for Hy sy. Therefore, from this point on, our goal is to find a large
number of cut points of I'g in Sy ey in I'p N S}(%N.

In Section 3.3, we used Higuchi’s results and the Edwards-Sokal coupling
to obtain equation (3), which informally states that for 5 < 3. and r = 1/2,
for any horizontal crossing of a sufficiently large parallelogram, regardless of
the values of the spins of vertices in and below the crossing, the expected
number of cut points of the crossing is arbitrarily large. We would like to
use this result to conclude that there are many cut points of I'g in Sy ey in
['p N S¥gy- We couple the r = rg and the r = 1/2 case by taking the same
random-cluster configuration in ext(B) (which is allowed since B is a closed
barrier), and assigning spins to the FK clusters as follows. We take i.i.d.
random variables (V(CIFE) : v € ext(B)) with uniform distribution on the
interval [0, 1], and assign spin +1 to v if V(CIE) is smaller than 7y or 1/2,
respectively. Then, every vertex which is a cut point in the r = 1/2 case is a
cut point in the r = ¢ (> 1/2) case as well, since being a cut point requires
the presence of (+)-paths only, and every vertex in ext(B) whose spin is +1
at 1/2 has a +1 spin also at 7.

We now would like to use (3), but we cannot do that immediately because
at this point of the proof we have information on the FK clusters of vertices in
and below R, and not only on spin values, as required by (3). To circumvent
this problem, we will use the presence of the closed barrier B to show that
having information on the FK clusters of vertices in and below R does not
create problems. This is intuitively not surprising, but proving such a result
requires a considerable amount of work, to which the rest of the present
section is dedicated.

The proof of Theorem 2.1 can be finished from here as follows. First of
all, it follows from Lemma 3.2 that turning the spin of every vertex in int(B)
to —1 does not change the expected number of cut points in I'g N S 4y
Then, Corollary 4.4 implies that this expected number is bounded below by
the expected number without conditioning on B being closed. For the latter
expected number, we can use (3) to conclude that the expected number of cut
points in ' NSY ¢y becomes arbitrarily large as the size of the parallelogram
increases, leading to the desired contradiction, as discussed earlier.

11



4.2 A barrier around —1 spins

Our goal in this section is to prove Corollary 4.4. We do this through three
lemmas, using ideas from [2] and [25]. We need a property of the random-
cluster measure v, , on T from [15] (see also [16]), namely that for all ¢ > 1,
the so-called “FKG lattice condition” holds for v,,. We use the following
version of it: for any £ C &r, e € &7\ E, and ¢, ¢ € {0,1}F with ¢ > ¢
(coordinate-wise), we have

Vpg(n(e) =1|n=Con E) >v,,(nle)=1]n=1¢ on E). (4)

This property will play an important role in the following proofs. We state the
following lemmas for the measure P, but in fact all statements in this section
hold for all DaC measures obtained by replacing v, 5 in the construction of
Pgs, by v, with ¢ > 1.

Inequality (4) informally states that the more edges in a certain set F are
open, the more likely it is that other edges are open as well. The next lemma
states that further conditioning on the left hand side on the event [ that
the vertices of a certain set V' all have the same spin x leaves the inequality
unchanged.

Let V = {vy,ve,...,u} C Vr be a set of vertices, kK € {—1,+1} a spin
value, E = {ej,es,...¢,} C Er a set of edges, s1,89,...,8 € {0,1} and
91,92, ---,90 € {0,1} states, with g; > s; for all i. Consider the events
I =N {o() =k} A= Mo dnle) = 55} Ay = Nz {n(e;) = g;} (the
case B =0, A, = A, = Q is also allowed).

Lemma 4.1. For all e € &7\ E, we have
Pﬁ,r(n(e) =1 | Agv I) > Pﬁ,r(n(e) =1 | As) (5)
Proof: Since
]P)ﬁ,r(n(e) = 1a Ag> I)
Pﬁ,T(Ag’ I)
Po,(I [ n(e) =1,4)

- Pﬂ,?‘(I ‘ Ag) ’ Pﬂ,'r(n(e) =1 ‘ A9)7

and Pg,.(n(e) =1 Ay) > Pg,(n(e) = 1| As) by (4), we have that (5) follows

from

Par(n(e) = 1] Ag, I)

Ps (I |n(e) =1,A44) 2 Pg (I | Ay). (6)

Since

Por(I ]| Ag) = Pg.(I]n(e)
+ Ppr(I]n(e)

1, Ag)Pg,r
0, Ag)Pﬂ,r(n(e) =0 ‘ Ag)a

12



we see that (6) is equivalent to

Por(I | n(e) =1,49) = Pg, (I [ n(e) =0, Ay). (7)

In order to show (7), we will first construct two coupled bond configu-
rations, ¢y and 1y, such that vy has distribution v,s(- | n(e) = 0, 4,), U1
has distribution v,(- | n(e) = 1, A,) (both with p =1 —e™?), and ¥y < 1.
Such a coupling can be obtained by setting ¥g(e;) = 11(e;) = g, Yo(e) = 0,
Y1(e) = 1, then determining the states of the remaining edges one edge at a
time in some deterministic order, using (4) at each step (for a precise way of
doing this, see e.g. the proof of Lemma 2 in [25]).

We could easily finish the proof from here by completing the coupling to
obtain configurations (1o, 09) and (11, 0q) with distributions Pg,.(- | n(e) =
0,A4,) and Pg,.(- | n(e) = 1, A,) respectively, in such a way that if I occurs
in 0y, it occurs in oy as well. Alternatively, we may notice that given a bond
configuration v, defining n(¢) as the number of FK clusters in ¢ which con-
tain vertices of V, the probability of I is simply ¢™¥), where ¢ = r if K = +1
and ¢ = 1—rif Kk = —1. Since n(¢y) > n(1;) and 0 < ¢ < 1, this observation
concludes proof of (7) and thereby the proof of Lemma 4.1. O

Now take E = {ej,eq,...,er},S1,59,...,80, As as before, and let F =
{fis fa,-- -, fm} C Er be a set of edges such that F'N E = (), and define the
event C(F) = (-, {n(f;) = 0}. Then, as an easy consequence of (4), we
have that for all ¢ > 1,e € &r \ (FU F),

Upg(ne) = 1] Ag) > vp4(nle) = 1] A, C(F)).
The next lemma follows from this observation and Lemma 4.1.

Lemma 4.2. For alle € &\ (FUF), we have
Pﬂ,r(n(e) =1 | A97I) > Pﬂ,r(n(e) =1 | As, O(F))

Note that this statement is still an intuitively clear consequence of (4),
since the additional conditioning on I (i.e. that certain vertices all have spin
k) on the left hand side of (4) should intuitively increase the probability
that other edges are open, whereas the additional conditioning on C'(F') (i.e.
having even more edges closed) on the other side should intuitively decrease
this probability.

We are now ready to state the main result in this section, which immedi-
ately implies the desired Corollary 4.4.
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Lemma 4.3. Let V = {vy,vq,...,0:} C Vr be a connected set of vertices,
and take its edge boundary B = AV = {fi, fo,..., fm} C Er (which is a
barrier). Consider the events I = (;_{o(v;) = =1}, C(B) = N in(f;) =

0}, and let D be an increasing event. Then we have
P, (D | C(B)) =2 Ps,(D | I). (8)

Proof. We prove (8) by constructing two coupled realisations (1¢(py, 0c(s))
and (¢, o) with distributions Pg,(- | C(B)) and Pg,(- | I) respectively, in
such a way that if D occurs in o7, it occurs in o¢(p) as well.

First, we construct the bond configurations ¢¢ gy and ¢; one edge at a
time, using Lemma 4.2 at each step, as follows. Fix a deterministic order of
edges in & starting with edges incident on vy, vs, ..., vg. Take a collection
(U(e) : e € &) of i.i.d. random variables having uniform distribution on the
interval [0, 1]. We start with a situation where 9¢(p)(e) and 9;(e) are unde-
termined for every edge, and determine the states of edges by the following
iteration. We take the first edge in the deterministic order, and denote it by
e1. We declare ¢¢py(e;) = 1 if and only if U(ey) < Pg,(n(e1) =1 | C(B)),
and ¢r(e;) = 1 if and only if U(e;) < Ps,(n(e;) = 1 | I). Note that by
Lemma 4.2, ¥cpy(e1) < ¥r(er).

Let us now assume that the states of ej,ey,...,¢e; are determined and
Yoy (e:) < Yr(e;) fori =1,2,..., 7. The next edge e;; is the next undeter-
mined edge in our deterministic order that shares a vertex with an edge which
is open in ;. If no such edge exists, we simply take the next undetermined
edge.

Having chosen e;;, we determine its state by defining 1c(p)(ej41) = 1 if
and only if U(e;j11) < P (n(ej1) =1 C(B), Mi_i{n(e:) = Yew)(e:)}) (oth-
erwise we assign Yo(py(€;41) = 0), and ;(e;41) = 1 if and only if U(e;1q) <
Psr(n(ej+1) = 11 1,mi_y{n(e;) = ¥r(ei)}) (otherwise ¢r(ejy1) = 0). By the
hypothesis 1c(p)(e;) < ¥r(e;) for @ = 1,2,...,5 and Lemma 4.2, we have
that Yo(p)(ej11) < Yr(ej41).

In this way, we obtain bond configurations 1¢(p) with distribution Pg,.(- |
C(B)) and 1y with distribution Pg,(- | ) such that 9c(p)y < 1;. Let us fix
J* to be the index of the last edge chosen by the iteration which is connected
by a -open edge path to any of the vertices vy, vy, ..., vx. The first part
of the iteration (i.e. before ej«;; is chosen) “explores” the FK clusters in t;
of the vertices vy, vy, ..., v, and when it ends, V' is surrounded by a barrier
By (which consists of edges from ey, es, ..., e;+) which is closed in ;. Since
Y1 = Yoy, Be is closed in ¢¢(p) as well. Using Lemma 3.2, we obtain

Psr(n(eji1) =11 C(B), ﬂf;{n(ei) = Yoy (e)})
=Ps (n(ej41) =111, rﬂ;l{ﬁ(ei) = Yr(e)}),
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which implies Yo(p)(€j+11) = ¥r(ej+41). Using the same argument, it is
easy to prove by induction that the remaining part of the iteration yields
1/)0(3) = 1/)] in €It(BQ)

We now define the spin configuration o; by assigning +1 with probability
r, —1 with probability 1 — 7 independently to the 1; FK clusters in ext(Bs)
(according to some deterministic order), and assigning o;(v) = —1 to each
v € int(Bsy). This gives the correct distribution since every vertex in int(Bs)
is in the same FK cluster as one of the vertices vy, vo,...,v,. We finish the
coupling by defining o¢(p) in the following way. We assign +1 with proba-
bility r, —1 with probability 1 —r independently to the 1¢(p) FK clusters in
int(B,) (according to some deterministic order), and define o) (v) = o7(v)
for all v € ext(B,) (since gy = ¥r in ext(B,), we get the right distribu-
tion). Let us assume that D occurs in o7. It is important to notice that all
vertices that have spin +1 in o; are in ext(B;), where o¢(py = 0y, so they
have spin +1 also in o¢(p). Since D is an increasing event, this observation
shows that D occurs in o¢(p) as well. This concludes the proof of Lemma
4.3. O

Corollary 4.4. If V = {vy,vy,..., v} C Vr is a connected set of vertices,
B =AV ={fi,fo, ..., fm} C &r is its edge boundary, and we consider the
events [ = (i_{o(v;) = =1}, C(B) = NI, {Y (f;) = 0}, and an increasing
event D € Fopypy, then we have

Pgr(D [ C(B), 1) = Pgp(D [ 1). (9)

Proof. Since B is a barrier, I € Fj,ypy, and D € F.yp), we have by Lemma
3.2 that Pg, (D | C(B),I) = Ps,(D | C(B)). Therefore, Lemma 4.3 gives
the statement. O

5 Proofs of Theorems 2.1-2.2

In order to prove r.(3) = 1/2 in Theorem 2.1, we only need to show r.(3) <
1/2, since r.(8) > 1/2 is implied by Proposition 1.8 in [2]. By Theorem
3.5, it suffices to prove that limsup,, . P.(V,'3,) = 1 when 7 = 1/2 + ¢ for
all € > 0. We shall prove that the assumption of the contrary implies the
presence of too many pivotal FK clusters for a certain event, leading to a
contradiction. (For a more detailed summary of the proof, see Section 4.1.)

Theorem 5.1. For any < 3. and € > 0, we have that

lim sup IP),@,I/Q-}—&(VnJ,an) =1

n—oo
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Proof: Let us assume that there exist § < (3.,¢ > 0 such that

lim sup Pg 1 /24 (V).

n,3n
n—00

) < 1, (10)

and fix such a # and e. We shall derive a contradiction from (10). Due to
the self-matching property of T, (10) implies that there exists v > 0 such
that for all n large enough,

Ps1/21e(H, 3,) > 7 (11)

By (11), monotonicity, (3), and elementary properties of the exponential
function, it is possible to choose an integer N large enough so that forn > N,
the following inequalities hold:

Psr(H,3,) > v Vrell/2,1/2+¢], (12)

2

inf  inf E R|E) > = 13

papt ot s1/2(c(R) | E) =t (13)
(n+1)(6n + D)e™ @) < % (14)

where 1 (p) is the same as in Theorem 3.1. Fix such an N and an arbitrary
ro € [1/2,1/2 + ¢]. We shall show that, denoting the number of FK clusters
which are pivotal for Hy ¢y by n(Hy gy ), we have

B (1)) > = (15)

For R € Ry sy, we define

B(R) = {B Cé&r: Bis a barrier; )(L(R) U R) C int(B);
Ve € B ,d(e,d(L(R)UR)) < NY*,
dint(B) contains exactly one

horizontal crossing of Sy an}.

(The motivation for this definition is that since § < ., FK clusters are
small, hence with high probability, the “tightest” closed barrier surrounding
L(R) U R is contained in B(R).) For B € B(R), we denote the horizontal
crossing of Sy 4y contained in dint(B) by I'z. We also define I(R) to be the
event that R is the lowest horizontal (—)-crossing in Syen. For R € Ry s,
B € B(R), we denote the union of FK clusters ,c; g CEE by Ug, the

event (,crrur{P(v) < N4} by t(R), and consider the event
Q(R, B) = {l(R)} N{B = AUr} N {t(R)}.
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Then we obtain

Eﬁﬂ”o (n(H]:f,ﬁN)) 2> Z Z Eﬁﬂ“o(n(H]:fﬁN) ‘ Q(R> B))Pﬁ,TO(Q(Ra B))

RERN3N BeB(R)

> Y Y Egu(cTs) | Q(R, B)Psy(Q(R, B)), (16)

RERN 3Ny BEB(R)

where the second inequality follows from a pointwise comparison: conditioned
on Q(R, B), we have n(Hy ) > ¢(I'p), due to the following reasons. Using
the notation from the definition of ¢(I'g) (see Section 3.3), conditioned on
Q(R, B), the FK cluster of every vertex v in M(I'p) is pivotal for Hy sy
since v is a cut point of I'g in Sygey, and R is the lowest horizontal (—)-
crossing in Sygy. It is important to note that every v € M(I'p) is indeed
in the FK cluster of a vertex in R (i.e., of a vertex in the lowest horizontal
(—)-crossing), not of a vertex in L(R) (there is no other possibility due to
{B = AURg}). This is the case since M(I'g) C I'p NS4y  since none
of the vertices below R has a dependence range larger than N4, none of
the FK clusters of the vertices in L(R) is large enough to go around R
and reach the middle part S ¢y of the parallelogram Syn. The last step
necessary for proving the conditional pointwise comparison is to notice that
for vy, vy € M(T'p),v1 # v, we have CFF # CEK since d(vy, vp) > V/N and,
conditioned on Q(R, B), none of the vertices in L(R) U R has a dependence
range greater than N4, Therefore, different vertices in M (T'g) belong to
different pivotal FK clusters.

The next step is to give a lower bound for the expectation via a compari-
son with the case with parameter r = 1/2. We shall first work with probabil-
ities, then we will sum them up to get back the expectation. Let us denote
(N+1)(6N+1) (i.e. the number of vertices in Sygn) by K. For a barrier B,
we define the events C'(B) = () .cz{n(e) = 0} and W(B) = (i to(v) =
—1}. Since for every R € Rysy, B € B(R), i = 1,...,K, we have
{c(Ts) = i} € Fawpnsyyy C© Fearn), {UR) = R} € Frumur C Finn),
W(B) € Finyn), and the event {B = AUg} N {t(R)} depends on the state of
edges in int(B) U B only, it follows from a repeated use of Lemma 3.2 that
for all R, B, and ¢, we have

Poro(c(Ts) 21| Q(R, B)) = Ppgr(c(T'p) 21| C(B))
- Pﬂ,TO(C(FB) > | C(B)7 W(B)) (17)

Coupling the measures with r = rq and r = 1/2 by taking the same bond
configurations in ext(B) (see Section 4.1), we see that

Psro(c(U's) 2 i | C(B),W(B)) =2 Pgaj2(c(U's) 2 ¢ | C(B), W(B)). (18
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Since for all i, {c¢(I'p) > i} € Feup) is an increasing event, we can use
Corollary 4.4 to conclude that

Pgaj2(c(l'p) 2 i | C(B),W(B)) = Pg12(c(Tp) 2 i | W(B)). (19)

Summing up for i = 1,..., K, using (17),(18),(19) and then (13), we obtain
that for every R € Rysy, B € B(R), as.,

Esr(c(Us) | Q(R, B)) = Zpﬂ,m(c(FB) > i | Q(R, B))

Y

ZPQJ/Q(C(FB) >i | W(B))

= Eg12(c(Ts) | W(B))
2

. 2 (20)
ey

Finally we need to note that for a crossing R € Rysn, if t(R) occurs,
then AUy € B(R). Therefore,

Y Y Pen@QRB) = S P ((R)NHR)

ReRnN 3N BEB(R) RERN 3N
Pﬂﬂ“o(H]:fﬁN) - Pﬂ,'f“o( U D(v) > N1/4)

UeRn’Gn
v — (N 4+ 1)(6N + 1)1,5(D(0) > N/
v — (N +1)(6N + 1)eN""®)
v/2,

where we used the translation invariance of v, 5, (12), Theorem 3.1, and (14).
Using (16), (20), and this computation, we obtain that

E@TO(H(H&,GN)) > Z Z Pﬂ 7’0 R? B))

ReERN 3N BeB(R
2 v 1

v

AVARAVAAY]

ey 2 ¢
as desired.
Since (15) can be proved for all r € [1/2,1/2 + ¢] with the same method,
we obtain by Theorem 3.3 that
d 1

sup —Pg,.(H < ——,
re[1/2,1/2+4¢ dr ’6( NBN) €
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which leads to a contradiction since it yields

_ _ d _
P12+ (HN,3N> < Pgaye (HN,:sN) +e 6[1/521182+ | %Pﬁ,r(HN,sN)

< Ppajz (Hyay) = L.

)

O

Sketch of the Proof of Theorems 2.1 and 2.2. As remarked at the
beginning of this section, for all 5 < (., r.() > 1/2 follows from Proposition
1.8 of |2], and 7.(8) < 1/2 from Theorem 5.1 and Theorem 3.5. Hence,
r.(8) = 1/2. The exponential tail of the distribution of the size of the (+)-
cluster of the origin for » < 1/2 can be proved similarly to Theorem 2 in
[6]. The statement concerning the critical case r = 1/2 has been proved in
Proposition 1.8 of [2]. For 5 < (3., the ergodicity of Pg, (which follows from
the ergodicity of v, 5) guarantees the presence of an infinite (+)-cluster when
r > 1/2. The uniqueness of the infinite (+)-cluster follows from a result in
|7], which implies that if a probability measure g on {—1, +1}¥7 is translation
invariant and satisfies the finite energy condition [28], then u-a.s. there exists
at most one infinite cluster of +1's. If § < oo and 0 < r < 1, then the spin
marginal of P, clearly satisfies both properties.

Theorem 2.2 about the continuity of ©(/3,r) in r for 5 < [, follows from
©(4,1/2) = 0 and the uniqueness of the infinite (+)-cluster by standard
methods (see [4]), in the same way as the analogous result in [2]. O

Remark 5.2. In all the proofs in this paper, the FKG inequality and RSW-
type arguments are used for Ps . only at the critical point r = 1/2, never away
from it. This way of proving classical percolation results can be useful in the
case of models, like the present one, where the (conjectured) critical point
has special properties and is better understood compared to other values of
the parameter.
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