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CHAPTER 1

The compact-open topology

In this first chapter we will discuss a useful topology on
sets of transformations, the so-called compact-open topol-
ogy. This topology which will play a crucial role in the
remaining part of these notes.

We assume that the reader understands the mate-
rial of basic courses in algebra, general topology, calcu-
lus and linear algebra. Concepts such as group, field,
homomorphism, isomorphism, kernel, range, topological
space, metric space, Banach space, Hilbert space, com-
pact space, product space, Tychonoff product topology,
continuous function, etc., should be familiar. For all un-
defined notions see e.g., HEWITT and Ross [?], SCHAE-
FER [?], DUGUNDJI [?], ENGELKING [?], NAGATA [?] and
VAN MILL [?].

1.1. Spaces and groups

Our primary interest is in separable metrizable spaces. This is why we
do not bother usually to state our theorems in their most general forms for
this would only distract the reader from the essential parts of our considera-
tions. We therefore call a separable metrizable space simply a space from now
on. Some of the topological spaces that we consider are not separable and
metrizable however. For example, if X is not compact then the Banach space
C*(X) is not separable. We find it convenient to ignore this inconsistency.

(A) Spaces. The separable metrizable spaces can be characterized in
general topological terms, as follows. A topological space X is separable and
metrizable if and only if X is a regular T;-space with a countable base. This is
called Urysohn’s Metrization Theorem. If X is separable and metrizable then
X is regular and T3 for obvious reasons and has a countable base. Conversely,
if X is regular and 77 and has a countable base then it is paracompact and
hence normal, being Lindel6f, so by Urysohn’s Lemma for normal spaces there
are enough real-valued continuous functions to separate closed sets. It is then
easy to show that X can be embedded in the Hilbert cube Q =[], ,[-1,1],
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2 1. THE COMPACT-OPEN TOPOLOGY

and hence is separable and metrizable. (See ENGELKING [?, Theorem 4.2.9]
for more details.)

A space X is called homogeneous if for all z,y € X there is a homeo-
morphism f: X — X such that f(z) = y. So, a space X is homogeneous
if from the topological standpoint all points in X behave in the same way.
The 1-sphere is homogeneous, and so is @) (this is Keller’s Theorem, see VAN
MILL [?, 1.6.6] for details).

A space X is called topologically complete or Polish if it admits an ad-
missible complete metric. Observe that a closed subspace of a topologically
complete space is topologically complete as well. It can be shown that every
Gs-subset of a Polish space is Polish. So P is Polish. It can also be shown
that every Polish subspace A of a space X is a Gs-subset of X.

A space X is a Baire space if the intersection of countably many dense
open subsets of X is again dense. Or, equivalently, if the union of any count-
able family of nowhere dense subsets of X has empty interior. It is well-known
and very often used fact that a Polish space is Baire. This is called the Baire
Category Theorem. So Q is not Polish.

Exercise 1.1.1. Suppose that S and T are dense Polish subspaces of some
space X. Prove that SNT # (.

Exercise 1.1.2. Give an example of a Baire space that is not Polish.

For any space X we let p denote an admissible metric on X. For nota-
tional conventions, see §77.

(B) Topological groups. A group G which is also a topological space,
is called a topological group if the function G x G — G defined by

(z,y) »a-y™!

is continuous. This easily implies that a translation on G, i.e., a function
from G into G of the form = — x - a or of the form x — a - = for some fixed
a € G, is a homeomorphism. So every topological group G is homogeneous:
if u,v € G then the translation x — (vu~!)x maps u onto v. Observe that
if a translation has a fixed-point then it must be the identity. This implies
that not all homogeneous spaces have the structure of a topological group.
Simply observe that @ is homogeneous, but has the fixed-point property (this
follows from Brouwer’s Theorem, see VAN MILL [?, 2.4.6]).

We say that the topology on G and the group structure on G are com-
patible. Observe that if G is a group then its group structure is always
compatible with the discrete topology on G. Let G = Q with its standard
group structure -, and topology 7 generated by the collection

{le,r)NQ:q,r € Q,q <1}
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Then (Q, 7) is a separable metrizable space (it is in fact homeomorphic to Q
with its standard topology), but 7 and - are clearly incompatible.

If G is a group, and A, B C G, then
AB={ab:ac Abe B}, A '={at:ac A}

We call A symmetric if A= A~!. Observe that AN A~! is symmetric.

Observe that the neutral element e of a topological group G has a neigh-
borhood base (U, ), consisting of symmetric open neighborhoods of G such
that U2, C U, for every n.

Topological groups G and H are called isomorphic if there is an algebraic
isomorphism 7: G — H that is also a homeomorphism.

If G,, is a topological group for every n, then the product topology makes
the product group G = [[°—, G, a topological group.

n=1

(C) Zero-dimensional spaces. A space X is zero-dimensional if it has
a base of clopen sets. It is easy to see that a space X is zero-dimensional if
and only if every open cover of X can be refined by a clopen partition. The
subspaces R that are zero-dimensional are easily characterized: a subspace
X C Ris zero-dimensional if and only if R\ X is dense. So the rational num-
bers Q, the irrational numbers P, and the Cantor set C are zero-dimensional.
These spaces have simple and useful topological characterizations.

Exercise 1.1.3. Let X be a space. Then

(1) X = C if and only if X is compact, zero-dimensional, nonempty,
and has no isolated points.

(2) X = P if and only if X is Polish, nonempty, zero-dimensional and
nowhere compact.

(3) X ~ Q if and only if X is countable, nonempty, and has no isolated
points.

Observe that Q is subgroup of R, hence is a topological group. Exer-
cise 1.1.3(1) shows that C is homeomorphic to {0, 1}°°, which is a topological
group, the operation being coordinatewise addition modulo 2. Also P is a
topological group. Simply observe that Exercise 1.1.3(2) shows that P is
homeomorphic to the topological group Z*°.

In §?7 we will present topological characterizations of Q x C, Q x P and
Q> that are in the same spirit.

A zero-dimensional space X is called strongly homogeneous provided that
all of its nonempty clopen subsets are homeomorphic.

Exercise 1.1.4. Prove that a strongly homogeneous zero-dimensional space
is homogeneous.
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Observe that Exercise 1.1.3 shows that Q, P and C are strongly homo-
geneous. The space Z x C is a zero-dimensional topological group which is
not strongly homogeneous (it contains a clopen copy of the compact space C
which is not homeomorphic to the entire space). VAN ENGELEN [?] proved
the highly nontrivial result that among the homogeneous zero-dimensional
absolute Borel sets, Z x C is the only space that is not strongly homoge-
neous. In §77 we will present an example of a zero-dimensional subgroup
of R that is not strongly homogeneous. By van Engelen’s result, such a
subgroup cannot be Borel.

1.2. The compact-open topology

In this section we will define and study a useful topology on sets of trans-
formations, the so-called compact-open topology, which will play a crucial role
in the remaining part of this book.

(A) The compact-open topology. If X and Y are spaces then
C(X,Y) denotes the collection of all continuous functions from X to Y.
If Y = R then C(X) abbreviates C(X,R).

It is convenient to endow C(X,Y") with a useful topology. If K C X and
U CY, then
(K, Ul ={f € C(X,Y): fIK] S U}.
The collection
{[K,U] : K C X compact,U CY open}

serves as a subbase for a topology on C(X,Y). This topology is the so-called
compact-open topology on C(X,Y') and plays a central role in this book. From
now on we will always endow C(X,Y") with the compact-open topology.

The topology on C(X,Y) can be described more economically, as follows.
Exercise 1.2.1. Let X and Y be spaces, and let § be a subbase for Y .
(1) The collection
{[K,S]: K C X compact, S € 8}

is a subbase for C(X,Y).

(2) Let F be a collection of compact sets in X with the following prop-
erty: For every compact A in X with neighborhood U in X there
is a finite § C F with A CJS C U. Then the collection

{[F,8]: FeF Ses}
is a subbase for C(X,Y).

Lemma 1.2.2. Let X and Y be spaces. If A is closed in X and B is closed
in'Y then [A, B] is closed in C'(X,Y).
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Proof. Assume that f ¢ [A, B]. Then for some a € A, f(a) € B. Hence

C(X,Y)\[4,B] = [J{a}. Y\ B]

acA

is open. O

Corollary 1.2.3. Let X and Y be spaces. Then C(X,Y) is regular, Ty and
has a countable base if X is locally compact.

Proof. Let f and g be arbitrary distinct elements of C(X,Y). Pick x € X
such that f(x) # g(x). Then [{z},Y \ {f(z)}] is a neighborhood of g which
does not contain f. So C(X,Y) is T1.

To prove that C(X,Y) is regular, let f € [K,U] with K C X compact
and U C Y open. There is an open W C'Y such that f[K] C W C W CU.

Then f € [K,W] and the closure of [K, W] is contained in [K, W] C [K, U]
by Lemma 1.2.2. This is clearly as required.

Let B be a countable base for Y which is closed under finite unions. In
addition, let A be a countable base for X which is closed under finite unions,
while moreover A is compact for every A € A (here we use that X is locally
compact). We claim that the collection

{|[A,B]: A€ A,B € B}

is a (countable) subbase for C(X,Y"). To prove this, let K C X be compact,
and U CY be open. For an arbitrary f € [K, U], first pick B € B such that
fIK] € B CU. It is clear that this is possible since f[K] is compact and B is
closed under finite unions. Next, pick A € A suchthat K C A C A C f~1[B].
Then f € [A, B] C [K,U]. O

So by Urysohn’s Metrization Theorem (Page 1), it follows that C'(X,Y")
is separable and metrizable provided that X is locally compact. The local
compactness assumption is essential, as the following result shows.

Proposition 1.2.4. Let X be a space. The following statements are equi-
valent:

(1) C(X,R) has a countable base,
(2) C(X,R) is first countable,
(3) X is locally compact.

Proof. For (3) = (1), we can use Corollary 1.2.3. Since (1) = (2) is trivial,
it suffices to prove (2) = (3). Striving for a contradiction, assume that X is
not locally compact at x. Let f: X — R be the constant function with value
0, and let {[K,,U,] : n € N} be a local subbase at f in C'(X,R). Observe
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1) 0e (U

If n € N then the compact set [ J;_; K; is not a neighborhood of z, so we may
pick
n

(2) n € B(x, o) \ | K.
i=1
Put K = {z} U{z, : n € N}. Then K is compact, and [K,(—1,1)] is a
neighborhood of f in C'(X,R). There consequently is an N € N such that
N

(3) fe ﬂ[Ki,Uz'] c K, (-1,1)].

i=1
We claim that K C Uf\il K;. If this is not true, then we may pick p €
K\ Ufil K;. Let g: X — R be a continuous function having the proper-
ties 9[U¢111 K;] = 0 and g(p) = 1. Then g € ﬂf\;l[Ki,Ui] by (1), hence
g(p) € (=1,1) by (3). This is a contradiction. Hence K C vazl K;, but this
contradicts (2). O

From now on, our main interest will be in the spaces C'(X,Y") for locally
compact X.

Exercise 1.2.5. Let X and Y be spaces. For everyy €Y let f,: X — Y be
the constant function with valuey. Then F = {f, : y € Y} is a closed subset
of C(X,Y), and the function y — f, is a homeomorphism Y — &.

Corollary 1.2.6. If X is a space then C({pt}, X) =~ X.

(B) Continuity of composition. Let X,Y and Z be spaces. If f €
C(X,Y)and g € C(Y,Z) then go f € C(X, Z). It is natural to investigate
whether the function

CX,Y)x C(Y.2) = C(X,2);  (f,9) g0 f
is continuous.

Lemma 1.2.7. Let X,Y and Z be spaces with Y locally compact. Then
T:C(X,Y)x C(Y,Z) - C(X, Z) is continuous.

Proof. Let T(f,g9) = go f € [K,U], where K C X is compact, U C Z is
open, g € C(Y,Z) and f € C(X,Y). Since g~1[U] is open, f[K] is compact
and f[K] C g~ ![U], there is an open neighborhood V of f[K] in Y such that
fIK] CV CV C g U] and V is compact (here we use that Y is locally
compact). Then clearly,

T[[K,V]x [V,U]] € [K, U],
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which is as required. O

The local compactness of Y is essential in Lemma 1.2.7, see Example 1.2.9
below.

(C) The evaluation function. If X and Y are spaces, then the function
w: C(X,Y) x X — Y defined by w(f,z) = f(z) is called the evaluation
function of C(X,Y).

Lemma 1.2.8. Let X and Y be spaces with X locally compact. Then
w: C(X,Y) x X — Y is continuous.

Proof. Consider the composition function
T: C({pt}, X) x C(X,Y) — C({pt},Y).

Then T is continuous by Lemma 1.2.7. If we identify C({pt}, X) with
X and C({pt},Y) with Y it follows that T corresponds to the function
(x, f) — f(z). Hence w is continuous, being the composition of the change
of coordinates

CX,Y)x X - X xC(X,)Y)

and T'. O

The local compactness of X is essential in this result as well as in
Lemma 1.2.8.

Example 1.2.9. There are spaces X and Y such that w: C(X,Y)x X - Y
is not continuous.

Proof. Let X = Q and Y = I. Let f € C(Q,I) be the constant function
with value 0. We claim that w is not continuous at (f,0). Let U =T\ {1}.
Then (f,0) € wt[U]. We will prove that w~![U] is not a neighborhood of
(f,0). To prove this, take an arbitrary basic neighborhood of (f,0). It has

the form
n

ﬂ [Kiv UW] x 'V,

i=1
where K1,..., K, C Q are compact, Uy,...,U, C I are open, and V C Q is
open. Since Q is nowhere locally compact, there is an element

i=1
Let g: Q — I be a Urysohn function such that g(¢) =1 and g[J;_, K;] = 0.
Since 0 € N, U, it follows that g € (), [K;,U;], and ¢ € V. But w(g,q) =
g(q) = 1 and hence (g,q) ¢ w[U]. O
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(D) Products. We study function spaces of products.

Let X,Y and Z be spaces. If a: X X Y — Z is continuous, then define
&: X — C(Y,Z) by
(@(2)(y) = a(z,y) (€ X,yey).
If z € X is fixed, then the function Y — Z defined by y — «(z,y) is evidently
continuous. Hence & is well-defined.
Conversely, if @: X — C(Y, Z) is continuous, then we define a: X xY —
Z by
a(z,y) = (a(2))(y) (r€X,yeY).
It is not clear whether « is continuous.

Theorem 1.2.10. Let X, Y and Z be spaces.

(1) Ifa: X XY — Z is continuous then &: X — C(Y, Z) is continuous.
(2) If &: X — C(Y, Z) is continuous, and if Y is locally compact, then
a: X xY — Z is continuous.

Proof. For (1), let &(x) € [K,U], where K C Y is compact and U C Z is
open. Then for every y € K, (a(z))(y) € U, i.e., a(z,y) € U. This implies
that {z} x K is contained in the open set a~![U]. By compactness of K there
is an neighborhood V of x in X such that V x K C a~![U]. Then clearly,
vVcal [[K, UH, which completes the proof.

For (2), consider the composition of functions
XxY Y o, 2)xY - 2.

Here w is the evaluation function. The first function is evidently continuous,
so also is the second by Lemma 1.2.8 (here we use that Y is locally compact).
The combined map is therefore continuous, and an easy calculation yields
that it is a. g

Now let X, Y and Z be spaces. For every a € C(X x Y, Z) we have by
Theorem 1.2.10 that & € C(X,C(Y,Z)). It is a natural question whether
this assignment is continuous.

Theorem 1.2.11. Let X,Y and Z be spaces with Y locally compact. The
map o — @& is a homeomorphism from C(X x Y, Z) onto C(X,C(Y, Z)).

Proof. By Theorem 1.2.10, a — @& is bijective. A subbasis for C'(X,C(Y, Z))
consists of all sets of the form [A, [B, I/V]]7 where A C X, B CY are compact
and W C Z is open (Exercise 1.2.1(1)).

Claim 1. The collection
{[AxB,V]:AC X,B CY compact,V C Z open}
is a subbase for C(X x Y, Z).
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Proof. If K C X XY is compact and U is an open neighborhood of K then
there is a finite collection F of subsets of X X Y of the form A x B, where
A C X and B CY are compact, such that K C |JF C U. So we are done
by Exercise 1.2.1(2). O

Now observe that if A C X, B C Y are compact, and W C Z is open,
then
a€[AxB,W] < aclA[B W],

which proves the theorem. O

Observe that the homeomorphism D(a) = & in Theorem 1.2.11 is explic-
itly given by the formula
(D(a)(@)(y) = alz,y)  (r€X,yeY).

Corollary 1.2.12. Let X, Y and Z be spaces, with both X and Y locally
compact. Then the function E: C(X,C(Y,Z)) — C(Y,C(X, Z)) defined by

(EA)W) (@) = (f@)y) (yeYzeX)

is a homeomorphism.

Proof. Simply observe that by Theorem 1.2.11 applied twice,
C(X,0(Y,2)) =~ C(X xY,Z) = C(Y x X,Z) ~ C(Y,C(X, Z)).

The simple calculation that the composition of these homeomorphisms is
given explicitly by the function FE is left to the reader. O

(E) A metric for C(X,Y). It is convenient to have an explicit formula
for a metric that generates the topology of C(X,Y). In view of Proposi-
tion 1.2.4, we can only hope for such a formula if X is locally compact.

So let X be locally compact. We can write X as | J;=, U;, where the U;
are open, U; C U;1 and U; is compact for every i. Now let Y be any space,
and let ¢ be an admissible metric on Y. For f,g € C(X,Y), and n € N,
define

(+) 4u(f,9) = min [ sup {o( (), 9(a)) - 2 € U, }]
Finally, put
(**) d(f7g) :Slipdn(fag)'

Observe that the definition of d depends on the choice of the metric ¢ and
the sequence (Uy, ). That this is irrelevant, is shown in the next result.

Exercise 1.2.13. Prove that d is a metric on C(X,Y).

Proposition 1.2.14. d generates the topology of C(X,Y).
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Proof. Let K C X be compact, and U C Y be open. For f € [K, U] we will
find & > 0 such that if d(f,g) < e then g € [K,U]. If such an € > 0 does not
exist, then for every n € N we can find g, € C(X,Y) and x,, € K such that
d(f,gn) < Y, and g,(x,) € U. Since K is compact, we may assume without
loss of generality that there exists x € K such that x, — z. Pick N € N
such that K C Uy. For n > N we have d,(f, gn) < d(f, gn) < Y, hence

sup {e(f(¥), gn(¥)) : ¥ € Un} < Y.
But then
Q(f(xn)agn(mn)) < n
for every n > N. Since f(z,) — f(z), this implies that g,(z,) — f(x).
Hence f(z) ¢ U since g, (z,) € U for every n, and Y \ U is closed. This is a
contradiction.

Conversely, take arbitrary f € C(X,Y) and € > 0. Pick m € N such that
1/, < e. Since U, is compact, there is a cover F of U,, by closed subsets of
U,, such that for every F' € F we have diam f[F] < ,,,. Let Vr for every
F € J be an open neighborhood of f[F] such that diam Ve < 1/,. Put

A= (IF Vg

Fed

Then A is an open neighborhood of f in C(X,Y). Pick an arbitrary g € A.
We claim that d(f, g) < e. To see that this is true, observe that

glF1u fIF] € Vi
for every F € F, hence o(f(z),g(z)) < Y, for every = € U,,. This gives us
by compactness of the U;’s that

d;(f,g) = min E,sup{g(f(a:),g(x)) ix € Uz}} < Y.

for every i < m (here we use that U; C U, for every i < m). Observe that
if n > m then

dn(fvg) < 1/n < 1/m’

From this we conclude that
d(f,9) =supdn(f,9) < Ym <,

as required. O

The formulas (%) and (*x*) can be simplified considerably if X is compact.
For if X is compact, then X = U, for certain n, and so for m > n we have

dm(f,9) = min {%,sup{g(f(x),g(m)) RS X}]

By the same reasoning as in the proof of Proposition 1.2.4 we get that the
formula

o(f,9) =sup{o(f(x),9(x)) -z € X}
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defines an admissible metric on C(X,Y’). If X is compact, this metric will be
used on C(X,Y) from now on. The topology on C(X,Y) that is generated
by ¢ is called the topology of uniform convergence.

(F) Limits of continuous functions. It is a natural question to ask
when C'(X,Y) is Polish. This basic question will be studied now.

Let X and (Y, o) be spaces. For all f,g € C(X,Y) put

o(f.9) = sup{o(f(x),g(x)) : = € X}.
Observe that o(f, g) € [0,00]. We saw above that ¢ metrizes C(X,Y) if X is
compact.

If X =Y = N with the Euclidean metric o, f is the identity and g is the
function n — 2n, then clearly o(f,g) = oco. As a consequence, ¢ need not be
a metric on C(X,Y), it is some sort of an ‘extended’ metric. It is convenient
to adopt some of the terminology of metrics for g. For example, we call a
sequence (fp)n in C(X,Y) Cauchy if for each € > 0 there exists an N € N
such that o(fn, fm) < € for all n,m > N. This is of course nothing but the
ordinary definition of a Cauchy sequence in a metric space.

Exercise 1.2.15. Let X and (Y, ) be spaces. Assume that X = J,—, Uy,
where U,, C U,+1 and U, is open for every n. Let (f,), be a sequence in
C(X,Y) such that for every x € X, lim,,_,oo frn(x) exists. Assume moreover
that for every m, the sequence (f, | Up)y is 9-Cauchy. Then the function
f: X =Y defined by f(x) = lim,,_ fn(x) is continuous and the sequence
(fn)n converges to f in C(X,Y).

Corollary 1.2.16. Let X and (Y, 9) be spaces with X locally compact. Then
the metric d for C(X,Y) defined on Page 10 is complete provided that g is
complete. As a consequence, C(X,Y) is Polish if and only if Y is Polish.

Proof. Assume first that g is complete. Let (Uy,),, be the sequence of open
subsets of X that we used for the construction of d. Let (f,), be a d-Cauchy
sequence in C'(X,Y).

Claim 1. For every N € N, (f,, | Un)n is g-Cauchy.

Proof. Let € > 0. We may assume without loss of generality that ¢ < 1/y.
Pick Ny € N such that d(f,, fim) < € for all n,m > N;. Then for an arbitrary
x € Uy we have

it |1, 0(a(@), fn(2)] < A fo) < Al i) < < 1

for all n,m > N. As a consequence, g(fn(x), fm(a:)) < ¢ for all n,m > Ny
and all x € X. g

Now take an arbitrary z € X, say x € Uy for certain N € N. By Claim 1,
(fn(x)), is o-Cauchy, hence lim, o fn(z) exists by the completeness of .
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Let f(z) denote that limit. Then f is continuous, hence belongs to C(X,Y),

and f, — f in C(X,Y) by Exercise 1.2.15. Hence C'(X,Y) is Polish.
Conversely, if C(X,Y) is Polish then so is Y since C(X,Y) contains a

closed homeomorph of Y (Exercise 1.2.5). O

By a similar reasoning, one gets the following result.

Corollary 1.2.17. Let X and (Y, 0) be spaces with X compact. Then § is
complete if ¢ is complete.

(G) Function spaces. Function spaces yield interesting examples of
topological groups. Let G be a topological group, and let X be a space.
Define a binary operation x on C(X,G) by

(fxg)(t) = f(t)-g(t) (teX).
We say that % is the standard group operation on C(X, Q).

Theorem 1.2.18. Let X be a space and G a topological group. Then the
standard operation on C(X, Q) is a group operation making C(X,G) a topo-
logical group.

Proof. That * is a group operation on C(X,G) is easily proved and is left
as an exercise to the reader. We claim that the function ¢: C(X,G) x
C(X,G) — C(X, Q) defined by

o(f.g)=fxg"
is continuous. To prove this, let U C C(X,G) be open, and take (f,g) €
@ YU]. Then f*g~! € U, hence there are for some n compact sets
Ki,...,K, in X and open sets Vq,...,V, in G such that
f*g_l S ﬂ[K’H‘/tL] g U
i=1

Fix i < n for a moment. For every t € K; we have f(t)-g(t)~! € V;.
Since G is a topological group, there are open neighborhoods A; and B; of
f(t) and g(t), respectively, such that A,-B; * C V;. Now, since both f and
g are continuous, there is a closed neighborhood W; of ¢ in X such that for
all s € W; we have f(s) € A; and g(s) € B;. By compactness of K;, there is
a finite subset F' of K; such that the collection {W, : ¢t € F'} covers K;. For
every t € F put K; = Wy N K;. So

fedi= KAl g% =)[K,Bi
teF teF

and F; and §; are neighborhoods of f and g, respectively. If f/ € F; and
g € G; and t' € K; then pick t € F such that ¢’ € K; and conclude that

(f'*(g)™H) = f'(t)d' ()" € AB' C Vi
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This proves that F; x G; is a neighborhood of (f,g) which is mapped by ¢
onto a subset of [K;, V;].

So ¥ =, F and G =, i are neighborhoods of f and g, respec-
tively, such that

plF x 8] C (K, Vi] CT,
i=1
as required. O

So by applying Theorem 1.2.18 and Corollary 1.2.16 we get:

Corollary 1.2.19. If X is locally compact and G is a Polish group then
C(X, Q) endowed with the standard group operation is a Polish group.

This result will have interesting applications §??7. Corollary 1.2.19 will
be used there to prove that certain global extension properties of a Polish
group can be localized.

Let L be a (real) linear space. If X is a space then C'(X, L) is a topological
group by Theorem 1.2.18. But even more is true. If f € C(X,L) and A € R
then Af denotes the function (Af)(z) = Af(z). So this multiplication by
scalars and the standard group operation on C'(X, L) show it is a vector space.
These operations on C'(X, L) are also called standard. As to be expected, the
standard operations transform C(X, L) into a linear space.

Theorem 1.2.20. Let X be a space and L a linear space. Then C(X,L)
with its standard vector space structure is a linear space.

The proof of this result is entirely similar to the proof of Theorem 1.2.18
and is left as an exercise to the reader.

1.3. Banach spaces

We shall present some important examples of function spaces that are
Banach spaces.

(A) The spaces C*(X). For a nonempty compact space X we let C(X)
abbreviate C(X,R). Obviously, C(X) is a vector space; addition of functions
and scalar multiplication are defined pointwise. If f € C'(X) then define its
norm, [|f|, by

If1l = sup{[f(2)] : € X}.
(Observe that by compactness of X this supremum is attained. That is:
there is an element x € X such that ||f|| = |f(z)].) It is easily seen
that ||-||: C(X) — [0, 00) is indeed a norm; it is called the sup-norm on C(X).
Consequently, the function

(%) of,9) = IlF =4l
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is a metric on C(X). It metrizes the compact-open topology on C(X), as
was shown on Page 11, and is complete by Corollary 1.2.17. We consequently
conclude that C'(X) is a Banach space.

If X is not compact then C(X) contains unbounded functions, and so
the formula

[£Il = sup{[f(2)] : = € X}
does not define a norm on C(X). By considering the subset C*(X) of C'(X)
consisting of all bounded functions, this problem does not occur; C*(X) en-
dowed with the sup-norm is a Banach space for the same reasons C(Y") is for
compact Y.

The topology defined here on C*(X) is called the topology of uniform
convergence.

We say that a normed space L is isometrically isomorphic to a normed
space F if there is there is a linear isomorphism «: L — E such that

le(z) — a(y)]| = [z -yl
for all ,y € L. We will prove in Corollary 1.3.5 below that every Banach
space is isometrically isomorphic to a closed linear subspace of C(I). Hence
C(T) is a ‘universal’ space for Banach spaces. In order to prove this, we need
to present some basic material on Banach spaces

(B) Functionals. Let B be a (real) Banach space. The symbol Ip
denotes the identity operator on B. If B and E are Banach spaces then
L(B, E) is the Banach space of all bounded linear transformations of T: B —
FE, with norm

IT|| = sup{||Tz| : x € B, ||=]| < 1}.
Observe that L(B, E) is a subset of the product space EP, but that its
Banach space topology is different from the subspace topology it inherits
from EP endowed with the Tychonoff product topology. The dual B* of B
is the Banach space L(B,R). If x € B\ {0} then there is an element f € B*
such that f(xz) = ||z| and ||f|| = 1. This is a well-known consequence of the
Hahn-Banach Theorem (see e.g., BROWN and PAGE [?, Corollary 5.3.5]).

Let T € L(B, B). For every f € B* we have that the composition
B B-LR
clearly belongs to B*. Let T*: B* — B* be defined by T*f = f oT. Hence
T°f(x) = f(Tx)

for every x € B. We say that T™* is the adjoint of T. Observe that the adjoint
of the identity on B is the identity on B*. In formula: I} = Ip-.

The following lemma is left as an exercise to the reader.

Lemma 1.3.1. Let B be a Banach space. If T, S € L(B, B) then
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(1) T € L(B*, B"),

@) 1T = [T,

(3) (SoT)" =8*oT",

(4) if S # T then S* # T*.

Let B be a Banach space. For every = € X, define z*: B* — B* by

z*(f) = f(=).
It is evident that x* is well-defined. Notice that if z,y € B are distinct
then so are z* and y*. Simly let f € X* be such that f(z) # f(y). Then
z*(f) # y*(f), hence z* # y*.

Lemma 1.3.2. Let B be a Banach space. Then

(1) For every x € B, the function z* is a bounded functional on B*.
(2) If D C {x € B : ||z|| < 1} is dense then the collection {d* : d € D}
separates the points of B*.

Proof. That z* is linear is trivial. That it is bounded, follows from the
following trivial observation. Take an arbitrary f € X* such that ||f]] < 1.
Then

[z () = f@)] <N N2l < ]
For (2), let f,g € X* be distinct. Then for some = € B, f(x) # g(x). Since
both f and g are linear, we have x # 0. But then for y = m/\lf':\l we also have

f(y) # g(y). Since ||y|| =1 and D is dense in the closed unit ball of B, there
is an element d € D such that f(d) # g(d). But then d*(f) # d*(g). O

(C) The weak* topology on B*. Let B be a Banach space. The weak*
topology on B* is the topology determined by the continuous functionals

{z*: 2 € B}
on B*. Since these functionals separate points in B* (Lemma 1.3.2), the
weak® topology is well-defined. Observe that B* with the weak* topology is
nothing but B* with the topology it inherits from the product R? with the

Tychonoff product topology. Hence B* with the weak* topology is a locally
convex linear space.

Theorem 1.3.3. Let B be a Banach space and let ¥* = {f € X* : || f|| <1}
be the unit ball of X* with the topology induced by the weak* topology.
Then ©* is a compact, metrizable and convex subspace of RE.

Proof. The convexity of ¥* is trivial. In addition, its compactness is easily
demonstrated. If f € ¥* then

[fel = 1F @) < WA Ml < fl]]-
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From this we conclude that >* is contained in the compact subspace
(1) P = T]=l=ll, ]
r€B
of RE. So for the compactness of £*, all we need to prove is that it is closed
in RB. To this end, let £ € RE \ ©*.

Case 1. £ is not linear

Then there are z,y € B and A, u € R such that
E(Az + py) # A&(x) + pé(y),

ie.,
Exatuy # Ao + uEy.

There are open neighborhoods U,V and W of {4y, & and &, in R such
that if w € U,v € V and w € W are arbitrary, then

U F# v+ pw.
But then
{ne RY Matuy € U, nw € Vimy € W}
is an open neighborhood of ¢ in R® which misses B*.

So we may assume without loss of generality that ¢ is linear.

Case 2. There is an z € X such that |&;] > ||z||.

Then by (1) it follows that the set {n € R” : |n,| > ||z||} is an open neigh-
borhood of ¢ in RE which misses ¥*.

So we may assume without loss of generality that || < ||z|| for all z € B.
But this implies that £: B — R is continuous and has norm at most 1 , i.e.,
¢ € ¥*. This is a contradiction.

All there remains to prove is that X* is metrizable. For this, let D C
{z € B :||z|]| < 1} be a countable dense set. Consider the projection

7: RE - RP.
By Lemma 1.3.2(2), 7 | ¥* is one-to-one. Hence the already established

compactness of ¥.* gives us that 7 [ ¥* is an embedding. O

Corollary 1.3.4. Let B be a Banach space and let
r={feX":|fll <1}

be the unit ball of X* with the topology induced by the weak* topology. If
D ={d,, : n € N} is dense in {x € B: ||z|| < 1} then the formula
o(f,9) =D _ 27" |f(dn) — g(dn)|
n=1

defines an admissible metric for ¥*.
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Proof. In the proof of Theorem 1.3.3 we proved that the projection 7: RZ —
RP is one-to-one on £*. So m embeds ©* in the compact space

TT=ldall, lidnl)-
n=1
Since ||d,|| < 1 for every n, we are done (Page 77). O

Theorem 1.3.3 has an interesting corollary.

Corollary 1.3.5. Let B be a Banach space. Then B is isometrically iso-
morphic to a closed linear subspace of C(I).

Proof. Consider the unit ball ¥* in B* endowed with the weak™ topology.
Then »* is by Lemma 1.3.2 a compact convex subspace of the countable
infinite product of lines. There consequently is a continuous surjection cc: T —
¥* (vaN MiLL [?, Corollary 4.2.32]). For x € B define ¢, € C(I) by

pa(t) = a(t)(z) (t€l).
We claim that the function = — ¢, is a linear isometry from B onto a closed
linear subspace of C(I).
To prove that ¢, is linear, simply observe that for all z,y € B, \,u € R
and t € I we have
Prutuy(t) = a(t)(Az + py)
= Aa(t)(z) + palt)(y)
= Apx(t) + pupy (1)

That x — ¢, is an isometry follows equally easily. Indeed, since x — ¢, is
linear, it suffices to prove that it preserves the norm of every vector. Now if
x € B and t €1 then

o ()] = la(®) ()] < [la@®] - [l«] < [l2[.
This shows that |||l < [|z|. In addition, if # € B then there is an element
f € ¥* such that f(x) = ||z||. Pick t € I with «(t) = f. We then have
pa(t)] = la(t)(2)] = [f(2)] = [l=[,
which proves that ||z] < ||¢z]|-

To prove that the range of z — ¢, is closed is left as an exercise to the
reader. O

So we conclude that C(I) is a ‘universal’ space for all Banach spaces
in the same way as @ is ‘universal’ for spaces (see Page 2). We will prove
in §77 that there is a ‘universal’ topological group, i.e., a topological group
containing an isomorphic copy of any topological group.
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1.4. Groups of homeomorphisms

In this section we will continue to present interesting examples of function
spaces. In fact, we will discuss the central topic in this book here for the first
time: groups of homeomorphisms.

Let X and Y be spaces and H(X,Y) denote the subspace
{h € C(X,Y) : h is a homeomorphism}.

of C(X,Y). It X =Y then for H(X, X) we shall simply write 3 (X). The
space H(X) has a standard group structure since if f,g € H(X) then so is
fog ™t Asusual, H(X) is called the (auto)homeomorphism group of X.

It will be convenient to introduce the following notation. If X is a space
and A C X then H(X|A) denotes the subgroup

{heH(X):h|A=14}
of H(X).
A topology 7 on H(X) is called admissible if it makes H(X) a topological

group (with its standard group structure). We will investigate whether the
compact-open topology on H(X) is admissible.

It is a classic theorem of Arens [?] that if a space X is noncompact, locally
compact, and locally connected, then H(X) is a topological group because
the compact-open topology coincides with the topology that H(X) inherits
from H(aX), where aX is the Alexandroff one-point compactification of X.
We improve on this result in Proposition 1.4.1. Recall that a continuum is a
compact connected space.

Proposition 1.4.1. Let X be a locally compact space.
(1) The function H(X) x H(X) — H(X) defined by (f,g) — fog is

continuous.
(2) If X is compact then the function f — f~1 is continuous on H(X).
(3) Ifevery point in X has a neighborhood that is a continuum then the
compact-open topology on H(X) coincides with the group topology
that H(X) inherits from H(aX).

So H(X) with its standard group operation is a topological group if X is
locally connected (and locally compact) or X is compact.

Proof. For (1), apply Lemma 1.2.7.

For (2), simply observe that for K, U C X with K compact and U open,
we have

felK U] <= [feX\UX\K]

which is as required.
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We now prove (3). The topology that H(X) inherits from H(aX) is
generated by the subbasis

{[K, O] : K compact and O open in X }U{[F, X\K]: F closed, K compact in X}.

Let F be closed in X, and let O be the complement of a compact subset
K of X. We show that [F, O] is open in the compact-open topology. Let f be
an arbitrary element of [F, O], and consider the compactum f~!(K). Select
for each z in f~!(K) a neighbourhood C, of x in X that is a continuum. By
compactness we can find a finite subset A of f~1(K) such that

FUE) € | intC.
a€A
Define the compactum C = J,. 4 Ca and construct in the same way a com-
pact neighbourhood C’ of C. Consider the obviously open subset

U=I[C'nF0In[FrC, f(X\O)n (] [{a}, f(int Co)]
acA
of H(X) in the compact-open topology. It is clear that f belongs to U, and
now we need verify only that U is a subset of [F, O].

Assume to the contrary that h lies in U \ [F, O]. Thus there is an z in F'
with h(z) in K = X \ O. Since h € U C [C' N F, O], we see that x cannot lie
in C’. Note that

z € h™'(K) € h™'(f(0)),
hence z lies in h=1(f(C,)) for some a in A. Since

h e U C [{a}, f(int Cy)]

we see that a lies in h=1(f(C,)). Observe that h=1(f(C,)) is a continuum
that connects the point a inside C’ with x outside C’, hence there is a y in
h=1(f(C.)) NFrC’. Since U C [FrC’, f(X \ C)], we infer that h(y) ¢ f(C),
which contradicts the fact that y € h=1(f(C,)). The proof is complete. [J

Interestingly, H(X) need not be a topological group if X is locally com-
pact, see Example 1.4.2 for an example demonstrating this. As far as we
know, a satisfactory characterization of the locally compact spaces X for
which the compact-open topology on H(X) is admissible, is not known.

Example 1.4.2. If X = N x C then the compact-open topology on H(X) is
not admissible.

Proof. Pick an arbitrary element p € X with compact clopen neighborhood
U. Put

B={heH(X):h " e[{p},U]}.
We claim that B is not open in H(X) which clearly suffices. Striving for
a contradiction, assume that B is open. Since 1x € B, there are for some
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n compact subsets K1i,..., K, in X and open subsets Vi,...,V, in X such
that

n
1x € [)IKi, Vi] € B.
i=1
Observe that K; C V; so we may pick a compact and clopen C; such that
K; C C; CV; for every i. Then
1x € ()ICi, Ci] € [)IK:, Vi] € B.
i=1 i=1
Let E be a compact clopen neighborhood of p such that £ C C; if p € C;
and ENC; =0 ifp & C;. Let p' € E\ {p} and partition F \ {p'} into the
disjoint nonempty clopen sets E1, Fo,.... We may assume without loss of
generality that p € Ey. Now let {Eg, F_1,E_2,...} be a discrete collection
nonempty clopen compact sets in X such that

(Uui_UlCi) miL:JOE,i =0.

For every ¢ € Z let
Jit Bi = Eiq

be an arbitrary homeomorphism. Define h: X — X as follows:

hz) = {fi(z) (z € Ey),

z (otherwise).

It is easy to see that h is a homeomorphism. In addition, h=!(p) € Ey, so
h=i(p) ¢ U, i.e., h & B. Fix i <n. If p & C; then h restricts to the identity
on C;, hence h € [C;,C;]. If p € C; then h [ C; \ E is the identity and
h[E] C E C C;. From this we conclude that
h e m[CZ,CZ] - B,
i=1

which is a contradiction. O

An inspection of the proof of Example 1.4.2(1) shows that it works since
N x C is zero-dimensional and has no isolated points. For N with the discrete
topology the proof breaks down. In fact, the compact-open topology on H(N)
is admissible since N is locally connected (Proposition 1.4.1(2)). In fact, since
compact sets in N are finite, the compact-open topology on H(N) coincides
with the topology of pointwise convergence. So H(N) with the compact-open
topology is the subspace

Seo = {7 € N": 1 is a permutation}.

of the Baire space N (see Exercise 1.5.2 below).
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It is a little disappointing that the compact-open topology on H(X) only
works well if X is compact or if X is locally compact and locally connected.
For that reason we will almost exclusively deal with the groups H(X) for
spaces X that are compact or locally compact and locally connected. It is
however possible to endow H(X) for locally compact X with an interesting
admissible topology. Indeed, think of X as subspace of its one-point com-
pactification X = X U{oo}. Since each homeomorphism f: X — X can be
extended to a homeomorphism af: aX — aX, we can identify H(X) and
the closed subgroup

{h € H(aX) : h(c0) = o0}
of H(aX). The subspace topology H(X) inherits from H(aX) is clearly
admissible (and natural). When we endow H(X) with this topology, we will
denote it by H, (X).

(A) Completeness properties of H(X). It is convenient to have an
admissible metric for H(X) which is defined in terms of properties of X. We
will construct such metrics. As we will see, there are even natural complete
admissible metrics for H(X).

An admissible metric ¢ of a topological group G is called left invariant
provided that for all a,z,y € G,

o(ax, ay) = o(z,y).
Define right invariant metric similarly. An admissible metric o on G is called
invariant if it is both left- and right invariant. See §?77 for more information
on these concepts.

Observe that if ¢ is an admissible left invariant metric on G then

o(zr,y) =o'y (z,y€Q)
is an admissible right invariant metric on G' and vice versa. This is so since
the function x +— z~! is a homeomorphism of G.

Exercise 1.4.3. Let X be a compact space with admissible metric p. Then
0 is a right invariant admissible metric for H(X). In addition, the function
o defined by

o(f.9) = o(f.9)+o(f 197"
is a complete admissible metric for H(X) (but not necessarily left- or right
invariant).

Remark 1.4.4. In Example 1.4.7 below we will show that ¢ need not be
left invariant, and that ¢ is in general neither left- nor right invariant. In
addition, in Exercise 1.5.2 we will present an example of a Polish group not
admitting an admissible complete left invariant metric. NOG IETS VERDER
UITSPITTEN.

Corollary 1.4.5. If X is compact then H(X) is Polish and hence a Baire
space. If X is locally compact then H,(X) is Polish and hence a Baire space.
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Proof. Simply observe that H,(X) is a closed subgroup of H(aX). O

The question naturally arises whether (X)) is not only Polish, but even
compact, or locally compact. We will come back to this in §??7. For the
moment, the following result suffices.

Exercise 1.4.6. Prove that H(C) is not locally compact.

That H(X) has a right invariant metric, is quite interesting. This raises
the question which topological groups have such a metric. We will come
back to this in §?7, where it will be shown that this is true for all topological
groups.

Example 1.4.7. Let o denote the euclidean metric on I. Then the metric o
is not left invariant and

o(f,9)=0(f,9)+06(f 97"

is neither left- nor right invariant.

Proof. Indeed, for every n € N define f,, € H(I) by the requirements that
fn(0) =0, fu(Ys) = Y, fu(1) =1, and f, is linear on the intervals [0, 1/5]
and [/, 1]. The sequence (fy), is evidently g-Cauchy. Observe that from
I (Y,) = Yo and £, 1 (Yay,) = Y4 we have

(1) ot o) Z 110 Can) = Fand (Vo) | = [ Va = Yol = Ya-

This implies that ¢ is not left invariant. Simply observe that by Exercise 1.4.3

we have 3(fufy ' fufon) = 811, fufon') = &(Fans Fn) = 0.
We now turn our attention to o. By (1),

(2) (fur fon) = 0(fu; fon) + 0(F57" £22) = Va
and by Exercise 1.4.3,

U(fan_nlv f2nf2_n1)

O(fnton's fonfonl) + 0(fanfy by Fanfon')
0(fns fon) + 0(fonfr ' 1)

0(fns fon) + 0(fon, fn)

2@(fmf2n)

— 0 (n— o0).

(3)

So o is not right invariant. The fact that o is not left invariant follows easily
as well. First observe that o(f,g) = o(f~1,g7!) for all f,g € H(I). This
shows by (3) that
O'(anf;17f2nf2_nl)—>O (TL‘)OO)
while by (2),
o(fats fan) = 0(fas fon) 2 Va-

So we are done. O
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(B) The Inductive Convergence Criterion. An important appli-
cation of the completeness of H(X) is the so-called ‘Inductive Convergence
Criterion” which is a very useful tool in homeomorphism theory.

Theorem 1.4.8 (The Inductive Convergence Criterion). Let X be compact,
and for each n € N, let h,, € H(X). If for each n we have g(hpy1,hpn) <277
and

o(hns1,hn) < 37" - min { min{o(h(2), hi(y) : o(z,y) = Yp} 1 1< i <n}

then h = lim,,_, ., h,, is a homeomorphism of X.

Proof. Since g(hpi1,hn) < 27", and 9 is complete (Corollary 1.2.17), the
function h = lim,,_, o, h,, exists and is continuous. Since each h,, is surjective,
and X is compact, it is easily seen that h is surjective. It suffices to prove
that h is one-to-one. To this end, suppose that z,y € X, z # y, and take n
so large that o(z,y) > V/,. Let € = o(hn(2), hn(y)). Then for each k > n,

O(hi1, b)) < 37F.e

since 1 <n <k and o(z,y) > 1, > Y. From this it follows that

oo

o(hn(x),h(z)) <> 37% e < Ve

k=n

Similarly, Q(hn(y),h(y)) < 1lse. Since € = g(hn(w),hn(y)), this evidently
gives us that h(x) # h(y). O

Let X be a compact space and let (h,), be a sequence in H(X). It is
clear that for each n € N the function

fon=hno---0hy
belongs to H(X). If f = lim, o fn exists then it will be denoted by

lim A, o0---0h;

n—oo

and is called the infinite left product of the sequence (h,),. It is easy to
find conditions on the sequence (h, ), which ensure that lim,,_,o, hpo---0hy
exists and belongs to H(X). Indeed, first observe that if f,g,h € H(X) then

o(ho f,gof)=ao(h,g).
This implies that
O(hpy10hyo---ohy,hyo---ohy)=0(hni1,1x).

This means by Theorem 1.4.8 that if the sequence (@(hn, 1X)>n converges
rapidly to 0 then the infinite left product of the sequence (h.,), exists and is
a homeomorphism of X.
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It turns out that we are never interested in the precise speed at which
(@(hn, 1))n converges. We are always in the pleasant situation that the se-
quence (hy)y is defined inductively and that we are able to choose the next
homeomorphism ‘sufficiently close’ to the identity. This simplifies life con-
siderably.

We illustrate the power of the Inductive Convergence Criterion by using
it to prove results on countable dense homogeneity. Other applications will
follow later.

A space X is called countable dense homogeneous provided that for all
countable and dense subsets D, E C X there exists an element f € H(X)
with f[D] = E. The topological sum of S' and S? is an example of a countable
dense homogeneous space which is not homogeneous. But for connected
spaces it will turn out that countable dense homogeneity implies homogeneity.

Let X be a space and fix an arbitrary point « € X. Let 7(z) denote the
type of x, i.e.,
{ye X:(FheHX))(h(z)=y)}.
Observe that 7(x) is invariant under H(X), that is, for all y € 7(z) and
all h € H(X) the image h(y) also belong to 7(x).

Theorem 1.4.9. If X is countable dense homogeneous and x € X then 7(x)
is clopen in X.

Proof. The proof if in two steps.

Claim 1. 7(z) is closed.

Proof. To the contrary, assume that there exists p € 7(z) \ 7(z). Let E
be a countable dense subset of 7(x), and let F' be a countable dense subset
of U = X \ 7(z). Then both

A=FEUF, B=AU{p}

are countable dense subsets of X and hence there exists by assumption an
element h € H(X) with h[A] = B. Since p € h[E] because h[r(z)] C 7(z),
there exists b € F with h(b) = p. But then h[U] is a neighborhood of p
and hence intersects 7(z). But this implies that for some ¢ € U we have
that h(q) € 7(z), i.e., ¢ € 7(x). This is a contradiction. O

Claim 2. 7(z) is open.

Proof. Tt is easy to see that 7(z) is open if and only if Int 7(x) # (). Striving
for a contradiction, suppose therefore that Int 7(z) = (. By Claim 1 it follows
that 7(x) is a closed subset of X with empty interior, hence is nowhere
dense. Let E C U = X \ 7(x) be countable and dense in X. There is an
element h € H(X) with h[E] = EU{z}. Pick e € E such that h(e) = z. But
then e € 7(x), which is a contradiction. O
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So we are done. O

Corollary 1.4.10. A connected countable dense homogeneous space is ho-
mogeneous.

So for connected spaces, countable dense homogeneity is a strong form
of homogeneity.

A space X is called strongly locally homogeneous provided that it has
an open base U such that for all U € U and points x,y € U there exists an
element h € H(X) such that h(z) =y and h(z) = z for z ¢ U. Such a home-
omorphism is said to be supported on U. It is geometrically obvious that
the Euclidean spaces R™, n € N, are strongly locally homogeneous. Most of
the well-known homogeneous continua are strongly locally homogeneous: the
Hilbert cube, the universal Menger continua and manifolds without bound-
aries. The pseudo-arc is an example of a homogeneous continuum which is
not SLH. Observe that a zero-dimensional homogeneous space is evidently
SLH (the clopen sets do the job).

Theorem 1.4.11. Let X be locally compact and strongly locally homoge-
neous. Then for all countable dense subsets A and B of X and for every
closed C' C X which misses AU B, there is a homeomorphism f: X — X
which restricts to the identity on C' and which moreover satisfies f[A] = B.

So by taking C' = () in this result, we obtain that every locally compact
strongly locally homogeneous space is countable dense homogeneous.

Proof. Index A and B faithfully as {a1,a2,...} and {b1,bs,...}, respec-
tively. The hypothesis of strong local homogeneity implies that for each
neighborhood U of a point z € X, and for any dense G C X, there exists
a homeomorphism of aX which is supported on U and takes x into G (use
that GNU # (). Using Theorem 1.4.8, we construct a sequence (hy), of
homeomorphisms of aX such that its infinite left product h is a homeomor-
phism and such that the following conditions (which ensure h[A] = B and
h| X € H(X)) are satisfied:

(1) hn (I Ohl(ai) = hgi (I ohl(ai) € B for each 7 and n > 21,

(2) (hypo---0hy) (b;) = (haiz10---0hy)"L(b;) € A for each i and

each n > 2i 4+ 1,
(3) for all n, h, restricts to the identity on C U {oo}.

Assume hq,...,hs;_1 have been defined for certain i.

If hg;—q 0---0hyi(a;) € B, take hg; = 1,x. Otherwise, choose a small
neighborhood Uy; of hg;—1 o -+ o hy(a;) having compact closure in X which
moreover is disjoint from the set

C’U{bl,...,bi_l} UhQi_l [T ohl[{al,...,ai_l}].
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Take fo; to be a homeomorphism of X supported on Us; and such that
f2i o h2i—1 o--+0 hl(al) € B.
Finally, let ho; = afo;.

If (h/gi o-- -ohl(bi)) = A, take hoj11 = 1ax. Otherwise, choose a small
neighborhood Us; 41 of b; having compact closure in X which moreover is
disjoint from the set

CU {bl,...,bi_l}uhgi O~ ohl[{al,...,ai_l}}.

Take fa;+1 to be a homeomorphism of X supported on Usy;41 and such that

f3ii1(b;) € (hajo---ohy)[A]
Finally, let h2i+1 = O[ng,l.

If the neighborhoods Us; and Us; 1 are chosen small enough, the condi-
tions of the Inductive Convergence Criterion are satisfied. In addition, (3)
easily implies that h(co) = oo, i.e., h | X € H(X), and h restricts to the
indentity on C. 0

Exercise 1.4.12. Let X be homogeneous, locally compact and strongly lo-
cally homogeneous. If A C X is a countable dense set, then for allz,y € X\ A
there is a homeomorphism f: X — X such that

Since the Euclidean spaces R™, n € N, are strongly locally homogeneous,
we get:

Corollary 1.4.13. The FEuclidean spaces R™, n € N, are countable dense
homogeneous.

1.5. Examples

We will collect some interesting examples of homeomorphism groups here.
Exercise 1.5.1. H(C) = P.

Exercise 1.5.2. Prove that H(N) is a topological group, and H(N) = S, =~
P.

Let us now consider the group H(I). If f € H(I) then clearly f[{0,1}] =
{0,1}. A moments reflection shows that f is either (strictly) increasing or
(strictly) decreasing. If f is increasing, hence f(0) =0 and f(1) =1 then

{g € H() : o(f,9) < Yo}
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consists entirely of increasing homeomorphisms. Hence the collection of all
increasing homeomorphisms is open, and so is the collection of all decreasing
homeomorphisms. We conclude that

Ho(I) = {f € H(D) : f is increasing}
is a clopen subset of H(I). Clearly, Ho(I) &~ H(I) \ Ho(I).

Example 1.5.3. Ho(I) =~ R>* and H(I) ~ {0,1} x R>.
Proof. We will show that Ho(I) ~ [1°%, [1-",(0, 1), . Let

oo 2n

(xn,i) S H H(O, 1)n,z’

n=01i=1

be arbitrary. We will define an increasing homeomorphism A of I associated
with (z,;). Suppose that n is gives and that we have defined sets

Ap={0=qaf <al <---<ab. =1}
and
B, ={0=0y <pB << 3. =1}

and a ‘partial’” homeomorphism % such that h(al") = g for i = 0,1,...,2".
We extend h to a set A,+1 2 A, onto B,+1 2 B, with each of A, and
B,, 41 having 2"*! + 1 points. If n is odd, then let z; be the midpoint of the
interval [af" ,,af] for i =1,2,...,2", and let

1—1
Yi = h(Zz) = xn,i(ﬂ? - 1?1—1) + Bin—l'

If n is even then let y; be the midpoint of the interval [8]* ,, 5] for i =
1,2,...,2™, and let

2z =h7Yy) = Tpg(og —a' y) +ag .

Put
A1 =A, U{z:i=1,...,2"}
and
B,y1 =B, U{y;:i=1,...,2"},
respectively.
Put A =J,_, A,, and B = (J,- | B,,. Then both A and B are dense

in I, and h: A — B is an order preserving bijection. Thus h has an order
preserving extension h: I — I. It is not hard to prove that the assignment
(2y,;) — h is a homeomorphism between [] 7, H?ﬁl(O, 1), and Ho(I). O

Exercise 1.5.4. Fill in all details in the proof of Example 1.5.3.
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The Anderson Theorem states that R* and ¢? are homeomorphic. See
VAN MILL [?, Chapter 6] for details. So Example 1.5.3 implies that 3o (I) ~ 2
and H(I) ~ {0,1} x 2.

The question naturally arises what can be said about the homeomorphism
groups H(I"™) for n > 2. In fact, it is natural to think of the following closed
subgroup of H(I"):

Ho(I™) ={h € HA™) : L [ 01" = 1gn };
here OI" is the union of the endfaces of I". It was shown by LUKE and
MaSON [?] that Hs(I?) is an AR, which implies that Hs(I%) ~ ¢2 (apply
e.g., DOBROWOLSKI and TORUNCzYK [?]). For n > 3 it is widely open
wether H;s(I") is an AR. This is one of the most interesting open problems
in infinite-dimensional topology.

For n = oo, the analogous problem has been solved (observe that @ has
no boundary).

Example 1.5.5. H(Q) ~ (2.

The proof of this is difficult. See FERRY [?] and ToruNczyK [?] for
details.

Let P be a decomposition of a space X into pairwise disjoint nonempty
closed sets. In addition, let g: X — P be the function sending x € X to
the unique element of P containing x. Call a subset U of P open if and only
if ¢71[U] is open in X. In this way we endow P with the quotient topology
derived from X and g. With this topology we denote P by X/P and call it X
modulo P.

A function f: X — Y is called quotient provided that U C X is open if
and only if f~![U] is open. Observe that a quotient map is continuous. It
is clear that if f: X — Y is quotient and surjective then Y is canonically
homeomorphic to the space X/P, where P is the decomposition

{f7'y):yeY}
of X.

If X is a space, and A C X is closed, then P = {A}U{{z}:2 € X\ A} is
a partition. It will be convenient to denote X /P by X/A in this case. So X/A
is the quotient space obtained from X by collapsing A to a single point.

Lemma 1.5.6. Let P be a decomposition of a space X into pairwise disjoint
closed sets. The following statements are equivalent.

(1) The natural quotient mapping q: X — X /P is closed.
(2) P is upper semi-continuous.

Proof. For every closed set A C X we have
¢ Mgl = J{PeP: PNA#£0}.
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From this the implication (1) = (2) is obvious. On the other hand, if (2)
holds then for every closed set A C X we have that ¢~! [q[A]] is closed from
which it follows that ¢[A] is closed since we are dealing with the quotient
topology. O

Due to our self-chosen convention to deal with separable metrizable spa-
ces exclusively, we are in a very unpleasant situation now. It is rather trivial
to prove that the quotient topology just defined is indeed a topology, but it
is not necessarily separable and metrizable.

Exercise 1.5.7. Let P be a partition of a space into nonempty closed sets.
Prove that the quotient topology on X /P is indeed a topology. Prove that
R/N is not metrizable.

We are primarily interested in decompositions of which the individual
elements are compact. Fortunately, in that particular situation the decom-
position spaces involved are separable and metrizable, as the following result
shows.

Theorem 1.5.8. Let X be a space and let P be an upper semi-continuous
decomposition of X consisting of compact sets. Then X /P is separable and
metrizable.

Proof. First observe that Y = X/P is T} since the elements of P are closed
sets. We next claim that Y is regular. Consider the natural quotient map

q: X —Y.

Then ¢ is closed by Lemma 1.5.6. Let y € Y and let U be an open neigh-
borhood of it. Since ¢~*(y) is closed, and ¢~1[U] is open, there is a closed
neighborhood V of ¢~1(y) such that V C ¢ '[U]. Since q is closed there is
a neighborhood W of y such that ¢~ ![W] C V. But theny € W C W C U
since W C ¢[V] C U and ¢[V] is closed.

So Y is regular and T} and it consequently suffices to prove by Urysohn’s
Metrization Theorem mentioned on Page 1 that it has a countable base. To
this end, let B be a countable open base for X which is closed under finite
unions. For every B € B put

(%) U(B) =Y \ ¢[X\ B].
Since q is closed, U(B) is open.

Now if U is an open neighborhood of 4 in Y then ¢~[U] is an open neigh-
borhood of the compact set ¢~ 1(y) in X. So there is a finite subcollection &
of B such that ¢~ *(y) C [JE C ¢ }[U]. Since B is closed under finite unions,
clearly |J € € B. So there exists an element B € B such that

¢ *(y) S BCq U]
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Since ¢71(y) C B it follows that y € U(B) C U. We conclude that the
collection {U(B) : B € B} is a countable open base for Y. O

A null-sequence in a space X is a sequence (A,,), of closed subsets of X
such that lim,,_, diam(A4,,) = 0.

Exercise 1.5.9. Let X be a space, and let (A,), be a null-sequence con-
sisting of pairwise disjoint nonempty compact subsets of X. In addition, for
every n let f,: A, — B, be a continuous surjection. Then the decomposition

sz{f,:l(y):yeAn,neN}U{{x}:mgf UA”}
n=1

is upper semi-continuous (and so X/P is separable and metrizable).

A space X is called rigid provided that H(X) consists of the identity 1x
only. So a rigid space has a very uninteresting homeomorphism group. A
space containing one point only is clearly rigid. But there are more interesting
examples of rigid compacta.

Example 1.5.10. There is an infinite rigid compact space.

Proof. Let K be a Cantor set, and let (K;); be a null sequence of nowhere
dense Cantor subsets with dense union. For every i let Z; be an i-pointed star
(i.e., Z; is the one-point compactification of U;ZI[O7 1);), and let o;: K; — Z;
be a continuous surjection. Consider the upper semi-continuous decomposi-
tion

P= (o070 e Zie Ny u{{e) o g (J )

of K (Exercise 1.5.9). We claim that X = K/P is rigid. To this end, let
f+ X — X be any homeomorphism. Since f permutes the components of X
for every i there exists j such that f[Z;] = Z;. Since Z; % Z; if i # j, this
shows that f[Z;] = Z; for every i. Now suppose that f is not the identity,
i.e., there is an element x € X such that f(z) # z. Pick a neighborhood U
of z in X such that f[U]NU = 0. Since the sequence (Z;); is null in X and
has dense union, there exists ¢ such that Z; C U. But then f[Z;] N Z; = 0,
which is impossible by the above observation. O

In §1.3 we proved that C(I) is a ‘universal’ space for all Banach spaces in
the same way as @ is ‘universal’ for spaces (see Page 2). Since C'(Q) contains
an isomorphic copy of C(I), C(Q) is ‘universal’ as well. We will prove in §?7
that H(Q) is a universal topological group, i.e., a topological group containing
an isomorphic copy of any topological group. So @ is ‘universal’ for spaces,
C(Q) is ‘universal’ for Banach spaces, and H(Q) is ‘universal’ for topological
groups.
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1.6. The compact-open topology is natural

In this section we will prove that the compact-open topology is a very
natural topology on a set of homeomorphisms.

Let G be a group. There are generally many admissible topologies on G.
The discrete topology is obviously admissible. MARKOV [?] asked whether
every infinite group admits a non-discrete admissible topology. Here topology
means T topology to make life interesting. Note that T} is in general a very
weak separation axiom. But not so for topological groups for it is known that
a T topological group is completely regular (HEWITT and Ross [?, 8.4]). Tt is
not difficult to see that for Abelian groups, Markov’s question has a positive
answer. SHELAH [?] constructed under the Continuum Hypothesis the first
example of a group of cardinality w; of which the only admissible topology is
the discrete topology. This suggested the question whether every countably
infinite group admits a non-discrete admissible topology. This interesting
question was answered by OL/SHANSKII in the negative.

We will argue here that the compact-open topology on a group of home-
omorphisms is very natural. As support of this claim we will show that
H(I) admits a unique minimum admissible Ty topology (one contained in all
admissible Ty topologies), which is the compact-open topology.

If f: X — X is continuous then we define
Move(f) ={x € X : f(x) #x}, Fix(f)={reX: f(z) =1z}
Exercise 1.6.1. Let X be a space. If f,g € H(X) then

(1) fMove(f)] = Move().
(2) if Move(f) N Move(g) =0 then fog=go f.

Theorem 1.6.2. Let 7 be an admissible T topology on H(I). Then T

contains the compact-open topology.

Proof. We will construct a family U of subsets of H(I) which must be open
in any admissible topology on H(I), so that if V' is a neighborhood of 1j in
H(I) then there is an element U € U such that 1; CU C V.

For 0 < a < b < 1 choose p,q € H(I) (depending on a and b) so that
p # 11, ¢ # 11, Move(p) C (a,b), Move(q) C (a,b), and po g # gop. Finally,
define

T(a,b) ={g € H(I): gopog ' does not commute with ¢}.

Let U be the collection of all finite intersection of T'(a,b)’s. We will prove a
series of claims which demonstrates that U is as required.

Claim 1. 1j € T(a,b) for every 0 < a < b < 1.

Proof. This is clear since p does not commute with q. &
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Claim 2. If 0 < a < b < 1 then T'(a, b) is open in any admissible T topology
on H(I), and if g € T'(a,b) then g(x) € (a,b) for some x € (a,b).

Proof. Let T be an arbitrary admissible Ty topology on H(I). As observed
above, 7 is completely regular, hence T;. As a consequence W = H(I)\ {11} €
7. Define £: H(I) — H(I) by

&(9) = gpgtalgpg™") g

Then ¢ is evidently 7-continuous. But T'(a,b) = £~1[W], i.e., T(a,b) € T.
Let I = (a,b). We will prove that for every g € T'(a,b) we have g[I] N
I # (. Striving for a contradiction, assume that some g € T'(a,b) we have
g[I]NT = . Note that if y & g[I], then g~ *(y) € I, so pg~1(y) = g~ (y) since
Move(p) C I. As a consequence, gpg~'(y) = y. Thus y & Move(gpg™?'), i.e.,
Move(gpg~*t) C g[I]. But g[I] NI = () by assumption, hence,
Move(gpg ™) N Move(q) = 0.

1

Thus gpg~" and ¢ commute by Exercise 1.6.1, a contradiction. &

Claim 3. Every neighborhood V of 11 in H(I) contains a U in U.
Proof. We may assume that V is of the form
Be ={g € H(I) : (Ve € D)(lg(x) — x| <)}
for some £ > 0. Pick n > 1 such that 1/, < l4e, and put
U=T(0,Y)NT(Yp, %) N---NT (=1, 1).
We claim that U is as required. If not then for some z € T and h € U,
|h(z) — x| > & > 2/,. Let i be minimal such that « € [¥/,, ((+1)/,].

Assume first that 0 < i < n— 1. By Claim 2 we may pick z_1,xg,z1 €I
such that

z_1,h(z_1) € (=, ¥y),
o, h(zo) € (Y, /),
$1,h($1) € ((i+1)/na (i+2)/n)'
Observe that h is either increasing or decreasing. Since z¢ < z1 and h(zg) <
h(z1) it follows that h is increasing.
We distinguish between the following cases:

Case 1. z9 < z. Since zg < z < x1 we get h(zg) < h(z) < h(x1). But then
|z — h(z)| < 2/,, which is a contradiction.

Case 2. z < xp. Since x_1 < x < xp we get h(x_1) < h(z) < h(zp). But
then |x — h(x)| < 2/,, which is again a contradiction.
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Assume next that ¢ = 0. By Claim 2 we may pick zg,x; € I such that
l’o,h(l’o) € (Oa 1/n)7
1‘17h(1’1) € (1/717 Q/n)

Observe that h(z) > 2/,. Hence < 7 and h(z1) < h(z). This means

that h is decreasing. But xzo < 21 and h(zg) < h(x1), so this is a contradic-
tion.

Finally, assume that i = n — 1. By Claim 2 we may pick zg,x; € I such
that

Xo, h(xo) S ((”_1)/7” 1),
x1, h(zq) € ((n=2)/,, (n=1)/ ).
Observe that h(z) < (n=2)/,. Hence 21 < x and h(z) < h(z1). This means
h

that h is decreasing. But xzp < 1 and h(xg) < h(z1), so this again is a
contradiction. &

This finishes the proof. O






CHAPTER 2

Actions of topological groups and
homogeneous spaces

In this chapter we first discuss some basic material on
actions of topological groups on spaces. Then we apply
these results to get conclusions on various relations be-
tween strong forms of homogeneity. Among other things
we will prove that BLABLA.

2.1. Actions of topological groups

An action of a topological group G on a space X is a continuous function
(g,2) —»gr: Gx X - X
such that ex = x for every « € X and g(hx) = (gh)z for g,h € G and x € X.

Exercise 2.1.1. Prove that for each g € G the function x — gx is a home-

omorphism of X whose inverse is the function x — g~ 'z.

Observe that for the continuity of the action it suffices to check the
following conditions:

(I) For every g € G we have that the function z — gz is continuous on
X.

(IT) If (gn)n is a sequence in G converging to e and (z,), is a sequence
in X converging to € X then the sequence (g,x),, converges to x.

To check this, let (g,2) € G x X and let (g,)n be an arbitrary sequence
in G and (z,), an arbitrary sequence in X such that g, — g and z,, — x.
Since g~1g, — e, by (II) we have

g_lgnxn —x (n— 00),
hence by (1),
Inn = g(g™ gnwn) — gz (n — o0),

as required.

If z € X and U C G then Ux abbreviates the set {gx : g € U}. The

action of G on X is transitive if Gz = X for some (equivalently: every)
reX.

35
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The action G x X — X is called effective if for all distinct g, h € G there
is an element x € X such that gz # hx. In addition, it is called free if for
all distinct g,h € G and all x € X we have gr # hx. It is easily seen that
the action is free if and only if no homeomorphism x +— gz has a fixed-point,
unless g = e.

For every z € X let 7,: G — X be defined by v, (h) = hx. Then ~, is a
continuous and a surjection if G acts transitively.

In general it is difficult to decide which groups act on a given space. For
example, it is still unknown whether an infinite compact zero-dimensional
group can act effectively on a finite dimensional topological manifold (that
such an action does not exist is the famous Hilbert-Smith conjecture).

We will now present some important examples of actions.

(1) A continuous flow is an action of R on a space X. If z € X then the set
{tx : t € R} is called the orbit of x in X. It is well-known that under
suitable conditions, an autonomous differential equation in R™ defines a
continuous flow such that the integral curves of the equation are just the
orbits of the flow. See e.g., DE VRIES [?] for more information.

(2) A discrete flow on a space X is action of Z on X. So a discrete flow
is nothing but a pair (X, f), where X is a space and f: X — X is a
homeomorphism.

(3) Every topological group G acts on itself. Simply define
(g;h) — gh:GxG—G
This action is transitive since Ge = G and free.
(4) Let G and H be topological groups with continuous surjective homomor-
phism «: G — H. Define an action of G on H by
(z,y) — a(x)y: Gx H— H.

This action is transitive since Ge = H. (Observe that the above action is
a special case of this.) This action is not effective if « is not one-to-one.
We call this action the standard action of G on H.

(5) Let (X, o) be a compact space. The natural action of H(X) on X is
defined by the formula

(h,z) — h(x) : H(X) x X — X.
Observe that this action is transitive if and only if X is homogeneous. In
addition, it is clearly effective (but not necessarily free).
The natural action of H(X) on X is continuous by Lemma 1.2.8.

Observe that H(X) is Polish by Corollary 1.4.5. So the natural action
of H(X) on X is a transitive action of a Polish group on X.



2.1. ACTIONS OF TOPOLOGICAL GROUPS 37

(6) Let X be locally compact. As in the case of compact spaces, the natural
action of H,(X) on X is defined by the formula

(h,z) — h(x) : Ho(X) x X — X.

This action is evidently continuous by (5). Observe that this action is
transitive if and only if X is homogeneous. In addition, it is clearly
effective (but not necessarily free). Observe that 3, (X) is Polish since
it is a closed subgroup of the Polish group H(aX). So the natural action
of Ho(X) on X is a transitive action of a Polish group on X.

Actions on compact spaces can be ‘characterized’ rather easily. To see
this, let X be a compact space and let G be a topological group. For each
g € G the function x — gz is a homeomorphism of X. We denote this
homeomorphism by ¢(g).

Exercise 2.1.2. Prove that ¢: G — H(X) is a continuous homomorphism.

Conversely, if ¢: G — H(X) is a continuous homomorphism then the
composition

Gx X X H(X)x X — X
is an action of G on X.

So on a compact space X there is basically only one action: the natural
action H(X) x X — X. All ‘other’ actions come from continuous homomor-
phisms from topological groups into the group H(X).

Observe that one-to-one homomorphisms ¢: G — H(X) precisely corre-
spond to effective actions. So an effective action simply boils down to the
natural action of a subgroup G of H(X) on X, where the topology of G is
possibly weaker than the topology it inherits from H(X). The situation for
actions on noncompact spaces is more complex. See §?7 for more details.

(A) Actions on second category spaces. Open mapping theorems
are very important in topological groups as the classical Open Mapping Theo-
rem in Functional Analysis demonstrates. We will prove here that a transitive
action of a group on a second category space is ‘almost open’.

Theorem 2.1.3. Let G act transitively on X. If X is second category then
for every neighborhood U of e in G and x € X, Ux is a neighborhood of x.
Proof. The neutral element e of G has an open neighborhood base (Uy,)n

having the following properties:

(1) Up is symmetric and U; = G,
(1) Unt1 CUpys € Un.

Observe that since U, is symmetric, € U,y if and only if y € U,z.
Also notice that Uyx = X for every x € X.
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Claim 1. For every x € X, n € N, open V C X and z € VN U,z there
exists m € N such that U,,z CV NU,z.

Proof. There is an element h € U, such that v,(h) = hz = z. The set
E = v, }[V] is an open neighborhood of h, so Eh~*NU,h~! is a neighborhood
of e. Pick m so large that U,, C Eh~'NU,h~'. We claim that m is as
required. To this end, pick an arbitrary element p € U,,z. There is an
element g € U,, such that gz = p. So v,(gh) = (gh)x = p and gh € ENU,,
which proves that p € V NU,x. &

Claim 2. If x € X and n € N then U,z is not meager in X.

Proof. Since G is Lindeldf, there is a countable set F' C G such that FU,, = G.
If ¢ € F then (U, )z is the image of U,z under the homeomorphism p — ¢p
of X. So if U,x is meager then X is meager in itself since

X = U{(WUn)x 1 € FY,

the action of G on X being transitive. This contradicts that X is of the
second category. &

Claim 3. For every ¢ € X and n € N the set U,z is nowhere meager in X.
Proof. This follows immediately from Claims 1 and 2. &

Claim 4. For every € X and n € N the set U,z has dense interior. In
addition, x belongs to the interior of U, x.

Proof. Let V be an open subset of X which intersects U,x. Then by Claim 3,
V N Uyx is not meager. Hence V N U,x is not nowhere dense, i.e., has
nonempty interior. This proves that the interior of U,z is dense in U,x.

Let V be a nonempty open subset of X which is contained in U, yix.
Then V intersects U, 41z, say hx € V for certain h € U, 1. So

reh WCh WUz =h"Upize={(h'0)z:pcU,1} CUx

by (1) and (1) and the fact that the map p — h~!p is a homeomorphism. ¢

Now if U is an arbitrary neighborhood of e in X then pick n such that
U, C U. Hence we are done by Claim 4. O

Let X and Y be spaces. We say that a continuous function f: X — Y is
d-open provided that for every open U C X we have that f[U] is contained
in the interior of f[U].

Exercise 2.1.4. Let f: X — Y be continuous. The following statements
are equivalent:

(1) f is d-open,

(2) for every open V. C Y, f=YHV] = f~1[V].
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Corollary 2.1.5. Let G act transitively on the second category space X.
Then for every x € X, the function v, : G — X is continuous, surjective and
d-open.

Proof. This is a direct consequence of Theorem 2.1.3. g

(B) Analytic spaces. A space X is called analytic provided that it is
a continuous image of the space of all irrational numbers P.

Exercise 2.1.6. Prove that every Polish space is analytic.

Hint. Let X be Polish. We assume that X is a subspace of the Hilbert
cube Q. There is a continuous surjection f: C — Q. If f~1[X] would be
homeomorphic to P then we would be done. But this is too much asked for.
How do we fix this?

Let X be a space. An element of the smallest o-algebra of subsets of X
containing all the open subsets of X is called a Borel subset of X.

Exercise 2.1.7. Let X be a Polish space with Borel subset B. Prove that
B is analytic.

Exercise 2.1.8. Give an example of an analytic space that is not Polish.

(C) The Effros Theorem. Now that we know that actions are some-
time ‘almost open’, it is natural to ask when they are ‘open’. Let G be a
group acting on a space X. The action is micro-transitive if for every z € X
and every neighborhood U of e in G the set Ux is a neighborhood of z in X.

Exercise 2.1.9. Let G be a group acting transitively on a space X. Then
the following statements are equivalent.

(1) The action of G on X is micro-transitive.
(2) For every x € X the function v,: G — X is open.
(3) For some xy € X the function v,,: G — X is open.

We will prove the following generalization of the Effros Theorem from [?],
and to present some applications.

Theorem 2.1.10 (Open Mapping Principle). Suppose that an analytic group
G acts transitively on a space X. If X is of the second category then G acts
micro-transitively on X.

Before we are in a position to present the proof of Theorem 2.1.10, we
need to present some preliminary results.

We call a subset of X fat if it is both nowhere meager and dense in X.
Observe that if A is fat then so is every larger set.
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Lemma 2.1.11. Suppose that S and A are subsets of X with S fat and A
meager. Then S\ A is fat.

Proof. Let V be a nonempty open subset of X. If VN(S\ A) is meager then
so is the nonempty relatively open subset V' NS of S. Indeed, simply observe
that V' NS is contained in the meager set (V N (S\ A)) UA. So VN (S\A)
is not meager, which proves simultaneously that S\ A is dense and nowhere
meager. 0

The following result is our main tool in the proof of Theorem 2.1.10.

Proposition 2.1.12. Any two fat analytic subspaces of a space intersect.

Proof. Let S and T be fat in X. Let ao: P — S be a continuous surjection,
where P is Polish. We denote by U the collection of all open subsets U of P
such that a[U] is meager in X. We claim that af|J U] is meager in X. To see
this, let 'V be a countable subcollection of U such that [JV = [JU (use that
X has a countable base). Since

a[UU] = a[UV] = U{a[V] 1V eV,
this establishes our claim. If P’ = P\ |JU then P’ is Polish, being closed in
P, hence ofP’] is analytic. In addition, «[P’] contains S\ o[ JU] and hence
is fat by by Lemma 2.1.11. Finally, if W’ C P’ is nonempty and (relatively)
open then a[W’] is not meager in X. For let W be an open subset of P
such that W N P = W'. Then W ¢ U, hence a[W] is not meager; but
a[W] C oW UalJU] and afJ U] is meager, so a[W'] is not meager.

So these considerations prove that we may assume without loss of gen-
erality that a: P — S has the additional property that for every nonempty
open subset V of P, a[V] is not meager in X; so a[V] is not nowhere dense,
i.e., has nonempty interior. We may assume that there are a Polish @) and
G: Q — T with similar properties.

All our metrics are bounded by 27!, and on P respectively Q we use
complete metrics. By induction on n we will construct a nonempty open
subset U, C P, a nonempty open subset V,, C @, and a nonempty open
subset W,, of X, having the following properties:

(1) diamU, < 27", diamV,, < 27", and diam W,, < 27",
(2) Un+1 g Un7 VnJrl g Vn7 Wn+1 g W'ru

Put U; = P, V; = Q, and Wy = X. Suppose that U,, V,, and W,, have been
found. Pick a nonempty open subset W of X such that diam W < 2-(+1)
and W C «a[U,]. Since ~1[W] NV, is nonempty, we may pick a nonempty

open subset F of Q such that F C V,,, diam F < 2=("+1) and B[F] C W.

Let W' be a nonempty open subset of X which is contained in S[F]. Since
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a W'l N U, is nonempty, we may pick a nonempty open subset E of P

such that E C U,,, diam E < 2-(+1) and [E] € W'. So we conclude that
Up+1 = FE, Vop1 = F and W, 41 = W satisfy our inductive requirements.

Since our metrics on P respectively ) are complete, there are
(oo} (oo}
pE ﬂ Un, q¢€ ﬂ Va.
n=1 n=1
Since diam W,, < 27" for every n, a(p) = 3(q), i.e., SNT # (. O

A slightly more complicated argument shows that the intersection of
countably many analytic fat subspaces is fat.

Proof of Theorem 2.1.10. Let G be a topological group acting transi-
tively on a space X. The neutral element e of G has an open neighborhood
base (U,)n having the following properties:

(1) U, is symmetric and U; = G,
(i) Un+1 g U»,2+1 g Un

13

Observe that since U, is symmetric, z € U,y if and only if y € U,z.
Also notice that Uiz = X for every x € X. By Theorem 2.1.3, if z € X and
n € N then U,z is a neighborhood of x. This uses the fact that X is of the
second category only. To finish the proof, we now additionally assume that
G is analytic.

Since U, is an open subspace of the analytic space G, it is analytic. As
a consequence, U,z is analytic being a continuous image of U,.

Claim 1. If z € X and n € N then the interior of U,,12 is contained in
U,x.

Proof. Let z be an arbitrary element of the interior V' of U,,;1z. Consider
the set U,t12, and let W be the interior of U, y12. Then F = VN W is
an open neighborhood of z. Since £ C U,i1x, Uypp1z N E is dense in F.
Similarly, U,4112 N E is dense in E. Since U,y12 and U, 412 are analytic,
so are Up412 N E and U,y12 N E. By Proposition 2.1.12, it follows that
Up+1z N E and U,112 N E intersect, say in the element y. Pick elements
g,h € U,y1 such that gr = y and hz = y, and put ¢ = h~'g. Then clearly
pxr=zand ¢ € Up4+1Upt1 C U, by (f) and (1). We therefore conclude that
z € Uyx. O

So we get:

Claim 2. If x € X and n € N then U,z is a neighborhood of z.

Observe that Claims 2 and 1 imply that U,z is open in X for every n. [
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Corollary 2.1.13. Suppose that a Polish group G acts transitively on a
space X. Then the following statements are equivalent.

(A) G acts micro-transitively on X.
(B) X is Polish.
(C) X is of the second category.

Proof. The implication (B) = (C) is simply the Baire Category Theorem
for Polish spaces, and (A) = (B) is a consequence of ?7. O

We finish our discussion of the Effros Theorem by making some remarks.

(1) Corollary 2.1.13 was used extensively by continuum theorists in their
study of homogeneous continua. See §?? for more information.

(2) Let H be an analytic topological group of the first category which admits
a continuous homomorphism « onto a topologically complete group G.
Consider the standard action of H on GG. Theorem 2.1.10 applies in this
situation, in contrast to Corollary 2.1.13. Examples are easily found. For
example, let

H={zxecR*:(INeN)(Vn> N)(z,=0)},
and G =R, and let a: H — G the projection «(z) = z7.

(3) It is natural to ask whether the assumptions in Theorem 2.1.10 actually
imply that the space X is Polish. The answer to this question is in the
negative, see §77 for details.

(4) Theorem Theorem 2.1.10 clearly fails if X is not of the second category.
Let Qg4 be Q with the discrete topology. Then the identity Q; — Q is
not open.

(5) Nowhere in the proof of Theorem Theorem 2.1.10 did we use the full
strength of the continuity of the action. In fact, we only used that the
action is separately continuous (i.e., the maps g — gz : G — X forz € X
and z — gr : X — X for g € G are all continuous). So we we actually
proved a stronger result than stated.

(D) Application: The Open Mapping Theorem. The classical
Open Mapping Theorem from Functional Analysis can be generalized to topo-
logical groups.

Exercise 2.1.14. Let G and H be topological groups with G analytic and
H Polish. If ¢p: G — H is a continuous surjective homomorphism then ¢ is
open.

Let G be a topological group. We let 7G denote all topologies on G
that make G into a topological group (so we vary the topology but leave
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the algebraic structure as it is) and satisfy some other unspecified condition
P. (The discrete topology on G is admissible but very uninteresting, so it is
clear that we must demand something extra.) If H is a topological group for
which there is a discontinuous surjective homomorphism ¢: G — H then the
topology of G is probably not maximal in 7G. Simply observe that the graph
{(z,¢(2)) : © € G} can be algebraically identified with G, while the subspace
topology it inherits from G x H is stronger than the original topology on G
(it has to satisfy P of course, but let us ignore this for the moment).

The following corollary to Exercise 2.1.14 shows that Polish group topolo-
gies are maximal among the analytic group topologies.

Corollary 2.1.15. Let G and H be topological groups with G analytic and
H Polish. If p: G — H is a continuous one-to-one surjective homomorphism,
then ¢ is an isomorphism.

(E) Application: The Closed-Graph Theorem. Our next result is
a generalization of the ‘Closed Graph Theorem’ in Functional Analysis.

Exercise 2.1.16. Let G and H be topological groups with G Polish. If
@: G — H is a homomorphism such that its graph

Glp) ={(9,¢(9)) ;g€ G} CGx H

is analytic, then ¢ is continuous.

2.2. Coset spaces

Let G be a topological group with closed subgroup H. If z,y € G
and zH NyH # 0 then zH = yH. Hence the collection of all left cosets
G/H = {zH : x € G} is a partition of G in closed sets. Let 7: G — G/H
be defined by n(z) = H. We endow G/H by the quotient topology. A
space X is a coset space provided that there is a closed subgroup H of a
topological group G such that X and G/H are homeomorphic. In this section
we will consider the following basic question: which spaces are coset spaces
of topological groups?

Let G be a topological group with closed subgroup H. Then H is a
subset of G and H is a point of G/H. This sometimes leads to confusion.

Lemma 2.2.1. Let G be a topological group with closed subgroup H. Then

(1) if V.C G/H is open then there is an open subset U C G such that
V ={zH :x2 €U},
(2) ifU C G is open then n[U] = {aH : x € U} is open in G/H.
Proof. For (1), let U = 7~ ![V]. For (2), simply observe that
wlU)={zH :2 €U} ={aH :x € UH},
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hence
' [nlU]] =UH

is open. O

Let G be a topological group with closed subgroup H. We let G act
transitively on G in the standard way by (g,x) — gx. We also let G act on
G/H by

GxG/H —G/H : (g,xH) — gxH.
We call this the natural action of G on G/H. We will check that this action
is continuous and transitive. Consider the diagram

GxG 2P g
(*) 1G><7rl lﬂ'
GxG/H G/H
(9, xH)—gxH

and observe that it clearly commutes.

Corollary 2.2.2. Let G be a topological group with closed subgroup H. The
natural action of G on G/H is continuous and transitive. As a consequence,
for every g € G the function xH — gxH is a homeomorphism of G/H, i.e.,
G/H is a homogeneous space.

Proof. This is clear by the commutativity of (x) and the fact that 1¢ x 7 is
open by Lemma 2.2.1. O

By Corollary 2.2.2, if X is a coset space then X must be homogeneous.
It is a natural question to ask whether the converse is true.

Corollary 2.2.3. Let G be a topological group with closed subgroup H.
Then G/H is separable and metrizable.

Proof. First observe that G/H is second-countable since G is and 7 is
open by Lemma 2.2.1(2). By Urysohn’s Metrization Theorem, cf., Page 1,
it consequently suffices to prove that G/H is regular and T;. That every
point in G/H is closed follows again from Lemma 2.2.1(2) since H and
hence every coset ©H is closed in G. By Corollary 2.2.2, we need only
check that G/H is regular at eH = H. To this end, let U be a neigh-
borhood of H in G/H. Let V be a symmetric neighborhood of e such that
V2 C 7~ U]. Then =w[V] is an open neighborhood of H in G/H and is
contained in U. Now if 7(z) = 2H € 7[V] then {vaH : v € V} is a neigh-
borhood of w(z) in G/H (Lemma 2.2.1(1)) and hence contains a point of
w[V]. That is, there are points vp,v; € V such that voxH = v H, ie.,
eH =vy'viH € {wH:weV WV} C{uH :uen U]} =U. O
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Corollary 2.2.4. Let G be a Polish group with closed subgroup H. Then
G/H is Polish.

Proof. Since 7: G — G/H is open, this follows from ?7?. O

(A) Characterizing coset spaces. Let G be a topological group acting
transitively on X. For every x € X, put

Gy ={9€G:gx =z}
It is clear that GG is a closed subgroup of G. It is called the the stabilizer of
x. Observe that if g € G and h € G, then
(gh)z = g(hx) = gu.
This means that the function ¥, : G/G, — X defined by

(*) Y2 (9G2) = 72(9) = g

is well-defined. In addition, the diagram

N

x

commutes. Since 7 is open (Lemma 2.2.1(2)) and =, is surjective, 7, is a
continuous surjection. We claim that 7, is one-to-one. To this end, assume
that ¢G, # ¢'G, for certain g,¢’ € G. Then g~ '¢’ &€ G,, ie., ¢’z # gr. So
7¥:(9Gy) # 7:(9'G). This means that X is a coset space if 7, is open.

Proposition 2.2.5. Let G be a topological group acting transitively on X.
The following statements are equivalent:

(1) For some x € X, 7,: G/G, — X is open.

(2)
(3) For some xz € X, 7,: G — X is open.
(4) For allz € X, v,: G — X is open.
(5) G acts micro-transitively.

Proof. Take arbitrary =,y € X, and pick h € G such that hx = y. The
diagram

g—gh™!
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commutes. Now use that both functions 7 are open (Lemma 2.2.1(2)) and
apply Exercise 2.1.9. O

This yields a characterization of coset spaces.
Theorem 2.2.6. Let X be a space. The following statements are equivalent:

(1) X is a coset space.

(2) There is a topological group acting transitively on X such that for
some (equivalently: for all) x € X the function v, : G — X is open.

(3) There is a topological group acting transitively and micro-transitively
on X.

Proof. Simply apply Corollary 2.2.2 and Proposition 2.2.5. g

We are now in a position to identify our firs important class of coset
spaces.

Theorem 2.2.7. Let X be a locally compact homogeneous space. Then X
is a coset space.

Proof. Consider the standard action of 3, (X) on X. By Theorem 2.1.10,
this action is micro-transitive. Hence we are done by Theorem 2.2.6. U

The question naturally arises whether all homogeneous spaces are coset
spaces. The answer to this question is in the negative (see 77).

2.3. Ungar’s Theorem

Surprisingly, Theorem 2.1.10 implies an interesting statement about ho-
mogeneous compacta of which no direct proof is known.

Theorem 2.3.1. Let X be a homogeneous compact space. Then for every
e > 0 there is a 6 > 0 such that for all z,y € X with o(z,y) < J there is a
homeomorphism f: X — X such that f(x) =y while moreover f moves no
point more than €.

(This result goes some way towards explaining the word micro-transitive.)

Proof. Consider the standard action of H(X) on X. By Theorem 2.1.10,
this action is micro-transitive. Now let ¢ > 0, and let V = {f € H(X) :
0(f,1x) < Yhe}. By micro-transitivity, the set Vz is open in X for every
x € X. Let § > 0 be a Lebesgue number for the open cover

{(Vz:ze X}

of X. We claim that ¢ is as required. To prove this, let a,b € X be such
that o(a,b) < §. There is an x € X such that a,b € Vz. Pick f,g € V
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such that f(z) = a and g(z) = b. Then h = go f~! sends a onto b and
é(h, 1)() < €. Il

So informally, one can say that in a compact homogeneous space ‘close’
points can be homeomorphed onto each other by a ‘small’ homeomorphism.

This elegant result seems to hold for compact spaces only. Let X be
locally compact and homogeneous. Since H,(X) acts transitively on X, the
€—0 condition in Theorem 2.3.1 can be proved by the same method if the
metric that we use on X is the restriction to X of an admissible metric on
aX. But this is not a very useful result. Instead of metrics, one could try
to measure closeness with open covers. This approach leads to an interesting
open problem.

Let U be a cover of a space Y. We say that functions f,g: X — Y are
U-close provided that for every = € X there is an element U € U such that
f(x),g9(x) € U. We say that a space X has the Effros property provided
that for every open cover U there is an open refinement V such that for
every V € V and x,y € V there is a homeomorphism f: X — X such that
f(x) =y and f and 1x are U-close. So every compact homogeneous space
has the Effros property by Theorem 2.3.1.

Problem 1. Characterize the spaces with the Effros property.

Proposition 2.3.2. Let X be an SLH-space. Then X has the Effros prop-
erty.

Proof. Let U be an open cover of X. This cover can clearly be refined by
an open cover V having the property that for all V € V and z,y € V there is
a homeomorphism f € H(X) which is supported on V and moreover maps x
onto y. This cover is clearly as required. O

So we see that for every n the euclidean space R™ has the Effros property.
Not all locally compact homogeneous spaces have the Effros property, as the
following simple example shows.

Example 2.3.3. The product X = C x R does not have the Effros property.

Proof. Let (C,,), be asequence of clopen partitions of C such that mesh €,, <
1/, and C, 1 refines C,. Consider the open cover

U={C x (—n,n): C € C,,n €N}

of X, and let V be an arbitrary open refinement of U. Let z and y be distinct
elements of C for which there exists an element V' € 'V containing both (z,0)
and (y,0). Let f: X — X be a homeomorphism such that f((z,0)) = (y,0).
Then evidently f[{z} xR] = {y} x R. Pick n € N so large that 1/, < o(z,y).
Consider the points z = (z,n) and f(z) = (y,t). We claim that there does
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not exist an element U € U containing both z and f(z). Striving for a
contradiction, assume that for m and C € C,,, we have

(z,n),(y,t) € C x (—m,m).

Since z,y € C and Y, < p(z,y) it follows that m < n. On the other hand,
n € (—m,m), i.e., n < m. This is a contradiction. O

Problem 2. Let X be locally compact, locally connected and homogeneous.
Does X have the Effros property?

The local compactness is essential in this question, as will be shown at
the end of this section.

(A) Unique homogeneity. A space X is called uniquely homogeneous
provided that for all z,y € X there is a unique homeomorphism moving = to
y. So a uniquely homogeneous space is a space which is ‘barely’ homogeneous.

Theorem 2.3.4. If X is compact and uniquely homogeneous then | X| < 2.

Proof. Fix a point x € X, and define v,: H(X) — X by v.(f) = f(x).
By Theorem 2.1.10, 7, is an open surjection. By unique homogeneity, v,
is one-to-one. Hence 7, is a homeomorphism. Hence H(X) is a compact
topological group. So X is a uniquely homogeneous topological group.

For every x € X consider the inner isomorphism y — z lyz of X. It
sends the neutral element of X onto itself, hence must be the identity on X
by unique homogeneity. We conclude that X is abelian.

Consider the isomorphism = +— z~! of X. This homeomorphism also
sends the neutral element of X onto itself, so is again the identity by unique
homogeneity. This proves that z = 2~! for every z, i.e., X is Boolean.

So by the remarks we made on Page 7?7, X is finite or the Cantor set. If
X is finite, then clearly |X| < 2 by unique homogeneity. The Cantor set is
evidently not uniquely homogeneous, so we are done. 0

Problem 3. Does there exist a Polish, uniquely homogeneous space?

We will present below an example of a uniquely homogeneous Baire space
which admits the structure of a Boolean group. This explains why we ask
in Problem 3 for a Polish space. The example will also be an example of a
homogeneous space not having the U—V condition in Problem 1.

2.4. Strong forms of homogeneity

In this section we will present some interesting applications of Theo-
rem 2.1.10.

(A) Strong forms of homogeneity. A space X is n-homogeneous if
for all subsets F,G C X of size n there is a homeomorphism f: X — X such
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that f[F] = G. We will prove that if X is n-homogeneous for some n > 1,
then X is (n — 1)-homogeneous. As we will show, this has in fact nothing to
do with topology, it is a combinatorial result.

If X is a set and n € N then [X]" = {A C X : |A| = n}. The symbol

n
T

w— (W)
means that if a countably infinite set S and [S]™ = (JI_, A; then there are
an infinite T C S and ¢ < r such that [T]* C A;. We say that T is a

homogeneous set for the cover {Ay,..., A }.

Theorem 2.4.1. w — (w)".

Proof. Assume that S is a countably infinite set and let {4;,...,A4,} be a
partition of [S]™. We prove the theorem by induction on n. If n = 1 there
is clearly an A; which is infinite. Assume the theorem is true for n = k and
assume n = k+ 1. Choose an arbitrary s; € S. Since the theorem is true for
n = k, there is an infinite S; € S\ {s1} and an i; < r such that if X € [S;]"
then {s;} UX € A;,. Choose sy € Sy \ {s1}. Since the theorem is true for
n = k, there is an infinite So C 57\ {s2} and an iy < r such that if X € [So]*
then {s2} UX € A;,. Choose s3 € So \ {s2}. Etc. Since r is finite, there is
an ¢ < r and an infinite subset J of N such that i; = ¢ for all j € J. Clearly,
if T ={s;:j€J} then [Tkl C A,. O

Let X be a set with infinite subset Y. If G is a group of bijections of X
then G is n-transitive over Y if for all A, B € [Y]" there is an element g € G
such that g[A] = B (it is not required that g[Y] =Y).

Theorem 2.4.2. Let X be a set with infinite subset Y. If G is n-transitive
over Y andn > 1 then G is (n — 1)-transitive over Y.

Proof. Let A, B € [Y]""! be arbitrary, and pick S € [Y]* such that B C S.
Let A = {T € [S]" : (39 € 9)(gl4] = T)} and B = [S]" | 4.

Case 1. There is an infinite ¥ C S such that [E]"~! C A.

We may assume that F is maximal with the property that [E]"~! C A.
We claim that E = S. Striving for a contradiction, assume that there is an
element z € S\ E. Let C € [E U {x}]""! be arbitrary such that z € C.
There are distinct a, 8 € E \ C. There is by assumption an element g € §
such that

g9lC U{a}] = (C\{z}) U{e, B}

But then g[C] C E, hence there is an element h € G such that h[A] = ¢[C].
So g~1oh[A] = C. This clearly implies that [EU{z}|"~! C A, hence E = S.
But then B € A, i.e., there is f € G with f[A] = B.

Case 2. There is an infinite ' C S such that [F]"~! C B.
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Pick @ € F and B’ € [F \ {a}]". There is by assumption an element
g € G such that g[AU {a}] = B’. But then g[A] C F, hence g[A] € B which
is a contradiction.

So we are done by Theorem 2.4.1. O

The following natural strengthening of n-homogeneity does not seem to
be combinatorial. A space X is strongly n-homogeneous if for all subsets
F,G C X of size n, every bijection f: F' — G can be extended to a homeo-
morphism f: X — X. It is clear that every strongly n-homogeneous space
is n-homogenous and strongly (n — 1)-homogeneous if n > 1.

Let X be a space. For every m, put
Fon(X) ={z € X™: (Vi <j <m)(xi # )}

Exercise 2.4.3. Prove by induction on m that F,,(X) is connected if if no
set of m — 1 points of X separates X. How about the converse?

For n = 1, a space X is m-homogeneous if and only if it is strongly
n-homogeneous. BURGESS [?] asked whether there is a continuum different
from a simple closed curve which, for some n, is n-homogeneous but not
strongly n-homogeneous.

Theorem 2.4.4. Let X be an n-homogeneous compact space such that no
set of n — 1 points separates X. Then X is strongly n-homogeneous.

Proof. It is clear that F,,(X) is open in X™, and hence is locally compact.
Let G be the symmetric group on {1,2...,n} with the discrete topology.
Define an action of H(X) x G on F,(X), as follows:

((h, 7T), (xl, e ,:En)) (g (h(xﬂ(l)), ey h(xﬁ(n))).
It is clear that this action is continuous, and moreover transitive since X is
n-homogeneous. Fix an arbitrary element (x1,...,x,) € F,(X). By Theo-
rem 2.1.10 it follows that the function H(X) x G — F,,(X) defined by

T: (h,7) = (M@r1))s - s M(Tr(n)))
is open. So for every m € G we have that the set A, = T[H(X) x {w}] is
open in F,(X). If 7 # 7’ then clearly A, = Ay or A, N A = 0. So by
connectivity (Exercise 2.4.3), A = F,,(X) for every m € G. This evidently
implies that X is strongly n-homogeneous. O

Corollary 2.4.5. If X is an n-homogeneous continuum, then X is strongly
n-homogeneous or X is the circle.

Proof. For n =1 there is nothing to prove, so assume that n > 1. By Theo-
rem 2.4.4 it follows that we may assume without loss of generality that there
is a set F in X of size n — 1 which separates X. Since X is n-homogeneous,
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X is m-homogeneous for every m < n by Theorem 2.4.2. As a consequence,
X is homogeneous. But a homogeneous continuum which is separated by a
countable set, is the circle by BURGESS [?, Theorem 13]. O

(B) 2-homogeneity and local connectivity.

We will now present two different proofs of the interesting fact that 2-
homogeneous continua are locally connected. The first one is based on The-
orem 2.1.10 and is a good illustration of how that theorem can be applied.
But there is also a simpler direct argument that avoids Theorem 2.1.10. We
will also present that argument.

Theorem 2.4.6. Every 2-homogeneous continuum is locally connected.

Proof. Let X be a 2-homogeneous continuum. Suppose first that X is not
strongly 2-homogeneous. By Theorem 2.4.4 it consequently follows that X
contains a cutpoint, say c¢. But X has also two distinct noncut points (VAN
MiLL [?, Exercise A10.6]), say a and b. By 2-homogeneity, there is a home-
omorphism f: X — X such that f[{a,c}] = {a,b}. Since f(c) is a cutpoint
of X, this is a contradiction.

So we may assume without loss of generality that X is strongly 2-
homogeneous.

Claim 1. Given a point z € X and an open neighborhood U of z there
exists 0 > 0 such that if a,b € X \ U and g(a,b) < § then there there exists
a homeomorphism h of X such that h(z) =z, h(a) = b and g(h,1x) < e.

Proof. The proof is similar to the proof of Theorem 2.3.1. Consider the closed
subgroup
G={heH(X): h(z) =2z}

of H(X). Since X is strongly 2-homogeneous, § acts transitively on X \
{z}. Since both G and X \ {z} are Polish, we are in a position to apply
Theorem 2.1.10. Now let € > 0, and let V = {f € §: o(f,1x) < Yoe}. By
micro-transitivity, the set Vz is open in X \ {z} for every z € X \ {z}. Let
6 > 0 be a Lebesgue number for the open cover

{Vz:2e X\ U}
of the compact space X \ U. We claim that ¢ is as required. To prove this,
let a,b € X \ B(x,e) be such that o(a,b) < 6. There is a z € X such

that a,b € Vz. Pick f,g € V such that f(z) = a and g(z) = b. Then
h=gof~te€g, sends a onto b and g(h,1x) < €. &

Let V be a nonempty open subset of X with component C, and let y € C.
There exists € > 0 such that B(y,4e) C V. We assume that ¢ is so small
that B(y,e) # X. Let D be the component of D(y, /»e) that contains y.
Then D must meet the boundary of D(y, Yse) (VAN MILL [?, A.10.5]), hence
D contains a point z different from y. Let U be a closed neighborhood of z
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which does not contain y. Let § > 0 be as in the claim for z, the interior
of U, and e. We may assume that ¢ is so small that B(y,d) N U = (. We
claim that B(y, ) C C. To prove this, take an arbitrary element z € B(y, d),
and let h: X — X be a homeomorphism such that h(y) = z, h(z) = = and
0(h,1x) < e. Since diam(D) < 2¢, it follows that the diameter of h[D] is
smaller than 3e. Observe that h(z) = z so z € h[D]. It follows that DUhA[D]
is connected, has diameter smaller than 4¢, and contains both y and z. Since
D(y,4¢) C V, we conclude that y and z both belong to the same component
of Vi, ie.,, z € C. O

We now come to the second more direct proof of Theorem 2.4.6 which is
of independent interest.

Lemma 2.4.7. Let X be a space such that for all x,y € X, there is a
continuum C' in X containing both x and y, and an open neighborhood U of
C such that the component of U containing C' is nowhere dense in X. Then
X is first category.

Proof. Fix and arbitrary point p € X, and let U be a countable open base
for X which is closed under finite unions. Put

V={UecU:pecU},
and for every U € V, let Cy be the component of U that contains p. Put
W = {U € V: Cy is nowhere dense}.

We claim that (J;;cyy Cu = X, which evidently does the job since U is count-
able. To prove this, let z € X. There is a continuum C'in X containing both
p and z, and an open neighborhood U of C such that the component D of
U containing C' is nowhere dense in X. There is a finite subcollection F of U
such that

cclscu

Hence F' = |JJ belong to U and has the property that Cr contains C' and
is nowhere dense, being a subset of D. So FF € W, and x € C C Cp, as
required. U

Lemma 2.4.8. Let X be a homogeneous Polish space. If X is not locally
connected, then every x € X has an open neighborhood U such that every
component C' of U is nowhere dense in X.

Proof. By homogeneity, it suffices to prove that there is a nonempty open
subset V' of X, every component of which is nowhere dense in X.

So assume the contrary that every nonempty open subset of X has a
component with nonempty interior. We will derive a contradiction. Let p
be an admissible complete metric on X. Let U; be a nonempty open set in
X with diameter less than 271, and pick a component C; of U; the closure
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of which has nonempty interior. Pick a nonempty open subset Us of X such
that Uy C C; NU; and diamUs < 272, Let Cy be a component of Us with
nonempty interior. Continuing in this way yields a sequence (U, ), of open
sets such that ()2, U,, contains a single point, say = (use that o is complete).
Clearly, X is locally connected at . But then by homogeneity, X is locally
connected at all points, which is a contradiction. O

Theorem 2.4.9. Let X be a homogeneous compact space such that for all
x,y € X and ¢ > 0 there are a homeomorphism h: X — X and a continuum
C in X of diameter less than e such that h(x),h(y) € C. Then X is locally
connected.

Proof. Striving for a contradiction, assume that X is not locally connected.
Pick arbitrary x,y € X, and for every n a homeomorphism h,,: X — X and
a continuum C,, of diameter less than 1/, such that h,(z), h,(y) € C,,. We
may assume without loss of generality that the sequence (C,), converges
to a point p € X (with respect to the Hausdorff metric, cf., vAN MILL [?,
1.11.14]). By Lemma 2.4.8 there is a neighborhood U of p every component
of which is nowhere dense in X. There is n such that C,, C U. Hence the
component of C,, in U is nowhere dense in X. So z,y € C' = h,;}[C,] and
the component of C’ in h,, }[U] is nowhere dense in X. So X is first category
by Lemma 2.4.7, which is a contradiction. 0

Corollary 2.4.10. Let X be a 2-homogeneous continuum. Then X is locally
connected.

Proof. Let x € X be arbitrary and ¢ > 0. We assume without loss of
generality that D(z, pe) # X. Let D be the component of D(z, 1/5¢) that
contains . Then D meets the boundary of D(x, 5¢e) (VAN MILL [?, A.10.5]),
hence D contains a point y different from x. Since the diameter of D is at
most €, we are done by 2-homogeneity and Theorem 2.4.9. d

Question 1. Let X be connected, Polish and 2-homogeneous. Is X locally
connected?

2.5. Homogeneous compacta are products

The aim of this section is to prove the surprising result that every homo-
geneous compactum is the product of a compact zero-dimensional (homoge-
neous) compactum and a (homogeneous) continuum.

Let X be a space. Call a collection A of subsets of X invariant if for all
h € H(X) and A € A we have h[A] € A. Observe that both the collection of
all clopen subsets of X and the collection of components of X are invariant.
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If A is any family of subsets of X, and U C X then
RUA) = {Ae A: ANU #0}.

Lemma 2.5.1. Let G act micro-transitively on X. If A is invariant and U
is open then R(U,A) is open.

Proof. Let A € A be such that ANU # 0, say x € ANU. We have to find
a neighborhood of A which is contained in R(U, A). Put V = v 1[U]. Then
V' is an open neighborhood of e in G. Let

W= J{vz:ze A}

Since G acts micro-transitively, W is an open neighborhood of A. We claim
that W C R(U, A). To this end, pick an arbitrary element y € W, say y € Vz
for certain z € A. There is by assumption an element g € V such that gz = y.
Since {ga : a € A} € A, gx € U and gz = y, this proves that y € R(U, A),
which is as required. O

If X is a space and x € X then the quasi-component C, of z is the
intersection of all clopen subsets of X that contain z. Obviously, quasi-
components are closed, and the collection

C={C,:xe X}

is an invariant partition of X. Let m: X — X/C be the function sending each
x € X onto C,. We endow X/C with the quotient topology. We first claim
that X/C is Hausdorff. This is easy. Simply observe that if C, # Cy then
there is a clopen set F that contains x but misses y. It consequently suffices
to remark that every clopen subset of X is the union of quasi-components.

Lemma 2.5.2. Let G act micro-transitively on X. Then m: X — X/C is
open.

Proof. Since we endowed X/C with the quotient topology, this follows di-
rectly from Lemma 2.5.1. O

Corollary 2.5.3. Let G act micro-transitively on the locally compact space X .
Then X/C is separable metrizable, locally compact and zero-dimensional.

Proof. We will first prove that X/C is regular. To this end, Let C, € X/C,
and let B C X/C be closed such that C,, & B. Observe that C,NB = 0, W}Lere
B =|J B and that B is closed. There is a neighborhood U of « such that U is

compact and misses B. By Lemma 2.5.2, 7[U] is a compact neighborhood of
C, in X/C which misses B. Since we already observed that X /€ is Hausdorff,

this proves that 7[U] is closed in X/€. Hence X/C is locally compact and
regular.
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Since m: X — X/C is open, if U is a countable open base for X then
w[U] : U € U} is a countable open base for X/C. Hence X/C is second
countable, and hence a separable metrizable space by Urysohn’s Metrization
Theorem (see Page 1).

We finally check that X/C is zero-dimensional. If C; # Cy then there is
a clopen set £/ which contains C, but misses C,,. Since clopen sets are unions
of quasi-components and 7: X — X/ is open, it follows easily that 7[E] and
7w[X \ E] are disjoint clopen sets in X/C. As a consequence, X/C is totally
disconnected, hence zero-dimensional by VAN MILL [?, Exercise 1.5.12]. O

‘We now come to the main result in this section.

Theorem 2.5.4. Every locally compact homogeneous space is the product
of a connected space and a zero-dimensional space.

Proof. Let X be locally compact and homogeneous. First observe that there
is a Polish group G that acts transitively on X (see Page 37). This action
is micro-transitive by Theorem 2.1.10 since locally compact spaces are Baire
spaces (VAN MILL [?, Page 482]).

Let Y be a fixed quasi-component of X, and let Z = X/€. We claim
that X =~ Y x Z. Let ¢ € Y, and consider the continuous open surjection
vg: H(X) — X.

We already know that Z is zero-dimensional (Corollary 2.5.3). The func-
tion m: X — Z is continuous and open by Lemma 2.5.2. The composition
p=moy,: H(X) — Z is consequently a continuous open surjection as well.
So by ??, there is a continuous function s: Z — H(X) such that pos=1z.
Define 9: Y x Z — X by the formula

Py, 2) = 5(2)(y)-

It is clear that % is continuous. To prove that v is injective, assume ¥ (y1, 21) =
Y (ya2,z2) for some y1,y2 € Y and 21,29 € Z. Observe that since quasi-
components are invariant for ¢ = 1,2 we have

m(s(2:)(q)) = m(s(2i)(9i))-
Hence
zi = ¢(s(2:) = m(vq(s(20))) = 7(s(20)(q)) = 7 (s(z:)(wi)) = 7 (¢ (i 22))-
Hence z1 = z2. As s(z1) € H(X) we also get y1 = yo.

We next claim that v is surjective. That is easy since

(%) z=¢(s(n(z) " (2), 7(2))

for every z € X.
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We finally claim that ¥~ is continuous. To this end, let z, — z in X,
and write © = ¥(y, ) and x,, = ¢¥(yn, 2,) for all n. Then

m(Xy) = 2 — 2 = w(x)
in Z (use (x)), hence s(z,) — s(z) in H(X). Since H(X) is a topological
group, s(z,)~ ! — s(2)7! in H(X), hence

Yn = 8(z0) "Han) — s(2) 7M@) =y
inY.
It remains to show that Y is connected. Striving for a contradiction,
assume that we can write Y = UUV, where U and V are non-empty, relatively

open and disjoint. Then U x Z and V' x Z is a clopen partition of X. This
contradicts the fact that Y is a quasi-component of X. O

It is well-known that components and quasi-components agree in com-
pact spaces (VAN MILL [?, A.10.1]). Simple examples show that this is not
true in general. Surprisingly, Theorem 2.5.4 shows that for locally compact
homogeneous spaces there are no problems.

Corollary 2.5.5. Let X be a homogeneous locally compact space. Then for
every x € X the component of x coincides with the quasi-component of .

Problem 4. Let X be a homogeneous Polish space. Is X the product of a
connected space and a totally disconnected (zero-dimensional) space? NO!

Later we will present examples of o-compact homogeneous spaces that
do not admit the structure of a product. (Nul rij van Z-set Hilbert kubussen
in de Hilbert kubus. Misschien via een resolutie doen?)



