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Abstract. In this paper an approach is proposed to handle complex dynamics of
large-scale multi-agents systems modelling social diffusion processes. A
particular type of systems is considered, in which some agents (e.g., leaders) are
not open to influence by the other agents. Based on local properties
characterising the dynamics of individual agents and their interactions, groups
and properties of the dynamics of these groups are identified. To determine
such dynamic group properties two abstraction methods are proposed:
determining group equilibrium states and approximation of group processes by
weighted averaging of the interactions within the group. This enables
simulation of the group dynamics at a more abstract level by considering groups
as single entities substituting a large number of interacting agents. In this way
the scalability of large-scale simulation can be improved significantly.
Computational properties of the developed approach are addressed in the paper.
The approach is illustrated for a collective decision making model with
different types of topology, which may occur in social systems.

Keywords: group dynamics, model abstraction, social diffusion, large-scale
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1 Introduction

Social diffusion models describe spread and changes of states or attitudes in a group
or community of agents under the impact of social interaction. Such models have
been extensively used to study diverse social processes, such as dynamics of social
power [4], polarization of opinions of individuals in a group [8, 3], and spread of
innovation [10].

In many existing social diffusion models it is assumed that each agent changes its
state (e.g., an opinion) continuously, under influence of other agents. However, in real
systems actors may exist, which for some reason are not open to change, for example,
because they are not willing or able to change their state. Specific examples of such
actors are autocratic leaders or persons with no control over a given state (e.g., related



to ethnicity or gender) [8]. Such agents may affect other agents, by continuously
propagating their state to them, and as they are not affected themselves in the end
have much effect on the group’s state, as happens, for example, for strong leader
figures. In this paper social diffusion in large-scale social systems with such
unaffected agents is considered from an agent-based perspective.

Although the local behaviors of each agent may be simple, the global patterns that
emerge from interaction between the agents in a large-scale social diffusion system
are far from trivial. Such patterns are difficult to infer directly from the local dynamic
properties of the agents. A high computational complexity of such large-scale multi-
agent systems hinders automated analysis of such systems by systematic simulation
and verification.

In this paper an approach is proposed to handle complex dynamics of large-scale
agent-based social diffusion models by using abstraction methods. The approach is
based on identifying groups of interacting agents with similar states (e.g., opinions on
an issue) in a society of agents. The idea is that an approximate form of simulation is
obtained by using such groups as single entities representing abstractions of large
numbers of interacting agents. In such a way the scalability of a large-scale multi-
agent simulation can be improved. The obtained abstracted process provides an
approximation with a behavioural error that can be estimated.

To determine global emerging properties of groups based on local properties of
the group members, two group abstraction methods are proposed. In the first method
relative degrees of importance of the agents in a group are determined. The degree of
importance of an agent is an estimation of the strength of the agent’s influence on the
group. The aggregated state of the group is determined as the weighted average of the
states of the group members with the weights defined by the relative degrees of
importance of the members. In the paper this method is called abstraction by
weighted averaging. The second abstraction method used is based on identifying an
equilibrium state of a group by a standard procedure. In the paper this method is
called equilibrium-based abstraction.

The proposed group abstraction approaches are illustrated by a case of a collective
decision making model for a number of scenarios with two different topologies,
which may exist in real social systems. The approximation errors and time complexity
of the proposed abstraction methods applied for this case are discussed.

The paper is organized as follows. An agent-based collective decision making
model used as a case is described in Section 2. The proposed methods for group
abstraction are explained in Section 3. Some simulation results are discussed in
Section 4. In Section 5 the proposed abstraction methods applied to the collective
decision making model are evaluated. Section 6 concludes the paper.

2 A Collective Decision Making Model

In the model collective decision making is specified as the process of social diffusion
of opinions of agents on decision options. The agents are assumed to consider two
different decision options s/ and s2 for one issue (e.g., two exits of a burning
building).



In most existing social diffusion models (e.g., [8, 9, 5]), opinions of agents are
represented by binary variables, which reflect the opposite attitudes of agents towards
an issue. The choice for binary variables is well motivated for models, which focus on
attitudes of agents towards highly salient events, for which strong opinions are
common (e.g., in voting). However, continuous variables are suited better than binary
variables for representing doubts of agents, e.g., when they are situated in uncertain
environments with scarce information. Furthermore, the change of the agent’s opinion
to the opposite one occurs gradually, through a number of phases [7]. This can be
captured better by a continuous variable than by a binary variable. In contrast to most
existing models, the opinions of an agent in the model used here are described by
continuous variables within the range [0,1]. These variables reflect the degrees of
support of an agent for the decision options s/ and s2.

The initial values of the opinions of the agents on both options are uniformly
distributed in the interval [0,7]. By interaction the agents start to influence each
other’s opinions. The strength of social influence of an agent i on another agent j is
determined by parameter ); within the range [0, /]. This parameter may be refined,
e.g., by distinguishing expressiveness of the sender (agent i), openness of the receiver
(agent j), the strength of the channel between i and j [6]. This parameter may also
refer to a distance between i and j in ‘social’ space. For simplicity %, will be used
without refinement.

It is assumed that agents interact synchronously with each other: all states of the
agents are updated in parallel. As stated in [9] the dynamics of group interaction is
captured more accurately when many individuals are allowed to interact
simultaneously than by pairwise interaction.

The strength of the social influence on agent i with respect to decision option s at
time ¢ is determined by:

Ou(t) = Zjui Vil Qs (1)~ G i)/ 2 Wi when X %, # 0
O,(t) =0 when Y %, =0

Here ¢, (t) the strength of support of agent j of decision option s. The update of the
strength of support of agent i for s is determined by:

qsi(1+A1) = q,i(1) + 1; O, (1)At

Here 7, is an agent-dependent parameter within the range [0,/], which determines
how fast the agent adjusts to the opinion of other agents.

First an initial consolidation phase takes place during the interval [0, 7,4 i, In
which the agents exchange opinions on the options. After this phase the whole
population of agents is divided into two groups G/ and G2 depending on which from
two options s/ or s2 is preferred:

G] = {l | qsl,i(tend_init) 2 qSZ,i(tend_init)}
G2 = {i| qo.itend_init) > Gs1.{Tend_init) }-

Each group can be viewed as a connected directed graph G=<V, E> with a set of
vertices V representing agents and a set of directed edges E representing influence



relations between the agents. It is assumed that there are less interactions between
members of different groups than between members within a group. This assumption
is partially supported by social studies [3].

Definition
A subset S of G is called isolated from impact by others if it is nonempty and not

equal to G and for all agents i€ S and j¢ S it holds y; = 0.

In the paper scenarios will be addressed based on the following topologies of groups:

(a) There is exactly one subset isolated from impact by others, and this is a
singleton {i}- an agent, which is not willing or able to change its state (for an
example see Fig. 1, left).

(b) There are exactly two subsets isolated from impact by others, and these are
singletons {i} and {j} — two agents with different states, which are not willing
or able to change their states; e.g., two conflicting dogmatic leaders (for an
example see Fig. 1, right).
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<> Bidirectional
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» Unidirectional
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Fig. 1. Examples of topologies of groups considered in the paper

Every now and then members of a group receive information from diverse external
sources via peer-to-peer communication. The degree of influence of external source k
(e.g., an agent from another group) on a group member i is represented by parameter
% Based on the states of k and i concerning option s, agent i updates its state as
follows:

qs,i(1+AL) = qgi(t) + ;i Yi(qsu(t)- q..i(1))AL

If after interaction with an external source, agent i from group G/ supporting option
s1 changes its preference from s/ to s2, and g, (t)- g, (t) > threshold, then an agent
is considered to leave G/ and become a member of G2 supporting s2. In the scenarios
considered in the paper threshold=0.3.



3 Two Methods for Group Abstraction

To model the dynamics of abstracted states of a group two group abstraction methods
are proposed in this section.

3.1 Abstraction by Weighted Averaging

The first method introduced is based on an estimation of an aggregated group state by
determining the contributions of each group member to the group state. It is assumed
that the contribution of an agent is in proportion to the strength of influence of the
agent on the other group members. An agent may influence another agent directly or
indirectly through other agents. In this direct case the strength of this (first-order)
influence of i on j can be estimated by ; If i influences k through j, the strength of
(second-order) indirect influence of i on & via j is estimated as }; %, and in the total
second-order influence is estimated as X, %; %« In the general case, the higher
order strengths of influence of an agent on any other agent can be calculated
recursively.

Thus, for each agent a network of influence can be identified, through which an
agent exerts influence and is influenced by other agents. In such a network the degree
of importance of an agent i (doi;) on the group is calculated as follows:

doiy= Y Vil + 2wty Y1+ I +2iz; Y]+ ks Nef( L+...))

The denominator contains the term / to ensure that it is not equal to O for the agents
isolated from impact by others, e.g., as in topologies (b) and (c). The precision of
estimation of the group state depends on the number of hops in a network of influence
for which indirect influences are calculated. However, the more hops are taken the
more intensive computation is required for abstraction by this method. In this paper
two hops in a network of influence are used. In the single-hop variant of the method
(called first-order weighted averaging) doi; is calculated as:

doiy= 2i Y (1+2i5 %)
The two-hop variant (called second-order weighted averaging) doi; is:
doij= i %ij(1 +2itistj a1+ 20z Bl 1 +2oi 1y Hoj))

Initially and after each interaction of an agent from group G with an external agent,
the aggregated state of group G for option s is estimated by the following weighted
average:

G5 6(1+ A1) = Yic g doi; g, (1) Lie g doi;

This state represents a common opinion of all agents in the group for decision option
s. It persists until a new interaction with an external agent occurs. Then, the formula
for g, g(t+At) is applied again. The weighted averaging method can be used for
abstraction of groups with both types of topologies (a) and (b) described in Section 2.



3.2 Abstraction by Determining Equilibria

For the cases where one or more of the agents i are not affected (agents i with y; =0
for all j), the equilibria for other agents do not depend on their initial values and the
standard approach (solving the equilibrium equations) using the differential equations
can be used. Note that if %; = 0 for all j then the value for i will be in an equilibrium
right from the start, since no impact of other group members occurs. Therefore a
group equilibrium with common value can only concern the initial value ¢;,(0) for

such an agent i. For one such an agent in the group this indeed takes place (see Fig.
2).
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Fig. 2. Convergence of the decision states of 50 agents in a group with topology (a) for the time
period [0, 30] (left) and the time period [0, 500]; no external messages are provided to the group

When two or more of such agents occur, with different initial states, then apparently a
common equilibrium value is not possible, and the group will end up in a divided
equilibrium situation (see Fig. 3). In the simulation, which results are presented in
Fig. 2 and 3 the strength of social influence of both unaffected and affected agents on
other affected agents was taken from the uniform distribution in the interval 0, 7].
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Fig. 3. Convergence of the decision states of 50 agents in a group with topology (b) for the time
period [0, 50] (left) and the time period [0, 500]; no external messages are provided to the group

These cases can be analyzed in a direct, standard manner using the differential
equations as follows. Take the set of agents that are not affected:

So=1{il2ks ni =0}



Then the differential equations are

Goi(t+A1) = q (1) + i [ 2jsi %l qs f(1) - G ) 2ii Wi 1 A forig Sy
qs,i(t+At) = qs,i(t) forie SO

For all agents i€ S, the equilibrium value g, is the initial value g ;(0). This value can
be used in the equations for the agents i ¢ S, thus obtaining for all i ¢ S:

Diesp iz Nl Qs = Qsil 2ks Wi + 2jesy Kl s /(0) - @oid 2is Wi =0

This can be rewritten into the following system of linear equations in g, for k ¢ Sy:

Qi - 2jesy ja (N 2ks Woi) Gsj = 2jesy (Y 2k Wei) 4s/(0)

This can be expressed in matrix form as Bg = ¢, with ¢ the vector (g;,) ies,, and ¢ the

vector (Yyes, (%/2ux Wi ) 45/0)) ies, The matrix B has only / as diagonal entries, and

negative values elsewhere. Taking into account determinant det(B) # 0, this system is
solvable in a unique manner.

4 Simulation

The methods described in Section 3 were implemented in Matlab. Simulation time
was 1030 with the initial stabilization interval [0, 30]. For each simulation setting 50
iterations were executed. The number of agents was varied across simulation runs: 50,
100, 200 and 500. The initial states of each agent for the strengths of support for the
two decision options s/ and s2 were uniformly distributed in the interval [0, /].

In addition to the agents external sources were used, which number was 10 times
less than the number of agents. The average time between two subsequent messages
provided by each external source to a randomly chosen agent was varied across
simulation runs: 1, 2, 5, and 10. Each average time value can also be interpreted as a
ratio of the time scale of the group’s internal dynamics to the time scale of the
external dynamics. The impact of these ratios on approximation errors was
investigated.
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Fig. 4. The dynamics of valuation of option 1 by 50 individual agents in a group with topology
(a) (left) and the abstraction of the group dynamics obtained by the equilibrium-based method

(center) and by the weighted averaging 2 (right); the average time between messages is 10.



The simulation was performed for both types of topology described in Section 2.
The parameters ¥ and m of the agents were taken from the uniform distribution in the
interval ]0,1]. For topology (a) all values }; for a randomly chosen agent i were set to
0. For topology (b) all values of ¥, and ,, for two randomly chosen agents i and k
were set to 0.

In the simulation the first and second-order weighted averaging methods and the
equilibrium-based method were used for abstraction of the model with both types of
topologies.

Some of the simulation results for topologies (a) and (b) are presented respectively
in Fig. 4 and 5. The peaks in the graphs indicate incoming messages from external
sources. As can be seen from the both figures, after receiving each message the group
quickly reaches a new stable state.
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Fig. 5. The dynamics of valuation of option 1 by 50 individual agents in a group with topology
(b) (left) and the abstraction of the group dynamics obtained by the equilibrium-based method
(center) and by the weighted averaging 2 (right); the average time between messages is 2.

Since a divided equilibrium situation occurs in the group with topology (b) (Fig.5),
the abstraction of the group dynamics for this topology is less precise than for
topology (a) (Fig.4), in which the group is driven towards a single equilibrium state.
A detailed evaluation of efficiency and quality of the proposed abstraction methods is
considered in the following Section 5.

5 Evaluation of the Two Abstraction Methods

The time complexity and approximation errors of the methods are considered in this
section.
5.1 Time Complexity Results

The mean time complexity for the original model from Section 2 and for the proposed
abstraction methods is provided in Tables 1 and 2. The variances of these results are



very low (of the order of 7107). Since the same mechanisms of abstraction by weighted
averaging are applied for both topologies (a) and (b), the mean simulation time of the
abstracted models based on the weighted averaging methods is the same for all these
topologies. The developed abstraction methods increase the computational efficiency
of the simulation significantly. The acceleration factor grows with the number of
agents: for smaller numbers (around 50) it is of the order 20 to 25, for larger numbers
(around 500) it grows to the order of 25 to 33.

Table 1. Mean simulation time in seconds for the original and abstracted models for 50
and 100 agents

# of agents 50 100
Average time 1 2 5 10 1 2 5 10
between messages
Original model 5.87 5.46 498 472 23.67 22.7 20,5 19.25

Equilibrium-based 0.27 0.24 0.22 0.21 0.9 0.83 0.78 0.76
abstraction (a)

Equilibrium-based 0.29 0.25 0.22 0.21 1.02 0.90 0.81 0.78
abstraction (b)

Abstraction by 0.25 0.22 0.20  0.20 0.88 0.83 0.78 0.76
weighted averaging 1
Abstraction by 027 0.24 0.21 0.20 0.96 0.88 0.80 0.78

weighted averaging 2

Table 2. Mean simulation time in seconds for the original and abstracted models for 200

and 500 agents
# of agents 200 500
Average time 1 2 5 10 1 2 5 10
between messages
Original model 964 935 879 827 3837 3832 3653 350.8

Equilibrium-based 3.60 3.24 3.03 296 13.8 13.1 11.7 11.5
abstraction (b)

Equilibrium-based 4.08 3.58 3.16 3.05 15.7 14.0 12.1 11.8
abstraction (c)

Abstraction by 332 318 3.05 3.01 12.9 12.3 11.9 11.1
weighted averaging 1
Abstraction by 3.71 339 314 3.06 145 13.4 12.4 12.2

weighted averaging 2

The fastest simulation models are obtained by the abstraction by first-order
weighted averaging. The slowest are the models obtained by the equilibrium-based
abstraction. However, as one can see from Tables 1 and 2, the ratio of the simulation
time of the slowest to the fastest abstraction method is less than /.3 for all cases. The
impact of the number of messages on the simulation time is stronger for the
equilibrium-based method than for the weighted averaging methods. This is because
(large) systems of linear equations need to be solved in the former methods every
time when the structure of a group changes. The greatest decrease of the acceleration



rate for the equilibrium-based method for the settings considered in the paper is of the
order of 1.4.

The time ratio between first and second order weighted averaging is at most /.1.
Thus, adding the second level in the network of influence for each agent does not
result in a significant increase of simulation time, even for larger numbers of agents.
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Fig. 6. Mean approximation errors for the proposed abstraction methods for 50 agents;
the horizontal axis is the average time between messages.
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Fig. 7. Mean approximation errors for the proposed abstraction methods for 100 agents;
the horizontal axis is the average time between messages.

5.2 Approximation errors

The error of approximation of the original model by a group abstraction method is
defined as

Yiersn 1031 (1GI”" O GI*' - IGI*" ~ GI1*'1)/1000,



where GI%' is the group comprising the agents supporting decision option s/ at time

point ¢ according to the original model, and GI*'is the group of the agents supporting
s1 at time point ¢ according to the abstracted model.

A comparison of the mean approximation errors for the proposed abstraction

methods is provided in Figures 6-9. The variances of the errors are low (of the order
10); they are depicted by small error bars in the figures.
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Fig. 9. Mean approximation errors for the proposed abstraction methods for 500 agents;

the horizontal axis is the average time between messages.

As can be seen from Figures 6-9, both the equilibrium-based and weighted
averaging methods are sensitive to the average time between messages from external
sources. In particular, for topology (a), when the average time is high (10) the error of
the equilibrium-based abstraction is very low: in average less than one agent is placed
in a wrong group for 1000 time points. However, when the external world interacts
with each group every time point, the error of the equilibrium-based abstraction grows



significantly: 11 times in the worst case for topology (a). Nevertheless, the maximal
error of the equilibrium-based abstraction is still rather low: 7.9%70 (meaning that
for topology (a) less than 8 agents are placed in a wrong group for 1000 time points).
As can be seen from the results, the abstraction methods by weighted averaging
perform significantly worse than the equilibrium-based abstraction for the topology
(a).

For topology (b) the rate of stabilization of the system is generally slower than for
topology (a). Furthermore, the agents of the system do not converge to the same state.
For these reasons the approximation errors for (b) are higher than for (a).
Surprisingly, although the exact equilibrium state of the system can be determined by
the equilibrium-based abstraction method, this method performs comparably to or
even worse than the weighted averaging methods for topology (b). However, the
greater the average time between the messages, the better the equilibrium-based
method performs. This can be explained by the dynamics of convergence of the group
to a stable state: the greater the time between the messages, the more closely the
group approaches an equilibrium state, thus the smaller the approximation error of the
equilibrium-based method. In particular, for the average time 10 the equilibrium-
based method performs in average better than the weighted averaging methods.

The weighted averaging methods are less sensitive to the rate of convergence, but
also less precise, as they are based on an approximation of the group’s emergent
property. The approximation error grows with frequency of external messages, since
every message results into a decision re-evaluation by the agents, and thus the error
accumulates. For topology (b) the group approaches its equilibrium states slowly, thus
the equilibrium-based method is less suitable.

The rate of convergence is also the reason why the approximation error of the
equilibrium-based method is less when the ratio of the time scale of the external
world dynamics to the time scale of the group's internal dynamics is higher. The
greater the difference in the scales, the closer a group approaches an equilibrium,
which can be calculated precisely using the equilibrium-based method. The error
depends on how often an equilibrium state of a group is disturbed by external
messages and on how quickly the group reaches a new equilibrium.

As expected, the abstraction by second-order weighted averaging is more precise
than the abstraction by first-order weighted averaging. The difference in precision
between first- and second-order weighted averaging depends on the density of
connections in the topology of a group: in general, the higher the density, the less the
error difference between both variants. This is because the density determines how
many direct neighbors an agent has, and thus, how many agents are influenced
directly by one-hop message propagation of new information. The more densely a
graph is connected, the more agents in a group new information reaches by one-hop
propagation, and the more fully the new group’s state can be captured by first-order
weighted averaging. The less the graph’s density, the more information about the
group dynamics each additional hop provides. In a sparsely connected graph, one-
hope propagation reaches only a small number of agents, thus, only partial
information about the group dynamics can be extracted by first-order weighted
averaging. In this case the difference between first- and second-order weighted
averaging may be significant. For the experiments considered in this paper densely
connected groups were used. Furthermore, as can be seen from the results, the



abstraction by weighted averaging becomes more precise with the increase of the
number of agents.

6 Conclusions

In the paper an approach is proposed to handle complex dynamics of large-scale
agent-based social diffusion models. On the one hand this approach allows identifying
global, emergent properties of groups of agents. On the other hand, it enables a
significant increase of the computational efficiency of automated analysis of large-
scale social diffusion models (up to 33 times for larger numbers of agents).

The approach comprises two methods dedicated for abstraction of a variety of
topologies of social groups. In particular, the equilibrium-based method is well suited
for models with topologies of type (a). The higher the ratio of the time scale of the
external world dynamics to the time scale of the group’s internal dynamics, the less
the approximation error of the equilibrium-based method. The high ratio of the scales
is also required to reduce the approximation error of the equilibrium-based abstraction
of models with topologies of type (b). For low ratios, especially for large groups of
agents, the second-order weighting averaging approach is the most suitable.

Note that in many applications the sizes of dynamic groups, which could be
numerous, are (much) smaller than the total number of agents. The developed
abstraction techniques were applied in a large-scale crowd evacuation study (~10000
agents) [11]. Although the number of agents was significant, the maximal size of
emergent dynamic groups was 174.

Social diffusion models have been studied extensively [3, 4, 8, 9]. A common
research question of these studies is about the existence of equilibrium states of a
model for different topologies. In contrast to the continuous model considered in the
paper, most of other studies consider binary, threshold-based models. The authors are
not aware of any existing studies focusing on the behavioral abstraction of continuous
social diffusion models.

Currently several techniques for abstraction of models based on hybrid automata
[1] and differential equations [2] exist. However, such approaches can be applied
efficiently for systems described by sparse matrixes. Social diffusion models
represent tightly connected systems, which do not allow a significant reduction of the
state space using such techniques. In particular, a previous study showed that
common model reduction techniques such as balanced truncation [2] do not allow
decreasing the rank of the matrix describing the model from Section 2.

In the future it will be investigated whether the developed approach can be applied
for abstracting more complex cognitive multi-agent systems, involving interaction
between cognitive and affective processes (e.g., collective decision making with
emotions and trust).



References

TS

. R. Alur, T.A. Henzinger, G. Lafferriere, and G.J. Pappas. (2000). Discrete
abstraction of hybrid systems. In Proceedings of IEEE, vol.88, no.7, pp.971-984.

. A.C. Antoulas and D. C. Sorensen. (2001). Approximation of large-scale
dynamical systems: An overview. International Journal of Appl. Math. Comp. Sci.,
11:1093-1121.

. R. Axelrod. (1997). The Dissemination of Culture: A Model with Local
Convergence and Global Polarization. Journal of Conflict Resolution 41: 2023-
226.

. J.R. French. (1993) A Formal Theory of Social Power. Irvington Publishers.

. M. Granovetter. (1978). Threshold Models of Collective Behavior. American
Journal of Sociology, 83(6):1420:1443.

. M. Hoogendoorn, J. Treur, C.N. van der Wal, and A. van Wissen. (2010). An
Agent-Based Model for the Interplay of Information and Emotion in Social
Diffusion. In Proceedings of IEEE/WIC/ACM International Conference on
Intelligent Agent Technology, IAT'10. IEEE Computer Society Press, 439-444.

. K. Lewin. (1958). Group Decision and Social Change. New York: Holt, Rinehart
and Winston.

. M. Macy, J.A. Kitts, and A. Flache. (2003). Polarization in Dynamic Networks: A
Hopfield Model of Emergent Structure. In Dynamic Social Network Modeling and
Analysis. Washington, DC: National Academies Press, pp. 162-173.

. H.V.D. Parunak, T. C. Belding, R. Hilscher, and S. Brueckner. (2008). Modeling
and Managing Collective Cognitive Convergence. In Proceedings of AAMAS
2008, pages 1505-1508, ACM Press.

10. E.M. Rogers. (2003). Diffusion of innovations. New York, NY: Free Press, 2003.

1

1. Sharpanskykh, A., Zia, K. Grouping behaviour in AmlI-enabled crowd evacuation.
In Proceedings of the 2nd International Symposium on Ambient Intelligence,
ISAmI'l1, Springer Verlag (2011) pp. 233-240

12.Yu, C.-H., Werfel, J., Nagpal, R. (2010). Collective decision-making in multi-

agent systems by implicit leadership. In Proceedings of AAMAS 2010, pp. 1189-
1196, ACM Press.



