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3 Prove Proposition 12711
4. Let X = {0} U {Y, : n € N}. Prove that A(X) is an example of /a

contractible space which is not an ANR.

5. Let A C S"'. Observe that B™\ A is a convex subset of R™ and Hence
is an AR. Present a direct proof of this.

6. Prove that each AR is path-connected. Prove that every ANR /s locally
path-connected. Observe that, in particular, every ANR is
nected.

7. Give an example of a subspace X of R, such that X j§ an ANR, but

X U {p} is not an ANR for some p € R.

8. Let X be the sin('/,)-continuum in the plane. Proye that X is not an
ANR.

»9. Let A; and As be closed subsets of the locally £onvex linear spaces L;
and Lo, respectively. Prove that for each hopdfeomorphism h: A; — Ao
there exists a homeomorphism H: Li X Lz /4 L1 X L2 such that

H(a,0) = 0,h(a)
for every a € A.

10. Let L be a linear space. In additigh, let X be a space, A C X be closed
and f: A — L be continuous. A'inally, let U and {av : U € U} be a
Dugundji system for X and 47 For each z € X \ A let

eU:xzeU}.

(z € A),
onv({f(av):U € E(x)}) (z € X\ A).

11. ise 1.2.10 to prove that a normed linear space satisfies the

12. Let A be a linear space. Assume that for every space X, every LSC
ction F': X = L such that for every z € X the set F(z) is compact

nd convex, has a continuous selection. Prove that every linear subspace
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1.3. Function spaces

The space C*(X) from Example 1.1.5 is a special case of a more general
construction. Let X and Y be spaces and let ¢ be an admissible metric on Y.
Define

Co(X,Y) ={f € C(X,Y) : diam,(f[X]) < oo}.
It is sometimes convenient to refer to the elements of C,(X,Y) as bounded
functions. We shall endow C,(X,Y’) with a useful topology.
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In §A.3 we observed that ¢ need not be a metric on C(X,Y’). Fortunately,
on C,(X,Y) it is a metric.

Lemma 1.3.1. Let X and Y be spaces and let o be an admissible metric
onY. Then

(1) for all f,g € Co(X,Y) we have §(f,g) < oo,
(2) the function 9: Co(X,Y) x Cy(X,Y) — [0,00) is a metric.

Proof. For (1), take an arbitrary point z € X and observe that for all
functions f, g € Cy(X,Y) the following holds:

o(f,9) < diam,(f[X]) + o(f(2), 9(2)) + diam, (g(X)) < oo.

The proof of (2) is routine and is left as an exercise to the reader. O

From now on we shall endow C,(X,Y’) with the topology induced by o.
Let us emphasize that the set C,(X,Y") as well as its topology depend on the
choice of the metric p. It is a natural question to ask when the choice of p is
irrelevant.

Lemma 1.3.2. Let X and Y be spaces with X compact. In addition, let oy
and g2 be admissible metrics for Y. Then

(1> 001 (X’ Y) = CQz (X’ Y) = C(X, Y):
(2) the topologies on C(X,Y) induced by 01 and go are the same.
Proof. (1) is trivial.

For each ¢ > 0,y € Y and ¢ € {1,2} we put
Bi(y,e) ={z€Y :0i(y,2) <e}.

For (2), take f € C,, (X,Y) and € > 0, arbitrarily. Our aim is to prove
that there exists § > 0 such that

{9 € Co(X,Y) 1 02(f,9) <0} S{g € Co, (X,Y) s 01(f,9) <e},
i.e., that the go-ball about f with radius § is contained in the g;-ball about f
with radius €.

To this end, observe that since f[X] is compact, the open cover
U= {Bi(f(x), o) : v € X}

has a go-Lebesgue number, say ¢ (Lemma A.5.3). We claim that this § is as
required. To see that this is indeed the case, take an arbitrary g € C,,(X,Y)
such that 92(f,g) < 8. For each z € X we have g(f(2),g(z)) < 6, so there
exists p, € X such that {f(x),g(x)} C B1(f(pz), ¢/2). Consequently, for each
element z € X we have

o1(f(x),9(x)) <e,
from which it follows by Exercise A.5.4 that g1(f,g) < e.
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1.3. FUNCTION SPACES 31

So we conclude that the topology on C(X,Y) induced by g is finer than
the topology on C(X,Y) induced by 9. By interchanging the roles of gy
and g9 in the above argument we find that the induced topologies are indeed
the same. d

Let X and Y be spaces with X compact. From the above lemma we
conclude that all the topologies we defined on the set C(X,Y") coincide. So
for compact X and any (Y, ) we shall denote the space C,(X,Y) simply
by C(X,Y). The topology on C(X,Y) is called the topology of uniform
convergence.

Observe that the norm topology on C(X) for compact X defined in
Example 1.1.5 coincides with the just defined topology on C(X,R).

On Page 19 we defined the so-called compact-open topology on C(X).
This is again a special case of a more general construction. Indeed, let X
and Y be spaces and for an arbitrary compact subset K in X and an arbitrary
open subset U in Y define

[K,Ul={fe€C(X,)Y): fIK] CU}.
Topologize C'(X,Y’) by taking the collection
{[K,U] : K C X compact and U CY open}
as an open subbase. This topology is called the compact-open topology on
the set C'(X,Y).

We will now show that for compact X and arbitrary Y the compact-open
topology on C(X,Y) coincides with the topology of uniform convergence
on C(X,Y). This allows us to prove quite easily that C'(X,Y) is separable.

Proposition 1.3.3. Let X and Y be spaces with X compact. The topology
of uniform convergence on C(X,Y") coincides with the compact-open topology
on C(X,Y). As a consequence, C(X,Y) is separable.

Proof. Let o be an admissible metric on Y. In addition, let K C X be
compact and U C Y open. If f € [K,U] then f[K] is a compact subset of U.
By Corollary A.5.4 there exists d > 0 such that

B(f[K],0) CU.

This clearly implies that if g € C(X,Y") is such that 4(f, g) < ¢ then g[K] is
contained in U, i.e.,

{g€ C(X,Y):o(f,9) <0} C[K,U]

From this we conclude that [K, U] is open in the topology of uniform con-
vergence on C'(X,Y) and hence that the topology of uniform convergence is
finer than the compact-open topology.
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For the converse, let B and € be countable open bases for X and Y,
respectively, which are both closed under finite unions. For B € B and F € &
put

A(B,E) = [B,E].

By the above, each A(B, E) is open in the topology of uniform convergence
on C(X,Y). Let A be the (countable) collection of all A(B, E)’s. We claim
that the family A* of all finite intersections of elements of A is an open base
for C(X,Y’) endowed with the topology of uniform convergence. This proves
on the one hand that the compact-open topology is finer than the topology
of uniform convergence and on the other hand that C(X,Y’) has a countable
base.

Let f € C(X,Y) and € > 0. We shall prove that there exists an ele-
ment F' € A* such that f € FF C {g € C(X,Y): o(f,9) < €}. By compact-
ness of the set f[X], there are finitely many elements of &, say Ey, Ea, ..., E,,
such that

(1) fIX] S Uiy B,
(2) for every i < n, diam(E;) < €.

Let W= {f~'[E;] : i <n}. Since B is a base, there clearly is a cover V of X
consisting of elements of B such that V < U. By compactness of X, we may
assume that V is finite. For each 7 < n let W; be the union of the elements
of V the closures of which are contained in f~![E;]. Since B is closed under
finite unions, W = {W; : ¢ < n} is a subcollection of B, W covers X, and W
has the property that the closure of each W; is contained in f~![E;]. (This
is so since W; is a finite union of sets the closures of which are contained
in f~1[F;].) Now put

(VAW;, E)).

=1

F

It is clear that f € F. In addition, F' is open in the topology of uniform
convergence. We claim that F' C {g € C(X,Y) : 9(f,g) < €}. To this end,
take g € F and x € X. There exists i < n with x € W,. Since f,g € F, it
follows that f[W;] U g[W;] C E;. Consequently, both f(z) and g(z) belong
to E; from which we get by (2) that o(f(z),g(z)) <e. So we are done. [

This result can be used to estimate the number of continuous functions.

Corollary 1.3.4. Let X and Y be spaces with X compact. Then C(X,Y)
has cardinality at most c.

Proof. This follows from Proposition 1.3.3 and Exercise A.2.16. 0

We now turn to completeness properties of C(X,Y) and Co(X,Y).
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Proposition 1.3.5. Let X and (Y, 0) be spaces. Let (f,)n be a 9-Cauchy
sequence in C(X,Y) such that for every x € X, lim, . fn(z) exists. Then
the function f: X — Y defined by f(x) = lim,— fn(z) Is continuous. In
addition, if f, € Cp(X,Y) for every n then f € Co(X,Y) and f = lim,, 00 fn
(in C,(X,Y)).

Proof. For the first part of the proposition, see Lemma A.3.1.

For the remaining part, suppose that f, € Cp(X,Y) for every n. We
shall prove that diam(f[X]) < co. By Claim 1 in the proof of Lemma A.3.1
there exists an M € N such that for every z € X, o(f(z), fm(z)) < 1. Take
arbitrary x,z € X. Then

o(f(2), f(2)) < o(f (), far(2)) + o(far(2), far(2)) + o(far(2), (2))
< 2+ diam(fam [ X)),
so diam(f[X]) < oo.
It remains to prove that f = lim, o fn (in Co(X,Y")). But this follows

again easily from Claim 1 in the proof of Lemma A.3.1. g

Corollary 1.3.6. Let X and (Y, ) be spaces. Then ¢ is complete if and
only if the metric ¢ on Cp(X,Y") is complete.

Proof. Suppose that (Y g) is complete and let (f,,),, be a g-Cauchy sequence
in C,(X,Y). Fix z € X arbitrarily and let £ > 0. There exists N € N such
that o(fn, fm) < € for all n,m > N. Since for all n and m,

Q(fn(z)a fm(z)) < 0(fns fm),
we conclude that (fn (z))n is Cauchy in (Y, ). The completeness of (Y, p)
and Proposition 1.3.5 now yield that the sequence (fy,), converges.

Assume that ¢ is complete. Let (y,, ), be a p-Cauchy sequence in Y. For
each n let f,: X — Y be the constant function with value y,. It is easy to
see that (f,), is a g-Cauchy sequence in C,(X,Y). So f = lim,,_ f, exists
and belongs to C,(X,Y). It is trivial to prove that f is constant and that
the sequence (y,)n converges to the unique point in the range of f. O

Corollary 1.3.7. Let X be compact and Y topologically complete. Then
the space C(X,Y) is topologically complete.

Groups of homeomorphisms. We will now restrict our attention to
spaces of homeomorphisms and will derive some basic properties of them.
Let X and Y be spaces and define
S(X,)Y)={feC(X,)Y): f is surjective}.
There are spaces X and Y for which §(X,Y") is empty, for example this is
the case if X has smaller cardinality than Y.
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Proposition 1.3.8. Let X and Y be spaces with X compact. Then §(X,Y’)
is closed in C(X,Y).

Proof. Take an arbitrary f ¢ $(X,Y). There exists a point y € Y\ f[X].
So

FelX, Y\ {y}] € C(X,Y)\ 8(X,Y).
Since [X,Y \ {y}] is open in C(X,Y) (Proposition 1.3.3), this shows that
C(X,Y)\$(X,Y)
is a neighborhood of f. Hence C'(X,Y) \ 8(X,Y) is open in C(X,Y). O

Let X and Y be spaces with X compact, and let € > 0. A continuous
function f: X — Y is called an e-map if for every y € Y,

diam (7' (y)) <e.
Let € > 0 and put
C.(X,)Y)={feC(X,Y): fis an e-map}
and
$(X,Y)=C(X,Y)NS(X,Y),
respectively. In addition, put
9e(X,Y) = 8(X,Y)\ Ce(X,Y).

Lemma 1.3.9. Let X and Y be spaces with X compact. Then Ce(X,Y) is
open in C(X,Y) for every € > 0. Consequently, G.(X,Y) is a closed subset
of C(X,Y).

Proof. Take f € C.(X,Y). Since X is compact, f: X — f[X] is a closed
map (Exercise A.5.5). We claim that for every y € f[X] there exists an open
neighborhood U, (in f[X]) such that

diam (f~'[U,]) <e.
This will be achieved in two steps. Take an arbitrary y € f[X]. Then
diam (f~'(y)) <e

since f is an e-map. There clearly exists an open neighborhood U of f~1(y)
such that diam(U) < e. Now by using that f is a closed map, Exercise A.1.15
gives us the required neighborhood U,,.

Let § > 0 be a Lebesgue number for the open covering
{Uy 1y € fIX]}
of f[X] (Lemma A.5.3). Let g € C(X,Y) be such that 4(g, f) < 9,. We claim

that g € Co(X,Y). This clearly suffices. To this end, take an arbitrary y € Y.
Since we have g(f, g) < 9, it follows easily that diam (fg’l(y)) < 6. There
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consequently exists a point z € f[X] such that fg='(y) C U,. This implies
that

diam (f_lfg_l(y)) <e.

Since g7 (y) € f~'f9'(y), we conclude that diam (97! (y)) < e, i.e., g is
an e-map. That G.(X,Y) is closed now follows by Proposition 1.3.8. O

Let X and Y be spaces. We introduce a few more interesting subsets
of C(X,Y). Let J(X,Y) denote the subset of C(X,Y) consisting of all imbed-
dings of X into Y, and let H(X,Y) denote the set of all homeomorphisms
from X onto Y. If X =Y then for H(X, X) we shall simply write H(X).
As usual, H(X) is called the autohomeomorphism group of X.

Lemma 1.3.10. Let X and Y be spaces with X compact. Then

I(X,Y) = ﬁ Cy, (X,Y).

n=1

As a consequence, J(X,Y) is a Gs-subset of C(X,Y), and H(X,Y) is a Gs-
subset of both C(X,Y) and §(X,Y).

Proof. That J(X,Y) C (oo, Cy, (X,Y) is a triviality. Pick an arbitrary

fe Oy, (X,Y).
n=1

Then f is a 1/,-map for every n, hence f is one-to-one. So the compact-
ness of X implies that f is an imbedding (Exercise A.5.9). The remaining
statements are obvious. g

Corollary 1.3.11. Let X and Y be spaces with X compact and Y topolog-
ically complete. Then both J(X,Y) and H(X,Y') are topologically complete.

Proof. Since C(X,Y) is completely metrizable by Corollary 1.3.6, this fol-
lows immediately from Lemma 1.3.10 and Theorem A.6.3. g

So H(X) is complete if X is compact. It will be convenient to describe
an explicit complete metric for H(X) that generates its topology.
Proposition 1.3.12. Let X be a compact space. For f,g € H(X) define

a(f,9) = o(f.9)+o(f 97"
Then o is a complete metric on H(X) that generates its topology.

Proof. That o is a metric is left as an exercise to the reader. We shall
first prove that ¢ and o generate the same topology on H(X). Since for
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all f,g € H(X) we have 4(f,9) < o(f,g), the only thing to verify is that for
every ¢ > 0 and every f € H(X) there exists § > 0 such that

if g€ H(X) and 4(f,g) < d then o(f,g) <e.

Choose arbitrary ¢ > 0 and f € H(X). By compactness, f~! is uniformly
continuous (Exercise A.5.18) and consequently there exists 7 > 0 such that
for all z,y € X with o(z,y) < we have g(f’l(x),f’l(y)) < ¢/. Let

0 = min{~, ¢ }.
Take g € H(X) such that g(f,g) < J. Pick an arbitrary € X and put
z =g ().
Since o(f, g) < ¢, it follows that
o(f(2),9(2)) = o(fg~ (x),2) <& <.
As a consequence,
o(g7 (@), f (@) = o(f ' fg (@), f (@) < o
We conclude that g(g~!, f~1) < ¢/, by Exercise A.5.4. Therefore,
o(f,9)=o(f,9)+o(f 97" ) < h+h=c

Now let (fn)n be a o-Cauchy sequence in H(X). Then (fn), is a ¢-
Cauchy sequence in C(X, X) and therefore the limit f = lim, . f exists
and belongs to C'(X, X) (Corollary 1.3.6). Similarly, by the definition of o,
the limit g = lim, . f, ! exists and belongs to C(X, X). It is easily seen
that fog=1x = go f from which it follows that f € H(X). O

Lemma 1.3.10 and Proposition 1.3.12 both imply by Theorem A.6.6 the
following:

Corollary 1.3.13. If X is compact then H(X) is a Baire space.

Exercises for §1.3.

1. Let N denote the discrete space of natural numbers. Prove that C.|(N,R)
is not separable.

2. Let X, Y and Z be compact spaces. For f € C(Z,X) and g,h € C(X,Y)
prove that

o(go f,hof)<o(g,h).
In addition, show that if f is surjective then

o(go f,hof)=0(g,h).

3. Let X be compact, let f,g € C(X,X) such that g is a homeomorphism.
Prove that

o(1x,fog™ ") = o(f.9).
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4. Let X be a compact space. Prove that the function
& H(X) X H(X) — H(X)
defined by
&(f.9)=fog™"
is continuous (i.e., H(X) is a topological group).
5. Prove that the functién f: 1 — 1 defined by

< 2% O0<az< Yy,

flx)=_ Y (Y1 <2 < 3),
T or-1 (Y<z<l).

belongs to the closure of H(I) in C(L,I). (Hence H(X) is even for com-
pact X not necessarily a closed subspace of C(X, X).)

6. Prove that H(I) has exactly two components.

7. Give an example of two nontrivial continua X and Y such that §(X,Y")
is empty.

1.4. The Borsuk homotopy extension theorem

The aim of the present section is to prove that a continuous function f
from a closed subspace A of a space X into an ANR Z is extendable over X
if and only if f is homotopic to an extendable function g: A — Z.

We shall need the following simple lemma:

Lemma 1.4.1. Let A be a closed subset of a space X. Then for every
neighborhood V' of B = (X x {0}) U (A x I) in X x I there is a continuous
function a: X x 1 — V which is the identity on B.

1
a U
v
0 x A
Figure 1.

Proof. Let m: X x I — X be the projection. By compactness of I and
Exercise A.5.8, 7 is closed. We may assume without loss of generality that V'
is open. So F' = (X x )\ V is a closed set which misses A x I. Hence

U=X\n[F|
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is an open neighborhood of A in X such that U=UxI C V. Now let
0: X —1
be a Urysohn function (Lemma A.4.1) such that
B1A=1, pgrX\u=o.
Define a: X x I — X x I by
az,t) = (z, 8(z) - ).

Then « is clearly continuous. It is easily seen that it restricts to the identity
on B. We shall prove that a[X x I] C V, thereby showing that « is as
required. To this end, take (x,¢) € X x I arbitrarily. If x ¢ U then 8(z) =0
and consequently, a(z,t) = (z,0) € B C V. On the other hand, if z € U
then a(x,t) = (z,08(x) - t) e U xIC V. O

‘We now come to the main result in this section.

The Borsuk Homotopy Extension Theorem 1.4.2. Let A be a closed
subspace of a space X, let Z be an ANR and let H: Ax1 — Z be a homotopy
such that Hy is extendable to a continuous function f: X — Z. Then there
is a homotopy F': X x 1 — Z such that

(1) Fo =/,
(2) foreverytel, F, | A= H,.

Proof. Using the notation as in Lemma 1.4.1, define a function £&: B — Z
by
flx e X,t=0),
gy =70 :
H(z,t) (xeAtel).

Since X x {0} and A x T are closed in B, it follows easily that £ is continuous.
As Z is an ANR and as B is closed in X x I, we can find a neighborhood V'
of B in X xI such that £ can be extended to a continuous function &': V- — Z.
Let a: X xI — V be as in Lemma 1.4.1.

Define F': X x I — Z by the formula
F(z,t) = (a(z,t)).

It is easily seen that F' is as required. O

Theorem 1.4.2 has some interesting corollaries.

Corollary 1.4.3. Let A be a closed subset of a space X. Let Z be an ANR
and let f: A — Z be continuous. The following statements are equivalent:

(1) f can be extended over X,
(2) f is homotopic to an extendable function g: A — Z.
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Proof. That (1) = (2) is clear since f ~ f by Lemma A.12.1(1).

For (2) = (1), let H: AxI — Z be a homotopy with Hy = g and H; = f.
Since g is extendable, f is extendable as well (Theorem 1.4.2). O

Our next goal is to investigate contractibility within the class of ANR’s.

Theorem 1.4.4. Let X be an AR. Then X is contractible.

Proof. By Corollary 1.1.8, X can be thought of as a closed subset of a
normed linear space L. Fix an arbitrary point p € L. Since the func-
tion F': L x I — L defined by the formula

(x,t)—t-p+(1—-t) x

is a contraction, it follows that X is contractible, being a retract of L (The-
orem A.12.4). O

These results yield the following interesting and useful characterization
of AR’s.

Corollary 1.4.5. Let X be a space. The following statements are equivalent:

(1) X is an AR,
(2) X is a contractible ANR.

Proof. The implication (1) = (2) is trivial by Theorem 1.4.4.
For (2) = (1), let
H: XxI—X
be a homotopy such that Hy = 1 and H; is constant, say with constant

value c¢. In addition, let Y be a space, A C Y be closed and f: A — X be
continuous. Define F': A xI — X by

F(aat) = H(f(a)vt)
Then F' is clearly a homotopy with Fy = f and F} a constant function. It is
trivial that I} can be extended to a continuous function from Y to X. As X

is an ANR, by Corollary 1.4.3 it follows that F = f can be extended over Y.
We conclude that X is an AR. O

For a nontrivial generalization of Corollary 1.4.5, see Theorem 4.2.20.

CUIIUD- Lﬁt ‘( 1IJU d dSPaLt ClAlld bUllDi\lUl ltq
Exercise 1.2.2 that if A(X) is an ANR, then so is X. It is a
question whether the converse holds.

Theorem 1.4.6. For a space

is an ANR,
(X ) is an Al\[E’f

owing statements are equivalent:

(2)
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1.5. Topological characterization of some familiar spaces

The aim of this section is to present topological characterizations of two
familiar spaces, namely, the Cantor middle-third set C and the closed unit
interval I. (See §1.9 for topological characterizations of Q and P.)

Topological characterization of the Cantor set. A space X is called
zero-dimensional if it is nonempty and has a base consisting of clopen sets,
i.e., if for every point z € X and for every neighborhood U of = there exists
a clopen subset C C X such that x € C C U. It is clear that a non-
empty subspace of a zero-dimensional space is again zero-dimensional and
that products of zero-dimensional spaces are zero-dimensional. Observe that
by Exercise A.2.12 it follows that a space is zero-dimensional if and only if it
has a countable base consisting of clopen sets.

It is clear that no nontrivial connected space is zero-dimensional. As a
consequence, if a space contains a nontrivial connected subspace then it is
not zero-dimensional.

Proposition 1.5.1. Let X be zero-dimensional. Then for every open cover U
of X there exists a refinement V of U consisting of pairwise disjoint clopen
sets.

Proof. Let U be an open cover of X. Since X is zero-dimensional, it can be
refined by a clopen cover €. We may assume without loss of generality that €
is countable, say & = {E,, : n € N} (Corollary A.2.3). Now put V; = E; and

Vo =E,\ | JE
i<n
for every n > 2. Then V = {V,, : n € N} is as required. O

Corollary 1.5.2. Let X be a space. Then X is zero-dimensional if and only
if for all disjoint closed sets A and B there exists a clopen subset U C X such
that ACU and BNU = 0.

Proof. First assume that X is zero-dimensional. For every x € X let U, be
a neighborhood of x such that U, N A =0 or U, N B = ) (here we use that A
and B are disjoint closed sets). By Proposition 1.5.1 there is a refinement V
of {U, : © € X} consisting of pairwise disjoint clopen sets. Now put

U= J{vev:vna#o}

It is easy to see that U is as required.

If for all disjoint closed subsets A and B of X there exists a clopen set C'
with A C C C X \ B, then the clopen subsets of X clearly form a base. So
then X is zero-dimensional. g



CHAPTER 2

Basic combinatorial topology

In this chapter we present some elementary combinatorial results and
apply these to get nontrivial information about the topology of the Euclidean
spaces R™, n € N. The main result is the Brouwer Fixed-Point Theorem.

2.1. Affine notions

In this section we will introduce simplicial complexes and present some
basic results on them. So-called subdivisions of simplicial complexes are
important in the proof of Brouwer’s Fixed-Point Theorem as well as in ANR-
theory.

For completeness sake, we begin by reviewing some elementary Linear
Algebra. The proofs of these results are left to the reader.

Let V denote a fixed vector space.

Let F be a finite subset of V', say F = {v1,...,v,}. An affine combi-
nation of vy,...,v, is a vector v that can be written in the form Z?:l tiv;

with ¢1,...,t, € Rand Y1, t; = 1. Such a v is called geometrically depen-
dent on F.

A linear (affine) subspace of V' is a subset of V' closed under the formation
of linear (affine) combinations.

Theorem 2.1.1. Let A be a subset of V and let a € A. Then A is an affine
subspace if and only if A — a is a linear subspace.

If S C V, then the intersection of all affine (linear) subspaces of V
containing S is the smallest affine (linear) subspace of V' containing S. This
subset is called affine hull (linear hull) of S and is denoted by aff(S) (lin(S)).

Theorem 2.1.2. aff(S) is the set of all affine combinations of elements of S.
Moreover, for every a € S the following equality holds:

aff(S) — a =1in(S — a).

We see that if S C V then aff(S) is a translated linear subspace of V,
since for every a € S the equality

aff(S) = a +1in(S — a)

111
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holds. We say that S spans the affine subspace aff(5).
Let v1,...,v, € V. Then

(1) the vectors vy, ..., v, are said to be geometrically independent if for
all elements ¢1,...,t, € R with >1  ¢; =0 and >, t;v; = 0 we
have t; =---=t, =0,

(2) a subset S C V is linearly (geometrically) independent if and only
if every finite subset is.

Theorem 2.1.3. Let S C V. The following statements are equivalent:

(1) S is geometrically independent,
(2) nox € S is geometrically dependent on a finite subset F' C S\ {z},

(3) for every se€ S, {x —s:x € S,z # s} is linearly independent,
(4) for some s € S, {x —s:x € S,x # s} is linearly independent.

Corollary 2.1.4. Let S C R" be geometrically independent. Then S con-
tains at most n + 1 points.

Consider the affine subspace aff(S) and fix an arbitrary a € S. We saw
that aff(S) = a + lin(S — a). So there exists a subset ' C S such that
lin(S — a) = lin(T — a) while moreover T — a is linearly independent. By
Theorem 2.1.3 it follows that 7" = {a} U T is geometrically independent.
Then

aff(T") = a+1in(T" —a) = a+ lin(T — a) = a + lin(S — a) = aff(9).
So we conclude that S and its geometrically independent subset 7’ span the
same affine subspace.

An affine subspace of a linear space is called m-dimensional if it is

spanned by m 4+ 1 geometrically independent vectors.

Proposition 2.1.5. Let S C V be geometrically independent. If A,B C S
then
aff(4) Naff(B) = aff(AN B).

The following result is a nice test for proving that subsets of V are geo-
metrically independent.

Theorem 2.1.6. Let ag,ay,...,a, be elements of V such that
ai+1 & aff({ao, ..., ai})
for every i < n. Then {aq,...,a,} is geometrically independent.

A function between affine subspaces of linear spaces is called affine if
it preserves affine combinations. Images and preimages of affine sets under
affine functions are again affine.
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Theorem 2.1.7. Let V; and V5 be linear spaces, let Ay C Vi and A; C Vs
be affine subspaces and let f: A; — Ay be a function. Then the following
statements are equivalent:

(1) f is affine,
(2) the composition
Ay —ay 294, L 4, 2% Ay — ay (a1 € Ay, a2 = f(ar)),
i.e., the function £: A1 — a1 — As — as defined by
§(z) = f(z +a1) — ag,

is linear.

From Theorem 2.1.7 it follows that an affine function, the domain and
range of which are both contained in a finite dimensional normed linear space,
is continuous. This can be seen as follows.

We first claim that for arbitrary n,m € N, linear functions
R” — R™

are continuous. First observe that each linear function f: R — R is a multipli-
cation and hence is continuous. Assume that every linear function f: R? — R
is continuous for i < n, and let F': R*™1 — R be linear. If f; = F [ R" x {0}
and

fa=F {0} x {0} x--- x {0} xR.

nx

then they are continuous by assumption. But then F' is continuous by lin-
earity, being the sum of the continuous functions

(1, Tpt1) — fi(zy, ..., 2p,0)
and
(xh s 7xn+1) e f2(0a cee Oumn+1)~
Consequently, each linear function f: R®™ — R™ is continuous since R™ is
endowed with the product topology. By Exercise 1.1.18 it follows that each
finite dimensional normed linear space is topologically isomorphic to some R™.

So we conclude that a linear function between finite dimensional normed
linear spaces is indeed continuous.

This gives us what we want since by Theorem 2.1.7 each affine function f,
the domain and range of which are both contained in a finite dimensional
normed linear space, is of the form

f=E&oFon,

where both ¢ and n are translations and hence homeomorphisms (Exer-
cise 1.1.3), and F is linear.

E
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Simplices. Let V be a linear space. An n-simplex in V is a geometrically
independent subset of V' having precisely n+ 1 points. Simplices are denoted
by Greek letters. If o and 7 are simplices and o C 7 then o is called a face
of 7; to indicate that o is a face of 7 we shall also use the notation: o < 7.
An n-simplex in V is sometimes also called an n-dimensional simplex.

Theorem 2.1.8. Let o be a simplex in V and let A = aff(0). Then every
element x € A can be written uniquely as an affine combination ) t,-v
of 0. In addition, the functions a,,: A — R defined by a,,(x) = t, are affine.

Corollary 2.1.9. Let o and 7 be simplices in V such that T < o and let
A =aff(o), B =aff(r).

If x € B then ay,(x) =0 for every v € o \ 7.

The real numbers «,(x) for v € o are called the affine coordinates of x
with respect to o. We call the «, the coordinate functions of aff(c). This
notation will remain in force throughout the book.

Observe that by the above remarks and Theorem 2.1.8 it follows that the
coordinate functions of aff(c) are continuous on aff (o).

A geometric simplex is the convex hull of a simplex. We use |o| as an
abbreviation for conv(o) and sometimes say that |o| is the geometric simplex
spanned by o. If ¢ € |o| then it can be written as a convex combination of
the elements of o (Lemma 1.1.1). But a convex combination is a special case
of an affine combination, and affine coordinates are unique by Theorem 2.1.8.
So we conclude that the affine coordinates of € |o| are non-negative.

The elements of ¢ are called the vertices of |o|. If T is a face of o then |7|
is also called a face of |o|. The union of all proper faces of |o| is called
the (geometric) boundary O|o| of |o| and its complement is the (geometric)
interior |o|° of |o].

It is clear that the geometric interior of a simplex is non-empty. Just
observe that a point in |o| all whose affine coordinates are strictly positive
belongs to the geometric interior of |o].

Since a geometric simplex |o| is the convex hull of the finite set o it follows
that |o| is compact (Lemma 1.1.1(2)); this remark will be used without
explicit reference in the remaining part of this book.

Theorem 2.1.10. Ifo is a simplex and 01,05 C o then |o1|N|os| = |o1Nog|.
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"

function r: J® — B"™ defined by

r(z) = { ﬁ ([[z] > 1),

o ([zfl <1).
is a retraction. Consequently, B™ has the fixed-point pfoperty by Theo-

rem 2.4.5 and Exercise A.12.10(2) (observe that in fagtI" and B™ are home-
omorphic, cf. Exercise 1.1.24).

Theorem 2.4.10 (No-Retraction Theorem). for every n € N, S"~1 is not a

retract of B™.

Proof. To the contrary, suppose that S*~! is a retract of B". As was re-
marked above, B™ has the fixed<point property. Consequently, S”~! has the
fixed-point property by Exércise A.12.10(2). However, the antipodal map-
ping on S"~! clearly démonstrates that S*~! does not have the fixed-point
property. Contradiction. g

Corollary 274.11. No S” is contractible.
Proof” Suppose that S™ is contractible. Then it is an AR by Corollar-

.2.13 and 1.4.5. Consequently, there exists a retraction r: B" — S"1,
T contradicts Theoremm 24:10: O

Application 2: The Theorem on Partitions. The following result
is the basis for dimension theory (see Chapter 3).

The Theorem on Partitions 2.4.12. Consider J" and for i < n its oppo-
site faces

Ai:{IEJnlmi:—l}, Bl:{xe.,]]”xzzl}
If C; is a partition between A; and B; for i <n then (;_, C; # 0.

Proof. To the contrary, assume that for every ¢ < n, C; is a partition be-
tween A; and B; such that ﬂ?zl C; = . There are closed subsets F; and Fj
in J™ for 4 < n such that
AiCE;, B CF, EUF=]" ENF=C.
By Exercise A.4.9 there exist continuous functions &;: J” — J such that
GlAl={1}, &[Bl={-1}, &' 0)=Ci

Define f: J" — J" by f(z) = (&(2),...,&(2)). Then f is continuous and
the point 0 does not belong to its range. For every = € J" \ {0} the ray
from 0 through x intersects the ‘boundary’ B = J;'_; A; U], B; of J" in
precisely one point, say r(z). The function r: J” \ {0} — B is easily seen to
be continuous. The function g =ro f: J® — B has the following properties:

g[(flv 1)n] n (71, 1)n = Q,
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and for every i < n,
9lAi] C Bi, g[Bi] C A;.
Therefore, g has no fixed-point, which contradicts Theorem 2.4.5. g
Corollary 2.4.13. Consider the Hilbert cube @) and its opposite faces
Wil={zeQ:azi=-1}, W' ={z€Q:2;=1}.
If C; is a partition between VV[1 and W} for every i then (;=, Ci # 0.

Proof. For every m, define f,,: J™ — Q by

fm(@1, o zm) = (21, .., 2, 0,0,...).

Then f,, is clearly an imbedding. It is easily seen that f,.1[C;] is a partition
between A; and B; for every ¢ < m. Consequently, by Theorem 2.4.12,

() £t 1Ci) # 0.
i=1
By compactness of () we therefore obtain that

i=1
which is as desired. 0

Theorem 2.4.14. Let n € N. Then
(1) if A C S"! then B™\ A is contractible.

Theorem 1.4.4.)
(2) Without loss of generality, 0 € A. Assume o the contrary that

O

Since J® and B™ are homeomorphic, cf. Exercise 1.1.24, this yields:

orollary 2.4.15. Let-n-e N—Then1"—is-not-tHomogeneous.
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CHAPTER 3

Basic dimension theory

Dimension theory enables us to assign to every topological space X a
number, dim X, in
{-1,0,1,... } U {oo}
having, among other things, the following properties:

(1) if X and Y are homeomorphic spaces then dim X = dimY,
(2) dimR"™ = n for every n € N.

So dim X is a topological invariant of X, and by (2) it distinguishes be-
tween the euclidean spaces R™, n € N. A space X for which dim X < oo is
called finite dimensional, and a space is infinite-dimensional if it is not finite
dimensional.

The aim of this chapter is to present some basic results from dimension
theory. Some of the presented results are classical: they mostly concern finite
dimensional spaces. However, during the last decades significant contribu-
tions were made concerning the topology of infinite-dimensional spaces and
the topology of hereditarily indecomposable continua. We shall also present
some of these results in detail.

3.1. The covering dimension

Let X be a space and let I' be an index set. The Theorem on Parti-
tions 2.4.12 motivates the following definition: a family of pairs of disjoint
closed sets 7 = {(A4;, B;) : i € T'} of X is called essential if for every family

{Lz RS F},
where L; is an arbitrary partition between A; and B; for every i, we have
m L; #0;
ier
if 7 is not essential then it is called inessential. So Theorem 2.4.12 and Corol-
lary 2.4.13 show that I"™ has an essential family of n pairs of disjoint closed

sets and @ has essential families of size n for every n < Ny. It follows easily
that every subfamily of an essential family is again essential (Exercise 3.1.1).

151
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Theorem 3.1.1. 1™ has an essential family consisting of n pairs of disjoint
closed sets, but every family consisting of at least n+1 pairs of disjoint closed
sets is inessential.

Proof. By the above remarks we need only to consider the second part of
the theorem.

Let A and B be disjoint closed subsets of I and let £ C I be dense.

Claim 1. There is a partition D between A and B such that
DC{zel":(Fi<n)(z; € E)}.

Proof. This is easy. Every point z € A has a neighborhood of the form

H [a/iy bl] 3

i=1
with a;,b; € EU{0,1} for every i < n, which misses B. There is a finite
family F of these neighborhoods whose union covers A, and the boundary D
of this union is contained in the union of the boundaries of the elements of F.
We conclude that D is the required partition between A and B. O

Now let 7 = {(A;,B;) : i« < n+ 1} be an arbitrary family consisting
of n+1 pairs of disjoint closed subsets of 1. We will prove that 7 is inessential.
Indeed, there exist n + 1 pairwise disjoint dense subsets of I. One can take
for example

Ei=(2+Q)NI, Ey;=(3+Q) NI E;3=(W5+QnIL ...,

respectively. By the above there exist partitions D; between A; and B; such
that

D; C{zel": (35 <n)(z; € E;)} (1<n+1).
Since the E; are pairwise disjoint, clearly ﬂ?;rll D; =10. O

Observe that in Theorem 3.1.1 we formulated a topological property of 1™
shared by no I"™ for m # n. In particular we obtain:

Corollary 3.1.2. Let n,m € N. If n # m then I"" % 1.

These remarks suggest the following definition: for a space X define its
covering dimension, dim X € {—1,0,1,...} U {oc}, by

dmX =-1 & X =0,

dimX <n <& every family of n+1 pairs of disjoint closed subsets
of X is inessential,

dimX =n < dmX <nanddimX £n—1,

dimX =0 <« dim X # n for every n > —1.
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A space X with dim X < oo is called finite dimensional; if it is not finite
dimensional then it is called infinite-dimensional.

Observe that dim X > n if and only if there is an essential family con-
sisting of n pairs of disjoint closed subsets of X. So in a sense, there are n
different ‘directions’ in X. Also observe that it is not clear at all why we call
dim X the covering dimension of X: the term partition degree seems to be
more appropriate. We will explain our terminology later.

It is easy to see that if X and Y are homeomorphic spaces then X and Y
have the same covering dimension.

In our new terminology, Theorem 3.1.1 reads as follows:

Theorem 3.1.3. dimI™ = n for every n.

In §1.5 we called a space zero-dimensional if it is nonempty and has
a base consisting of clopen sets. In Corollary 1.5.2 it was shown that a
space X is zero-dimensional if and only if () is a partition between any pair
of disjoint closed subsets of X. So, in our new terminology, a space X is
zero-dimensional in the sense of §1.5 if and only if dim X = 0. It will turn
out that zero-dimensional spaces are, in a sense, the ‘building blocks’ of all
the other finite dimensional spaces.

Without too much trouble, the proof of Theorem 3.1.1 can be adapted
to show that dimR"™ = n for every n. This equality however will turn out
to follow trivially from Theorem 3.1.1 and results to be derived in §3.2. For
that reason we will not verify it here.

For later use we shall now study some elementary properties of essential
families of pairs of disjoint closed sets.

The following simple result is fundamental for dimension theory since it
allows to extend partitions in subspaces to partitions in the whole space.

Lemma 3.1.4. Let Y be a subspace of a space X. In addition, let A and B
be disjoint closed subsets of X. If U and V are open neighborhoods of A
and B, respectively, having disjoint closures, and if S is a partition in Y
between Y NU and Y NV, then there is a partition T in X between A and B
such that TNY C S.

Proof. Write Y\ S as the disjoint union of two open (in Y) sets F and F
such that

YNUCE, YNVCF
Since ENV = () we obtain EN B = (), and similarly F N A = (). From this it
follows easily that AU E and B U F are separated. By Corollary A.8.2 there
exist disjoint open neighborhoods U’ and V' of AUE and BUF, respectively.
Clearly, T = X \ (U’ UV’) is as required. O

For a closed subspace we can do a little better.
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Corollary 3.1.5. Let Y be a closed subspace of a space X. In addition,
let A and B be disjoint closed subsets of X. If S is a partition in Y between
the sets Y N A and Y N B, then there is a partition T' in X between A and B
such that TNY C S.

Proof. Write Y\ S as the disjoint union of two open (in V) sets E and F
such that

YNACE, YNBCF
Observe that S U F U B is closed in X and that AN (SUFUB) = 0. By
Corollary A.4.3 there is an open neighborhood U of A in X such that

UNn(SUFUB)=0.

By a similar argument it is possible to find an open neighborhood V' of B
in X such that

VN (SUEUU) =0.

By construction, S is a partition between U N'Y and V NY. Now apply
Lemma 3.1.4. O

Corollary 3.1.6. Let Y be a zero-dimensional subspace of X. Then for all
disjoint closed subsets A and B of X there exists a partition S between A
and B in X such that SNY = (.

Proof. Let A and B be disjoint closed subsets of X and let U and V be
disjoint neighborhoods of A and B, respectively, such that UNV = () (Corol-
lary A.4.3). Since Y is zero-dimensional, §) is in Y a partition between the
sets UNY and V NY. Now apply Lemma 3.1.4. O

Corollary 3.1.7. If a space X is the union of at most n+1 zero-dimensional
subspaces then dim X < n.

Remark 3.1.8. We will prove later in Corollary 3.3.9 that the converse of
this result is also true; so a space is at most n-dimensional if and only if
it is the union of a family of n 4+ 1 (not necessarily pairwise distinct) zero-
dimensional subspaces.

Proof. Let X = U?:Jrll X; with dim X; <0 fori <n+1. Let

be an arbitrary family of n + 1 pairs of disjoint closed subsets of X. By
Corollary 3.1.6, for each i < n + 1 there exists a partition L; between A;
and B; in X such that L;NX; = (. Then ﬂzrll L; = ) so that 7 is inessential.
We conclude that dim X < n. O

These results enable us to prove the following:
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Theorem 3.1.9. Let X be a space, let {(A;, B;) : @ € T'} be essential in
X, and let T'y be a proper subset of I'. If for every i € 'y, L; is a partition
between A; and B; and

L=()L

€Ty
then
{(LﬁA“LmBZ)’LEF\Fo}

is essential in L.

Proof. For i € T'y let E; be a partition in L between LN A; and L N B;. By
Corollary 3.1.5, for ¢ & I'y we can find a partition F; in X between A; and B;
such that F; N L C E;. Then

0+ Ln (| RcLn () E= () E,

i€l i€l\To i€el\Io iel\Io

which is as required. O

Corollary 3.1.10. Let X be a space and let n > 0. If dim X > n then
there exist disjoint closed subsets A and B of X such that if L is a partition
between A and B then dim L > n — 1.

Proof. If n = 0 then there is nothing to prove. So assume that n > 1. Since
dim X > n there exists an essential family

T={(4;,B;):i <n}

in X. We claim that A; and B, are as required. Indeed, let L be a partition
between A; and B;. Observe that L # () since 7 is essential. We consider
two cases. If n = 1 then since L # (), dim L > 0 and so we are done. If n > 1
then by Theorem 3.1.9, L has an essential family of cardinality n — 1, namely
the collection

And sodim L > n — 1. O

Exercises for §3.1. A space X is called countable dimensional if it can be
written as the union of countably many zero-dimensional subspaces (cf. Corol-
lary 3.1.7). In addition, a space X is called strongly infinite-dimensional if it has
an infinite essential family. See e.g., §3.13 for more information on these notions.

Let X be a space with disjoint closed subsets A and B. We say that a closed
subset S of X is an idrreducible partition between A and B if S is a partition
between A and B while no proper closed subset of S shares this property.

1. Prove every subfamily of an essential family is again essential.
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Let 7 = {(A;i, B;) : ¢ < n} be a family of pairs of disjoint closed subsets
in the space X. Prove that if there exist different indices 7,j < n such
that

(Ai, Bi) = (45, B;)
then 7 is inessential.

Let 7 = {(As, B;) : ¢ < n} be a family of pairs of disjoint closed subsets
in the space X. Prove that if 7 is essential then X can be mapped
continuously onto I".

Let X be a compact space and let 7 = {(A;, B;) : ¢ € I'} be an essential
family in X. Prove that I' is countable.

Prove that if X is connected and contains more than one point then X
is at least one-dimensional.

Prove that if X is strongly infinite-dimensional then X is not countable
dimensional. Give an example of a strongly infinite-dimensional space.
Assuming that every finite dimensional space is countable dimensional,
give an example of an infinite-dimensional countable dimensional com-
pact space.

Let X be a compact space, and let 7 = {(4;, B;) : ¢ € I'} be a family of
pairs of disjoint closed subsets of X. Prove that 7 is essential if and only
if every finite subfamily is.

Let X be a space. Assume that 7 = {(A;, B;) : @ € I'} is an inessential
family of pairs of disjoint closed subsets of X. Prove that for every
subspace F C X the family

{(AsnE,BiNE):iel}
is inessential in F.

Let X be a compact space and let 7 = {(4;, B;) : ¢ € I'} be an essential

family of pairs of disjoint closed subsets of X. Prove that there is a

component C' of X such that the family
T[CI{(AiﬂC,BiﬂC)ZiEF}

is essential in C. Conclude that every strongly infinite-dimensional com-

pact space has a strongly infinite-dimensional component.

Prove that 2%, the hyperspace of I, is infinite-dimensional.

Let f: X — Y be continuous, and let 7 = {(A;,B;) : ¢ € I} be a

collection of pairs of disjoint closed sets in X. Assume that the collection
T ={(flAi], f[Bi]) - i € I}

consists of pairs of disjoint sets and is inessential. Prove that 7 is inessen-

tial.

Let f: X — Y be continuous, and let 7 = {(A;,B;) : i« € I} be an
inessential collection of pairs of disjoint closed sets in Y. Prove that the
collection

F={ fHAL B i€}
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is inessential in X.
13. Let X be a space and let {(A;, B;) : ¢ E-F} be essential in X. Suppose
that the set Y C X is such that Y N seT L; # ( for any choice of

partitions L; of A; and B; in X. For each i € I let U; and V; be disjoint
closed neighborhoods of A; and B;, respectively. Prove that

{UsnY,V;nY):iel}
is essential in Y.

14. Let X be a zero-dimensional space containing the pairwise disjoint closed
subsets A, B and C. Prove that C' is a partition between A and B. (So
in a zero-dimensional space every irreducible partition is empty.)

»15. Give an example of a space X containing two disjoint closed subsets A
and B such that no partition between A and B is irreducible.

»16. Prove that the Brouwer Fixed-Point Theorem and the fact that there is
a space X with dim X = oo are equivalent statements, in the sense that
they are easily deduced from each other. (This complements the list in
Exercise 2.4.1 with an additional statement.)

3.2. Translation into open covers

We defined the covering dimension dim X in terms of properties of the
family of all closed subsets of X. In this section we see that dim X is also
describable in terms of properties of the family of all open covers of X. As
an application of the results derived here we present a simple proof that R™
is n-dimensional for every n. We conclude from this that R™ and R™ are
homeomorphic if and only if n = m.

Let X be a space and let A and B = {B(A) : A € A} be families of
subsets of X. We say that B is a swelling of A if
(1) for every A€ A, A C B(A),
(2) for every finite F C A, NTF = 0 iff 5 B(A) = 0.
Observe that if B(Ag), B(A41) € B are distinct then so are Ay and A,
but the converse need not hold.

Before we state the following proposition, let us recall that a locally finite
collection is countable (see the remark on Page 486 following the definition
of locally finite collection).

Proposition 3.2.1. Let F be a locally finite collection of closed subsets of

a space X. Then F has a swelling consisting of open subsets of X.

Proof. We can enumerate F as {F; : ¢ € N}. Without loss of generality,
assume that F; = (). By induction on ¢ € N we shall construct an open
neighborhood U; of F; such that

H:i:{Ul,...,UL'7Fi+17F’i+27"'}

=


van Mill
H: 14

P: 13


158 3. BASIC DIMENSION THEORY

is a swelling of F. Put U; = (), and assume that for some i the sets Uy, ..., U;
have been constructed. Observe that F; is locally finite. Put

B = { ﬂ € : € is a finite subcollection of F; and (ﬂ 8) NFi4 = Q)}.

Observe that B is locally finite as well and put B = |JB. Then B is closed
by Exercise A.7.1 and clearly BN F;.; = (). By Corollary A.4.3 there con-
sequently exists an open neighborhood U;y; of Fj;1 the closure of which
misses B. It is clear that the set U, is as required.

We claim that {U; : i € N} is a swelling of F. To this end, take arbi-
trary i(1),...,4(n) € N and assume that ()_, Fj(;) = 0. Let

m = max{i(1),...,i(n)}.
Then {Uy,...,U,} is a swelling of {Fy,...,F,,} by our construction. We
conclude that (\;_, Uy(;) = 0. O

Corollary 3.2.2. Let ¥ be a locally finite family of closed subsets of a
space X. Also, for every F € F let V(F) be a neighborhood of F. Then
there exists a swelling {U(F) : F € F} of F consisting of open subsets of X
such that for every F € F we have U(F) C V(F).

Proof. By Proposition 3.2.1 there exists an ‘open’ swelling {W(F) : F € F}
of F. By Corollary A.4.3 there exists for every F' € F an open neighbor-

hood U(F) such that U(F) C V(F)NW(F). We claim that {U(F) : F' € F}
is as required. To this end, let § C F be finite such that () = . Then
clearly (Vpeg W(F') = 0 from which it follows that ()pcq U(F) = 0. O

We now show how finite closed collections can be modified.

Lemma 3.2.3. Let A, Aq,..., A, be closed subsets of a space X. Moreover,
let V1,...,V, be open subsets of X with AN A; CV; for every i < n. If

A:A\U‘/za Az:AZUVZ
i=1
for i <n then
(1) AVUL, A C AUl A,
(2) AN, Ai S Nis, Fr v
Proof. Observe that (1) is trivial. For (2), simply observe that for i < n,
ANA; C(A\ V)N (AiUT)
=[(ANA)\Vi]JU[AN (Vi\ V)]
CFrV;.

So we are done. O
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One should think of the previous triviality in the following way. The
closed sets A are changed into the closed sets A. But this is not done in
an arbitrary way because (1) tells us that what is covered by the A’s is also
covered by the A’s, and (2) tells us where the intersection of the A’s can be
found.

The results obtained so far have nice applications in dimension theory.

Corollary 3.2.4. Let X be a space such that dim X < n < oo. Then for
every countable open cover U of X and for every subcollection ¥ C U of
cardinality n + 2 there exists an open shrinking V = {V(U) : U € U} of U
having the following properties:

(1) forevery U € U, V(U) CV(U) C U,
2) Nyes VU) = 0.

Proof. Enumerate U as {U; : i € N}. Without loss of generality,

3: - {Ul, ey Un+2}.
By Proposition A.7.1 there exists a closed shrinking {B; : i € N} of U. For
every i < n+ 1 define A; = X \ U;. Then {(B;,4;) : i <n+ 1} is a family

of n 4+ 1 pairs of disjoint closed subsets of X. Since dim X < n, there exist
open sets V; C X for ¢ < n + 1 such that

(3) BiCV,CV,C X\ A4 =U,,
(4) M, Frv; = 0.
Now consider the closed sets By, ..., Bpi12. For ¢ < n+1 put BZ =V, and

let Bn+2 = Bpi2\ U?:Jrll V;. Observe that the B’s are the ‘improved’ sets we
get from Lemma 3.2.3 by considering the collections of closed sets

Bpny2,Bi1,. .., Buyt

and open sets
Vla RS Vn+1~
So we get by (4) that

n+2 n+1

(5) N Bc(RV:=0
i=1 i=1

Observe that

B ={B1,Bs,...,Bni2, Buis, Busa,...}

"B, € U2 B;. In addition, the first n + 2 members

of B have empty intersection by (5). Since B; C U; for every i < n + 2, the
desired result now follows from Corollary 3.2.2. g

covers X since |
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Let U be a cover of a space X and let n > 0 (we do not assume U
to be open). We say that the order of U is at most n, ord(U) < n, if for
every € X,

HUeU:2e€U}| <n+1.

We now come to the following central result.

Theorem 3.2.5. Let X be a nonempty space and let n > 0. The following
statements are equivalent:

(1) dim X <mn,

(2) for every open cover U of X there exists a locally finite closed re-
finement V of U such that ord(V) < n,

(3) for every open cover U of X there exists an open refinement V of U
with ord(V) < n,

(4) for every open cover U of X there exists a closed shrinking V of U
with ord(V) < n,

(5) for every open cover U of X there exists an open shrinking V of U
with ord(V) < n,

(6) for every finite open cover U of X there exists a closed shrinking V
of U such that ord(V) < n,

(7) for every finite open cover U of X there exists an open shrinking V
of U such that ord(V) < n.

Remark 3.2.6. This theorem explains the earlier terminology covering di-
mension. The vague idea behind dimension theory is that one wishes to cover
a given space with finitely many ‘small’ open sets in such a way that as few
of the open sets as possible have points in common. If dim X < n then it is
possible to do that in such a way that at most n + 1 elements intersect. If
dim X > n then no matter how the ‘small’ cover is chosen, there are always
at least n + 1 elements having a point in common. It is interesting and in-
triguing that these ideas can be used to distinguish between various spaces
topologically.

Remark 3.2.7. Missing in the list of statements in Theorem 3.2.5 is:

(8) for every open cover U of X there exists a closed refinementV of U
with ord(V) < n.

This is not a very interesting statement, since every open cover U of a space X
is refined by the closed cover {{z} : # € X} of X which has order 0. The
following statement seems to be more interesting:

(8') for every open cover U of X there exists a countable closed refine-
ment V of W with ord(V) < n.

It is not true that (8') characterizes all at most n-dimensional spaces. We
will show in Exercises 3.2.7 and 3.2.8 that Erdés’ space described in Exam-
ple 1.5.18 has the property that every open cover U of it has a countable
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disjoint closed refinement, yet E is one-dimensional (as will be shown in Ex-
ample 3.4.13). We do not know whether spaces that satisfy condition (8')
are at most (n + 1)-dimensional.

Proof. We prove (1) = (2).

Since a refinement of a refinement is a refinement, by Corollary A.7.3
we may assume that U is locally finite. Enumerate U as {Up; : i € N}. In
addition, let {F(j) : j € N} enumerate the collection of all subsets of N of
cardinality precisely n+ 2. By Corollary 3.2.4, for j € N there exists an open
cover V; = {U;, : i € N} of X having the following properties:

(8) for each i, U;; CU;; CU;j_1,,
9) nieF(j) Uji = 0.

Now for each ¢ € N define
Si =) U
j=1
Claim 1. The collection V = {5, : i € N} covers X.

Proof. Take an arbitrary x € X. Since U is locally finite, x is contained in
finitely many elements of U only. Pick m € N such that = & | J,-,,, Uo;- We
conclude that for every j € N there is an index k(j) < m such that x € Uj 5 ).
So there exists £ < m such that z belongs to infinitely many of the Uj .
By (8) this implies that = € Sy, which is as required. &

We conclude that V is a closed shrinking of U and hence is locally finite.
Moreover, ord(V) < n by (8) and (9).

We prove (2) = (3).

By (2) there exists a locally finite closed refinement 8 of U such that
ord(8) < n. For each S € § pick U(S) € U containing S. By Corollary 3.2.2
there exists an open swelling V = {V(S) : S € 8} of 8 such that for every
element S € 8§ we have V(S) C U(S). Since ord(8) < n we get ord(V) < n,
and so V is as required.

We prove (3) = (5).
By (3) there exists an open refinement W of U such that ord(W) < n. For

each W € W pick U(W) € U be such that W C U(W). Now for each U € U
define

V(U) = J{WeW:UW)=U}.

Clearly, V = {V(U) : U € U} is an open shrinking of U and it therefore
suffices to prove that ord(V) < n. Take pairwise distinct

V(Ul), .. .,V(Un+2) eV
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and assume that z € ﬂ?;rf V(U;). For each i < n+2 there exists W; € W such
that U(W;) = U; and « € W;. Since the U; are pairwise distinct, this implies
that the W; are pairwise distinct. But ord(W) < n, and so x € ﬂ?if W; = 0.
This is a contradiction.

We prove (5) = (4).

Observe that if A is a cover of X such that ord(A) < n and B is a
shrinking of A then ord(B) < n. So (4) follows directly from (5) and Corol-
lary 3.2.4.

We prove (4) = (6).

This is a triviality.
We prove (6) = (7).

This follows immediately from Corollary 3.2.2.
We prove (7) = (1).

Let {(A4;,B;) : i < n+ 1} be a family of n + 1 pairs of disjoint closed
subsets of X. Observe that

nt1 n+1

ﬂ AN U B, =10
i=1 =1

so that the collection
n+1

{X\AMX\A%“WX\&HhX\EJ&}

covers X. By (7) there consequently exists an open cover V = {V; : i < n+2}
of X such that

(10) Vi C X'\ A (i<n+1)

(11) Voya € X \U, B;,

(12) ord(V) < n.
Let F = {F; : i < n+ 2} be a closed shrinking of V = {V; : i < n + 2}
(Proposition A.7.1). Now for i < n + 1, define 4; and B; by

Aj = AU (Frpz \ Vo),

B; = B; UF,.
+

Claim 2. For every i <n+1, A, N B; = 0.

Proof. Simply observe that A; N B; = (), that F; C V; from which it follows
that A; N F; =0 and (F42 \ Vi) N F; = 0 and that F,4 o N B; = 0. O

Claim 3. |7 (A, U B)) = X.
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Proof. Since J covers X, we are done if we show that U"+1 F;, C U"+1
and Fj19 C UnJr1 A The first inclusion is a triviality. For the second one

observe that Fj, 1o C V19 and that by (12), V42 ﬁﬂnH V; = (0. We conclude

that
n+1 n+1

n+2 n+2\ﬂVCUAza
which proves the claim. &

By Corollary A.4.3 there exists for every i < n+ 1 a partition L; between A;
and B;. Since A; C A; and B; C B; for every i, L; is also a partition between
the sets A; and B;. By Claim 3 we obtain

n+1 n+1

ﬂL CX\U =X\X=0,

as required. O

Naturally, the reader wonders about the relation between the dimension
of a space X and the various dimensions of its subspaces. We finish this
section by deriving two results about that relation.

The Countable Closed Sum Theorem 3.2.8. If X can be covered by
countably many closed and at most n-dimensional sets then X is at most
n-dimensional.

Proof. It is clear that without loss of generality we may assume that n < co.
Enumerate the closed cover F as {F; : i € N}, and put Fy = (). Let U be
a finite open cover of X. By induction on ¢ > 0 we shall construct an open
cover U(4) of X such that the following conditions are satisfied:

(1) W) =1,
(2) if 0 < j < i then U(i) is a shrinking of U(j),
(3) ord(U(3) | F;) < n.
Observe that conditions (2) and (3) are satisfied for i = 0. Now assume that

we completed the construction for all j with 0 < j < 4. Since dim F; < n, by
assumption, the open cover U(i — 1) | F; of F; has an open shrinking

V={V({U):Uecl(i—1)}
of order at most n (Theorem 3.2.5). For each U € U(i — 1) put
W(U)=(U\F,)uV({).
It is clear that
W={W@):UeUli-1)}
is an open shrinking of U(i — 1) such that ord(W [ F;) < n. An easy appli-
cation of Proposition A.7.1 and Corollary 3.2.2 now shows that there exists
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an open cover U(7) of X satisfying (2) and (3). This completes the inductive
construction.

Let the cardinality of U be k < oo. It is clear that for ¢ € N we can
enumerate U(i) as {Up,; : m < k} such that for 0 < i < j and m < k we
have Um,j C Up,i- Now for each € X there exists m(z) < k such that z
belongs to infinitely many of the Uy, (,) ;. So by construction we have

x € ﬂ Um(a:),i'

i=1

By (2) and (3) this implies that

{QUm)i:mgk}:{ Um}i:mgk‘}

i=1

8

is a closed shrinking of U and has order at most n. Consequently, dim X < n
by Theorem 3.2.5. g

Since R™ is a countable union of homeomorphs of 1", Theorems 3.1.1
and 3.2.8 imply that dimR"™ < n. In the remaining part of this section we
shall present, among other things, two additional proofs of this inequality
which are interesting in their own rights.

The Subspace Theorem 3.2.9. Let A be a subspace of a space X. Then
dim A < dim X.

Proof. If dim X = oo then there is nothing to prove. So without loss of
generality assume that n = dim X < oo.

First assume that A is closed. Observe that if 7 is an essential family
in A then it is also an essential family in X. From this it follows immediately
that dim A < n.

Next, assume that A is open. Observe that A is an F,-subset of X by
Exercise A.2.3. That dim A < n therefore follows from the above and the
Countable Closed Sum Theorem 3.2.8.

Finally, assume that A is an arbitrary subspace of X. In addition, let U
be a cover of A by sets that are open in A. For each U € U pick an open
subset V(U) of X with V(U)NA=U. Put V =y V(U). Then V is an
open subset of X and hence, by the above, dim V' < n. Since

V={V(U):UelU

covers V', Theorem 3.2.5 yields the existence of an open refinement W of V
with ord(W) < n. Then X = W [ A is an open refinement of U with order at
most n. Another application of Theorem 3.2.5 now gives us that dim A < n,
as required. O
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A different proof of Theorem 3.2.9 shall be given in Corollary 3.4.14(1)2.

Observe that since R™ is homeomorphic to (0,1)™ we have by Theo-
rems 3.1.1 and 3.2.9 that dimR"™ < n.

The results in this section can also be used to prove that various spaces
are zero-dimensional. We shall demonstrate this by the following example.
Foralln e Nand 0 <m <n let

Rn.m = {z € R" : exactly m coordinates of = are rational}.

Proposition 3.2.10. Let n € N. Then R" = |J' _ R,m and Ry, is
zero-dimensional for all 0 < m < n.

Proof. The first part of this proposition is trivial. For the second part,
observe that if m = 0 then there is nothing to prove since R, ¢ is the product
of n copies of P. So let m > 1 and let A = {i(1),...,i(m)} be a set of m
indices in {1,2,...,n} and let q1,...,qn € Q. Put

X ={z € R" : z;(jy = ¢; for every j < m}.
Observe that X is a closed subspace of R™ and that
X NRym ={r € R" 1 24¢j) = ¢; for every j <m and x; € P for i ¢ A}.

Consequently, X N%R,, ., is a closed subspace of R, ,,, which is homeomorphic
to the product of n — m copies of P. We conclude that X N R, ., is zero-
dimensional. Since PR, ,,, is the union of countably many sets of the above
form X N%R,, ,,, we conclude that dim R, ,,, = 0 by Theorem 3.2.8. O

Corollary 3.2.11. For alln € Nand 0 <m <n,
dim{x € R" : at most m coordinates of x are rational} < m.
Proof. Observe that the set of all z € R™ for which at most m coordinates
are rational coincides with
RnoURp1U---UR, ;-
So we are done by Proposition 3.2.10 and Corollary 3.1.7. g

It therefore again follows that dimR™ < n.
We now come to what is sometimes called the ‘Fundamental Theorem of
Dimension Theory’.
Theorem 3.2.12. For alln € N,
dimR"” = dimI" = dimS" = n.
Proof. By Theorem 3.1.1, dimI" = n. By Theorem 3.2.9 this implies that
dimR™ > n. Since dimR"™ < n, we obtain dimR"™ = n. Also, S™ is the

union of two homeomorphs of I, so an appeal to Theorem 3.2.8 gives us
that dim S™ < n. It now follows easily that dimS™ = n as well. O
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Theorem 3.2.12 is of fundamental importance since it confirms our geo-
metric intuition that R™, I and S™ are m-dimensional. Since the covering
dimension is a topological notion, we also obtain the following

Corollary 3.2.13. If n # m then R™ and R™ are not homeomorphic.

We finish this section with three characterizations of dimension, two of
which are in the spirit of Theorem 3.4.4 and one of which is ‘combinatorial’.

Let 7 be an n-dimensional simplex in a linear space L. Exercise 1.1.24
gives us that 7 is homeomorphic to I, hence dim 7 = n. Now let X = |T| be a
polytope. Since T is countable, by the Countable Closed Sum Theorem 3.2.8
and the above remark we get

dim X = sup{dim7 : 7 € T}
= sup{k : 7 is a k-simplex, 7 € T}.

We conclude that the topological dimension of X equals its ‘combinatorial’
dimension.

Theorem 3.2.14. Let X be a nonempty space and let n > 0. The following
statements are equivalent:

(1) dim X < n,

(2) for every open cover U of X there exists a locally finite open refine-
ment V of U such that such that ord(V) < n,

(3) for every open cover U of X there exists a star-finite open refine-
ment V of U such that such that ord(V) < n,

(4) for every open cover U of X there exist a polytope P such that
dim P < n and a U-mapping f: X — P.

Proof. We prove (1) = (3).

Without loss of generality, U is star-finite (Theorem 2.3.5(1)). Now by
Theorem 3.2.5 there exists an open shrinking V of U such that ord(V) < n.
Since each shrinking of a star-finite cover is clearly star-finite, we are done.

We prove (3) = (2) = (1).

That (3) = (2) is a triviality and that (2) = (1) follows from Theo-
rem 3.2.5.

We prove (3) = (4).

Let U be an open cover of X. By (3) there exists a (countable) star-finite
open refinement V of U such that ord(V) < n. Let P = |[N(V)|. Then

k: X —- P

is a V-mapping by Corollary 2.3.4, and hence a U-mapping. Also, P is a
polytope by Theorem 2.3.5. Finally, since ord(V) < n, N(V) has no simplices
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of dimension greater than n. By the Countable Closed Sum Theorem 3.2.8
it follows that dim P < n.

We prove (4) = (1).
Let U be an open cover of X. By (4) there exists a polytope P such that
dim P < n and a U-mapping f: X — P. For each U € U let E(U) be the

set of all y € P with an open neighborhood Vj, such that f~![V,] C U. Then
the collection & = {E(U) : U € U} is an open cover of P while moreover

fEO)CU

for every U € U. Since dim P < n, Theorem 3.2.5 implies the existence of
an open shrinking V = {V(U) : U € U} of € = {E(U) : U € U} such that
ord(V) < n. It is clear that the collection W = {f~1[V(U)] : U € U} is an
open shrinking of U such that ord(W) < n. By Theorem 3.2.5 we therefore
conclude that dim X < n. O

Exercises for §3.2. A space X is called almost zero-dimensional if it has an
open base B such that every B € B has the property that X \ B is the union of
clopen subsets of X.

1. Let X be a space containing more than one point and let p € X. Prove
that dim(X \ {p}) = dim X. (So the dimension cannot be raised by the
adjunction of a single point.)

2. Let (Xn, fn)n be an inverse sequence of compact spaces such that
dim X, <m < oo

for all n. Prove that the inverse limit of the sequence is at most m-
dimensional. (The compactness condition is superfluous in this result.
But we are not in the position yet to prove this. See Exercise 3.5.2 for
more information.)

»3. Let X be a dense-in-itself space such that dim X < n < oco. Prove that

for every cover {U,...,Upn} consisting of nonempty open sets there is
a collection {Fi,...,Fn} consisting of closed sets having the following
properties:

(1) &# F; C U; for every i <m,
2 Lih=X, T
(3) if i1 <42 < -+- < ipt2 < m are arbitrary then ;Lif Fi, =0.
»4. Prove that every n-dimensional compact space has a component which is
also n-dimensional.

5. Let X be a space. Prove that X is almost zero-dimensional if and only
if X has a base B such that for each pair G, H of elements of B with
disjoint closures there is a clopen set W in X with G C W C X \ H.

6. Prove that every almost zero-dimensional space is totally disconnected.

» 7. Prove that Erdés’ space E is almost zero-dimensional.


van Mill

van Mill
A space X is totally disconnected if for all distinct x,y in X there is a clopen subset C in X containing x but not containing y (informally: points can be separated by clopen sets).

H: 1, 4, 5, 6

P: 7
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8. Prove that if X is almost zero-dimensional then every open cover of X
has a countable refinement by pairwise disjoint closed sets.

9. Prove that C(I?) is infinite-dimensional.

10. Let X be a homogeneous space. Prove that every nonempty open sub-
space of X has the same dimension as X.

3.3. The imbedding theorem

The aim of this section is to prove that every space X with dim X < n
can be imbedded in R?"*!. This is a result of fundamental importance.

For n > 0, define
N, = {z € R* " . at most n coordinates of = are rational}.

So
n
mn == U 9%27L+1,k7
k=0
where the sets Ropt1,6 € R27+1 are as in the previous section.

Observe that 91y is the space of irrational numbers P. The space M,
is called Nébeling’s universal n-dimensional space. For later use, we do not
aim at imbeddings in R?"*! but at imbeddings in 91,,. This does not require
extra work and explains our terminology.

Lemma 3.3.1. For n > 0, dimN,, = n and N,, is the union of n + 1 zero-
dimensional subspaces.

Proof. By Corollary 3.2.11 we get dim,, < n. To see that dim9,, > n,
we claim that 91, contains a homeomorph of I". This is easy. Define an
imbedding i: I — M, by

i1, 2n) = (L1, T, V2,V2, .., V2).
By Theorems 3.2.9 and 3.2.12 we now obtain dim91,, > n.

Since, as observed above, 9, = Ron11,0 U Ront1,1 U~ URopt1n, an
application of Proposition 3.2.10 gives us that 91, is the union of n + 1 zero-
dimensional subspaces. O

A finite subset F' = {x1,...,2,} of R™ is said to be in general position
if for every collection

i(0) <i(1) < --- < i(k)
of at most m + 1 indices in {1,...,n}, the set
{zi0), - @iy}

is geometrically independent, cf. §2.1.


van Mill
A space X is homogeneous if for all x,y in X there is a homeomorphism f of X such that f(x) = y (informally: all points are topologically the same).

H: 8, 10

van Mill
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Lemma 3.3.2. Let G = {z1,...,2,} and F = {y1,...,yx} be subsets of R™
such that G is in general position, and let ¢ > 0. Then for each © < k there
exists a point x,4+; € R™ such that

(D) Nlyi = znsill <e,
(2) {x1,. .., Tn, Tnt1, ..., Tk} is in general position.

Proof. It is clear that the lemma follows by induction once we have estab-
lished it for £ = 1. So we assume without loss of generality that k& = 1.

For every nonempty subset F' C {1,...,n} of cardinality at most m, let
v(F) = aff(F),

the affine hull of F. Each v(F') is a nowhere dense closed subset of R™
since |F| < m. Since G = {z1,...,x,} is finite, there consequently exists a
point

Tn+1 eRm\U{U(F)Fg {1,,7’1},|F| Sm}

such that o(y1, zn+1) < €. We claim that {x1, ..., 2,41} is in general position.
Since G is, we need only prove that if F¥ C {1,...,n} has cardinality at
most m then {z; : i € F} U{x,41} is geometrically independent. This is
clear however since by construction, 2,11 ¢ v(F) (Theorem 2.1.6). O

Now for the remaining part of this section, let X be a fixed space such
that 0 < dim X <n.

Proposition 3.3.3. Let f € C,(X,R?"*1) let ¢ > 0, and let H be an at
most n-dimensional affine subspace of R?"*1. For every finite open cover U
of X there exists g € Cp(X,R* 1) such that

(1) o(f.9) <e,
(2) g[X]NH =90,
(3) g is a U-mapping.

Proof. Since f is bounded, f[X] is compact. There consequently exists a
finite open cover V of it such that mesh(V) < ¢/,. Let W be the common
refinement of U and f~![V]. Observe that W is finite. Since dim X < n, there
exists by Theorem 3.2.5 a finite open shrinking € of W of order at most n.
The essential properties of the cover £ are the following ones:

(4) € has order at most n,
(5) €<,
(6) for each E € &, diam(f[E]) < ¢/s.
We assume without loss of generality that every member from € is nonempty.

Let € ={E,...,Ey}. Now for each i < m, pick an arbitrary point
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There is a geometrically independent set S = {h1,...,hi} € R?"*! of cardi-
nality at most n + 1 such that S spans H. By Lemma 3.3.2, for each i < m
there exists y; € R?"*1 such that

(7> Q(ymz’b) < €/4a
(8) {h1,..- Ak Y1, .., Ym} is in general position.

Let x1,...,5m: X — I denote the s-functions with respect to the cover €.
Define ¢g: X — R2"+1 by

g(x) = ri(x) i
=1

Then g is clearly continuous and we claim that it is as required. First observe
that ¢ is bounded because its range is contained in the simplex spanned by
the vectors {y1,...,ym} which is compact by Lemma 1.1.1(2).

For F C {1,2,...,m} we let F denote {y; : i € F}.
For every x € X let F, = {i < m:x € E;}. Observe that x;(z) > 0 if
and only if i € F; so that >, ri(z) = 1.

It follows by (4) and (8) that F. is geometrically independent. Conse-
quently, the x;(z), i € F,, are the affine coordinates of g(x) with respect
to F,. In particular, g(z) € aff(F,).

Claim 1. 4(f,g) < e.

Proof. Fix an arbitrary z € X. It follows by (6) and (7) that || f(z)—y;]| < -
for every i € F,. Consequently,

1) = g@)ll = | X mala) - fla) = 3 mila) -

i€F, i€F,

< > wi@)f (@) — il

1€EF,

< Z Ki(T) - ¥

i€F,
= .

We conclude that g(f, g) < ¢/, < &, which is as required. O
Claim 2. g[X] C g[X] C U,y aff(F,) C R*"+1\ H.

Proof. Let x € X. By (4), |F,| <n+1 and so if we put E = F,, US then
[E|<(n+1)+ (n+1)=2n+2.

By (8) this implies that E is geometrically independent. Now observe that
by Proposition 2.1.5 we have

aff (F,) N H = aff(F,) Naff(S) = aff(F, N S) = aff (0) = 0.
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Since g(z) € aff(F,) and z is arbitrary it therefore follows that

glx] C | aff(F,) CR™ ™\ H.
rzeX

But since aff(ﬁm) is closed by Exercise 2.1.8 and there are only finitely
many F,’s, we even have that

glX] CglX] C | aff(F,) SR>\ H,
rzeX
as desired. &

It remains to prove that g is a U-mapping.
Let p € g[X]. By Claim 2 there is a subset G, C {1,2,...,m} of car-

dinality at most n + 1 such that p € aff(G,). We may assume that G, is
minimal with respect to this property. Since G}, is geometrically independent,

the affine coordinates of p with respect to ép are all non-zero.

In this way we associated to every element p € ¢[X] a subset of in-
dices G, € {1,2,...,m}.

Claim 3. Let p € g[X] and ip € Gp. If A C {y1,...,Ym} \ {¥i, } has size at
most n + 1 then p & aff(A).

Proof. Our reasoning is similar to the one in the previous claim. Striving for
a contradiction, assume that p € aff (A). Observe that

IGLUA| < (n+1)+(n+1)=2n+2.

By (8) this implies that (_jp U A is geometrically independent. So by Propo-
sition 2.1.5 we get p € aff(A) Naff(G,) = aff(ANG,). Since iy ¢ A and the
affine coordinate of p corresponding to y;, is non-zero, by unicity of affine
coordinates (Theorem 2.1.8), this is a contradiction. &

Now let B be the complement of

J(aff(A) : AC {1, b |A] <+ 1
and for some i € Gp,y; & A}.
By Claim 3, B is an open neighborhood of p in R?"+1,
Claim 4. g7 '[B] C Niec, Ei-

Proof. Pick an arbitrary z € g~'[B] and let ig € G,,. By the definition of g
we have g(z) € aff(F.). Since |F.| <n+ 1 by (4), if iy & F. it would follow
that

g(z) € aff(F,) CR"\ B,
which is a contradiction. So iy € F, or, equivalently, z € E;, . &
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If pe U=R"\ g[X] then U is a neighborhood of p and g~*[U] = 0.
Since by (5) we have & < U, this completes the proof. O

Proposition 3.3.4. Let X be a space 0 < dim X < n. In addition, let
{U; :i e N}
be a sequence of finite open covers of X such that
mesh(U;) < Y

for every i. Then the function space C,(X,R*"*1) contains a dense G-
subset C having the following properties:

(1) Every f € C is an imbedding.

(2) Every f € € is a U;-map for every i.

(3) The range of every f € C is contained in N,,.

(4) The range of every f € € has compact closure in M,,.

Proof. Let A= {i(1),...,i(n+1)} C{1,2,....2n+1}and q1,...,qn+1 € Q
be arbitrary. Put
H = {z e R*""! 1 q;;) = q; for every j <n+1}.
Observe that H is an n-dimensional affine subspace of R?"*! and that
HnMNn, =0.

In addition, each point of R?"*1\ 91, has at least n + 1 rational coordinates
and is therefore contained in an affine subspace of the form H. We conclude
that the complement of O, is the union of countably many n-dimensional
affine subspaces, say {L; : i € N}.

Now consider the function space C,(X,R*"*1). For every i € N, put
€ = {f € Cu(X,R**1): fis a U;-map and f[X]|NL; = 0}.
It follows from Proposition 3.3.3 that €; is dense in C,(X, R?" 1) for every i.
Claim 1. C; is open in C,(X,R?"*1) for every i.

Proof. Take an arbitrary f € €;. Since f is bounded, f[X] is compact.
Therefore, since f[X]| N L; = @, there exists € > 0 such that

(5) {y e R*"* oy, fIX]) <e}NLi =0

(Corollary A.5.4). Now since f is a U;-map, every y in the compact set f[X]
has a neighborhood V,, in R?*"*! such that f~1[V,] is contained in an element
of U;. Put V ={V, :y € f[X]}. By Lemma A.5.3 there exists § > 0 such
that every A C R*"*! with diam(A4) < 2§ and which moreover intersects
f[X] is contained in an element of V. Let v = min{%j3,e}. We claim that
the open ball about f with radius = is contained in €;. To this end, take
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an arbitrary function g € C,(X,R?"*1) such that o(f,g) < . We shall first
prove that

g[X] N Li = @
This is easy. Take an arbitrary € X. Then o(f(z),g(x)) < €, which implies
that g(x) is contained in the compact set

{y e R :o(y, fIX]) < e}
So by (5), g[X]NL; = 0. We next prove that g is a U;-map. Take an arbitrary

element p € g[X]. There exists © € X such that g(z) € B(p, ). Consider
the open neighborhood
B =g"'[B(g(x), %s)]

of . We claim that B is contained in an element of U;. If 2 € B then clearly

o(9(x),9(2)) < %s.
Since o(f,g) < 93, we also get

o(9(@), f(@)) < %, olg(2), f(2)) < %5

From these inequalities it follows that

o(f(2), f(2)) < o(f(2),9(2)) + 0(9(2), 9(x)) + e(g(x), f(x))
< 3+ 3+ s
=0
and so

(6) 97 [Blg(x), )] € f[B(f(x),0))]:
Since by the special choice of § the set B(f(x),d) is contained in an element
of V, f~1[B(f(x),d)] is contained in an element of U;. By (6) it therefore

follows that g~![B(g(x), 9/3)] is contained in an element of U;. But this is as
desired since B(p, %) C B(g(x), 93). &

By Corollary 1.3.6, C,(X,R?"*1) is a topologically complete space, and
is therefore a Baire space (Theorem A.6.6). Consequently, Claim 1 implies

that -
e=[)¢
i=1

is a dense Gs-subset of C,(X,R?*"*1). We shall prove that C is as desired.
Observe that (2) follows by construction.

Take any function f € €. Then f[X]|NU;2, Li = 0, ie., f[X] C MN,.
This proves (3) and (4) for f. So it suffices to prove that f is an imbedding.
We shall prove that for every x € X and every neighborhood W of x
there exists a neighborhood V' of f(z) such that f~'[V] C W. From this
it follows that f is one-to-one and that f: X — f[X] is open, i.e., f is an
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imbedding. Take an arbitrary € X and a neighborhood W of . Let € > 0
be such that B(xz,e) C W. There exists ¢ € N with 1/; < e. Since f is a U;-
map, there exists a neighborhood V of f(z) such that f~![V] is contained
in an element U of U;. So x € U and since diam(U) < Y; < ¢, we conclude
that f~[V] C U C B(z,e) C W, as required. O

‘We now come to the main result in this section.

The Imbedding Theorem 3.3.5. Let X be a space with 0 < dim X < n.
Then there exists an imbedding i: X — M, such that i[X] has compact
closure in 9,,.

Proof. By Exercise A.6.5, X has an admissible metric ¢ for which there
exists a sequence of finite open covers {U; : ¢ € N} such that for every i,
mesh(U;) < Y; (i € N). So we are in a position to apply Proposition 3.3.4 to
get what we want. O

Remark 3.3.6. Notice that we proved in fact the stronger statement that
for a space X with 0 < dim X < n, any bounded map f: X — R?"*! can be
approximated arbitrarily closely by an imbedding in 91, the range of which
has compact closure in 91,,.

Remark 3.3.7. Theorem 3.3.5 is ‘best possible’ for there exist n-dimensional
spaces that cannot be imbedded in R?”. An example of such a space is
the union X of all n-faces of a (2n + 2)-dimensional simplex. This X is
obviously n-dimensional and that it cannot be imbedded in R?" is due to
FLORES [163]. The proof of this fact for n = 1 is simple and is based on the
Jordan Curve Theorem for R2. For n > 1, the proof is more complicated. Its
main ingredient is the Borsuk-Ulam Antipodal Theorem in Exercise 2.5.2(4),
which is equivalent to the Lusternik-Schnirelman-Borsuk Theorem 2.5.1. See
ENGELKING [154, p. 106] for details and additional information.

Some applications. We now present some applications of the results
in this section. The proofs are based on Theorem 3.3.5 which explains our
interest in imbeddings in 91,, instead of imbeddings in R2"*1,

Corollary 3.3.8. If dim X < n, n > 0, then X has a compactification vX
such that dimvX < n.

Proof. Let i: X — 91, be an imbedding such that yX = i[X] is a compact
subset of M,, (Theorem 3.3.5). Then dimyX < n by Lemma 3.3.1 and the
Subspace Theorem 3.2.9. g

Corollary 3.3.9. Let X be a nonempty space and let n > 0. The following
statements are equivalent:

(1) dim X <mn,

(2) X is the union of at most n + 1 zero-dimensional subspaces.
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Proof. Suppose that dim X < n. By Theorem 3.3.5 we may assume that X
is contained in N,,. By Lemma 3.3.1, 91, is the union of n+1 zero-dimensional
subspaces. Now apply the Subspace Theorem 3.2.9.

Conversely, assume that X is the union of at most n+ 1 zero-dimensional
subspaces. Then apply Corollary 3.1.7 to conclude that dim X < n. O

We now prove a generalization of Corollary 3.1.6 to n-dimensional spaces.

Corollary 3.3.10. Let 0 < n < oo and let X be an n-dimensional subspace
of the space Y. Then for all disjoint closed subsets A and B of Y there exists
a partition S between A and B in'Y such that dim(SNX) <n —1.

Proof. Write X = U?jll X, where dim X; < 0 for every i (Corollary 3.3.9).
Let A and B be disjoint closed subsets of X. By Corollary 3.1.6 there is a par-
tition S between A and B such that SN X; = (0. But then SNX is contained
in U@I; X, and hence is at most (n — 1)-dimensional by Corollary 3.3.9. O

7

By a repeated application of the previous corollary, we get the following
result.

Corollary 3.3.11. Let X be a space with subspace Y such that dimY < n,
where 0 < n < oo. For each collection T = {(F;,G;) : i < n+ 1} of pairs
of disjoint closed subsets of X there exists for every i < n + 1 a partition S;
between F; and G; such that
n+1
yn()s =0

i=1
The following result is known as the Gs-Enlargement Theorem.

Corollary 3.3.12. Let M be a subspace of a space X. If dim M < n then
there exists a Gg-subset S C X with M C S and dim S < n.

Proof. We first prove the corollary for the special case dim M = 0. Let € be
a countable open base for M. For every pair (Eo, E1) of elements of & such
that Ey C E; there exists by Corollary 3.1.6 an open set B C M such that

EyCBCBCE,
while moreover M NFr B = (Z).Ehe collection B of B’s obtained in this way
is clearly a countable base for M. In addition,
F=|J)mB
BeB

is an F,-subset of M which misses M. Let S = M\ F. Then S is a Gs-subset
of the Gs-subset M and hence is a Gs-subset of X. It is clear that B | S
consists of (relative) clopen sets, and so S is zero-dimensional.
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We will now use the just proved special case to prove the general case.
To this end, write

M= MyU---UM,,

where M; is zero-dimensional for every 0 < i < n (Corollary 3.3.9). By the
above there exists for every 0 <4 < n a zero-dimensional Gs-subset M of X
with M; C M. The union of the M}’s is clearly a Gs-subset of X and is at
most n-dimensional by Corollary 3.3.9. O

Exercises for §3.3.

»4.

»7.

Give an example of a space X, an open cover U of X, and an imbed-
ding f: X — X such that f is not a U-mapping.

. Let X be a space. Prove that every continuous function f: X — @ can

be approximated arbitrarily closely by an imbedding in Q.

Prove that for every n > 0 there exists a compact space X,, such that
(1) dim X,, = n,
(2) every space Y with dimY < n can be imbedded in X,.

Let X be a compact space without isolated points such that
0<dimX <n < oo.

Prove that there exists a continuous surjection f: C — X such that each
fiber of f has cardinality at most n 4 1

Let X be a compact space and let f: C — X be a continuous surjection
such that each fiber of f has cardinality at most n + 1. Prove that X is
at most n-dimensional.

Let X be a compact space with 0 < n = dim X < co. Prove that every
open cover U of X has a closed refinement F such that for every F' € F
the collection

{FFeF:F'nF#0}

has cardinality at most 3%"*?.

Prove that every (n+1)-dimensional space contains an n-dimensional sub-
space (hence an (n+1)-dimensional compactum contains an n-dimensional
continuum by Exercise 3.2.4).

Prove that A and B are subspaces of a space X then

dim(AU B) < dim A + dim B + 1.
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3.4. The inductive dimension functions ind and Ind

There are two additional dimension functions that are important in di-
mension theory, namely, the small and the large inductive dimension func-
tion, abbreviated ind and Ind, respectively. It turns out that for a given
space these functions and the dimension function dim take the same value.
The functions ind and Ind are important because in certain situations it is
easier to deal with them than with dim. For example, it is a triviality to
verify that for all X and Y,

ind(X xY) <ind X +indY;
by equality of ind and dim it therefore follows that
dim(X xY) <dim X 4 dimY.

However, to verify this straight from the definition of dim is unpleasant. The
aim of this section is to study basic properties of the dimension functions ind
and Ind and to prove equality of all three dimension functions.

We shall now give the definition of ind, which differs from the definition
of dim in the sense that it is an inductive definition. Indeed, for a space X
define its small inductive dimension ind X € {—1,0,1,...}U{oo} as follows:
indX=-1 & X=0,
indX <n & forevery x € X and every closed subset A of X
not containing x there exists a partition L between
{z} and A such that ind L <n —1,
indX =n < indX <mnandind X £n—1,
indX =00 <« ind X #n for every n > —1.
It is clear that if X and Y are homeomorphic spaces then ind X =ind Y.

The property of having small inductive dimension at most n can be
expressed in terms of a special countable base.

Lemma 3.4.1. A space X satisfies 0 < ind X < n if and only if X has a
countable base B such that indFr B <n — 1 for all B € B.

Proof. If ind X < n then X has clearly a base U such that indFrU <n —1
for every U € U. This base has a countable subcollection B which is still a
base (Exercise A.2.12). So B is as required.

The converse of the lemma is trivial. O

A consequence of this lemma is that for a space X we have ind X = 0
if and only if X is nonempty and has a base consisting of clopen sets. This
means that X is zero-dimensional if and only if ind X = 0.

We shall now derive a few additional properties of the dimension function
ind. The following triviality shall be used several times in the forthcoming:
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if X isaspace, Y C X,y €Y and A is a (relatively) closed subset of ¥ not
containing y, then y does not belong to the closure of A in X.

Proposition 3.4.2. Let X be a space. Then dim X =0 iff ind X = 0.

Proof. This is a triviality since, as observed above, ind X = 0 iff the clopen
subsets of X form a base iff dim X = 0 (see Page 41). O

Lemma 3.4.3. Let X be a space, and let A be a subspace of X. Then
ind A <ind X.

Proof. There is nothing to prove if ind X = oo, so we assume that ind X is
finite. Again, there is nothing to prove if ind X = —1. So assume the lemma
to be true for all spaces Y with 0 < indY < n—1, and assume that ind X < n.
Take z € A and let C be a closed subset of A not containing x. Since z ¢ C
there is a partition L in X between 2 and C such that ind L < n — 1.
Then L N A is a partition between x and C in A so that, by our inductive
assumption, ind(L N A) < n — 1. We conclude that ind A < n. O

This result enables us to prove the following:

The Addition Theorem 3.4.4. If A and B are subspaces of a space X
then

ind(AUB) <ind A +ind B + 1.

Proof. If ind A = oo or ind B = oo then there is nothing to prove. So we
assume that ind A and ind B are both finite. We induct on ind A + ind B.
If A and B are both empty, i.e., if ind A = ind B = —1, then there is again
nothing to prove. So assume that the theorem is true for all subspaces E
and F' of X with

indE+indF <n-1,

where n > —1. Let @ = ind A and 8 = ind B and assume that a4+ 3 = n. We
shall prove that ind(AUB) < n+1. Take an arbitrary x € AUB, say x € A,
and let C be a closed subset of AU B not containing x. Since x ¢ C, there
is a closed neighborhood Z of C such that = ¢ Z. Let L be a partition in A
between {x} and ZNA such that ind L < a—1. Write A\ L as the union of two
relatively open disjoint sets Ay and A; such that x € Ag and ZN A C A;.
There exists an open neighborhood W of x in X such that W N A C Ag
and WNZ = . Now observe that L is a partition between WNA and ZN A.
By Lemma 3.1.4, there exists a partition S in X between {z} and C such
that SN A C L. Now observe that by Lemma 3.4.3, ind(SN A) < a — 1.
Similarly, ind(S N B) < S since ind B = 3. Consequently, we obtain by our
inductive assumption,

ind(SN(AUB)) <a—-1+4+p+1=a+f=n.
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Since SN (AU B) is a partition in AU B between {z} and C, this shows that
indeed ind(AU B) < n + 1. O

Remark 3.4.5. f X =R, A=Q and Y =P then ind X =1 and
ind A =0 =ind B.
This shows that Theorem 3.4.4 is ‘best possible’.

Corollary 3.4.6. If X can be written as the union of n+1 zero-dimensional
subspaces then ind X < n.

Proof. Since for every space Y, dimY = 0 iff indY = 0 (Proposition 3.4.2)
the result follows immediately from Theorem 3.4.4. 0

We want to prove the equality of dim and ind. Before being able to do
that, we need to derive a preliminary lemma.

Lemma 3.4.7. Let X be space and let n > 0. The following two statements
are equivalent:

(1) Forevery xz € X and for every open neighborhood U of © there exists
a partition L between {x} and X \ U such that dim L < n — 1.

(2) For every pair A and B of disjoint closed subsets of X there exists
a partition L between A and B such that dim L <n — 1.

Proof. First observe that (2) = (1) is a triviality.

For (1) = (2), let A and B be disjoint closed subsets of X. By assump-
tion, for each x € X there exist open sets U(z) and V(z) such that

(3) x € U(x), Ux) NV (x) =0,
(4) if L(z) = X \ (U(z) UV (2)) then dim L(z) <n — 1,
0

(5) U(x) A or U(z)N B = 0.

N
The cover {U(z) : * € X} has a countable subcover, say U (Corollary A.2.3).
Put L = J{L(z) : U(z) € U}. Observe that by (4) and the Countable Closed
Sum Theorem 3.2.8 we have dim L <n — 1. Let Up = {U € U: U N A # 0}
and Uy = U\ Up. Enumerate Uy as {Up,; : © € N} and Uy as {Uy,; : ¢ € N},
respectively. For each ¢ € N put

(6) Ei = Uoﬂ‘ \ Uj<iU1,j and Fi = U17i \ UjgiUO,j'

By (5) and (6) it follows easily that £ = (J;=, E; and F = (J;2, F; are
disjoint open sets with A C F and B C F. Consequently, G = X\ (EUF) is
a partition between A and B. We will prove that dim G < n — 1 by proving
that G C L and applying the Subspace Theorem 3.2.9. Therefore, G will
turn out to be the required partition between A and B.

Take an arbitrary point y € G. Let ¢ be the first natural number with
the property that y € Uy, U U; ;. Observe that such an i exists. Suppose
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first that y € Uoﬂ'. If y € Up,; then y € E;, which is not the case. So y & Uy ;,
hence y € UW \ Up,; € L, and we are done. Suppose therefore that y ¢ ﬁo,,;.
If y € Uy ; then y € F;, which is also not the case. Consequently, y & U ;,
which implies that in this case y € L as well. g

Theorem 3.4.8. For every space X, dim X = ind X.

Proof. We shall first prove that dim X < ind X. If ind X = oo then there
is nothing to prove. So assume that ind X < oo. We induct on ind X. If
ind X = 0 then apply Proposition 3.4.2. Now assume that the inequality
holds for all spaces Y with indY <n—1,n > 1, and let ind X = n. Then
for each point x € X and for every open neighborhood U of = there exists a
partition L between {z} and X \ U such that ind L < n—1. By our inductive
hypothesis, all these partitions have covering dimension at most n — 1. We
conclude that dim X < n by Lemma 3.4.7 and Corollary 3.1.10.

We shall now prove that ind X < dim X. If dimX = —1 or dim X = oo
then this is a triviality. So assume that 0 < dim X = n. By Corollary 3.3.9, X
is the union of at most n+1 zero-dimensional subspaces. So by Corollary 3.4.6
we get ind X < n = dim X, which is what we want. O

Motivated by Lemma 3.4.7, we shall now present the definition of the
large inductive dimension Ind. Indeed, for a space X put:

Ind X = -1 & X =0,

0<IndX <n <« for every pair of disjoint closed subsets A and B
of X there exists a partition L between A and B
such that Ind L <n —1,

IndX =n < IndX <nandIndX £n—1,

Ind X = < Ind X #n for every n > —1.

Asin the case of ind, it is easy to see that if X and Y are homeomorphic spaces
then Ind X = IndY. We shall prove that Ind = dim, thereby establishing
the announced equality.

Lemma 3.4.9. Let X be a space. Then ind X < Ind X.

Proof. If Ind X = oo or Ind X = —1 then there is nothing to prove, so
assume that the lemma is true for all spaces Y with —1 < IndY < n—1
and 0 < n < oo, and assume that Ind X = n. Let x € X and let U be
an open neighborhood of x. Since {z} and X \ U are disjoint closed sets
in X, there is a partition L between them such that IndL < n — 1. By
our inductive assumption we have ind L < IndL < n — 1. From this we
consequently conclude that ind X <n =1Ind X. O

‘We now come to the announced:
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The Coincidence Theorem 3.4.10. For every space X we have
dim X =ind X = Ind X.

Proof. By Theorem 3.4.8 and Lemma 3.4.9 we need only prove that
Ind X < dim X.

If dimX = oo or dimX = —1 then there is nothing to prove. Assume
therefore that the theorem is true for all spaces Y with dimY < n—1, where
0 <n < oo. Assume that dim X = n. Since ind X = dim X (Theorem 3.4.8),
for every € X and every closed set A in X with z ¢ A, there exists a
partition L between {x} and A such that ind L < n—1. By an application of
Theorem 3.4.8 it follows that all these partitions have covering dimension at
most n — 1. Consequently, by Lemma 3.4.7, for every pair of disjoint closed
subsets A and B of X there exists a partition L between A and B such that
dim L < n — 1. By our inductive hypothesis it follows that these partitions
all have large inductive dimension at most n — 1. From this we conclude that
indeed Ind X <n =dim X. O

Remark 3.4.11. From now on we will no longer formally distinguish be-
tween dim, ind and Ind. Theorems proved for dim will be used for ind and
vice versa, etc.

Let X and Y be spaces. It is natural to wonder about the relation
between dim X, dimY and dim(X x Y). Since dimR"™ = n for every n,
one would expect the relation dim(X x Y) = dim X + dimY to hold for all
nonempty X and Y. Unfortunately, this is not true, see Example 3.4.13. We
shall now prove ‘half’ of the expected equality.

Theorem 3.4.12. Let X and Y be nonempty spaces. Then
dim(X xY) <dim X 4 dimY.

Proof. By the Coincidence Theorem 3.4.10, it suffices to prove that
ind(X xY) <ind X +ind Y-

First observe that without loss of generality, 0 < ind X,indY < oco. We
shall prove the theorem by induction on ind X +indY. If ind X +indY =0
then both X and Y are zero-dimensional, and so is X x Y. Assume that the
theorem is true for all spaces X and Y with

indX +indY <n-—1,

where n > 1, and let X and Y be spaces such that ind X = «, indY = g
and a + [ = n. By Lemma 3.4.1 there is a countable base B for X such
that dimFr B < o — 1 for every B € B. Put B’ = g Fr B. Then B’ is
an F,-subset of X and hence by the Countable Closed Sum Theorem 3.2.8 it
follows that dim B’ < aw—1. Since Fr BN (X \ B’) = () for every B € B it also
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follows that B[ (X \ B’) consists of relatively clopen sets, i.e., dim(X\ B’) < 0.
Similarly, construct an F,-subset £ C Y such that dmF < g — 1 and
dim(Y \ E) < 0. Now observe that by our inductive hypothesis and the
Countable Closed Sum Theorem 3.2.8, B’ x Y is an at most (o — 1) + -
dimensional F,-subset of X x Y. It follows similarly that X x E is an at
most « + (3 — 1)-dimensional F,-subset of X x Y. Again by the Countable
Closed Sum Theorem 3.2.8 we get

dim (B'xY)U (X xE)) <a+8-1.

Since the complement of (B’ x Y) U (X x E) is zero-dimensional, being the
product (X \ B') x (Y \ E), we get by Theorem 3.4.4 that

dim(X xY) < (a+8-1)+0+1=a+p,

as required. O

The following example shows that the other ‘half’ of the expected equality
dim(X xY) = dim X +dim Y need not hold. See Theorem 3.9.5 for a (strong)
generalization of this result to all dimensions.

Example 3.4.13. There exists a one-dimensional space FE such that F x E
is one-dimensional as well.

We will show that the space E in Example 1.5.18, i.e., Erd6s’ space,
is the required example. From Exercise 1.5.14 we know that ' ~ E x E.
So it suffices to prove that dim £ = 1. In Example 1.5.18 we showed that
dim E > 1. We shall prove here that ind £ < 1.

First observe that E is a subgroup of 2, and hence is a topological group.
By homogeneity, it therefore suffices to prove that ind ¥ < 1 at the zero-
element of F. We claim that for every € > 0, the sphere S. consisting of
all points in E with norm ¢, is zero-dimensional. Indeed, since all elements
of S; have the same norm, Lemma 1.1.12 shows that S. is homeomorphic to a
subspace of the countably infinite product of rational numbers, which is zero-
dimensional by Proposition 1.5.3 and the trivial observation that products
of zero-dimensional spaces are again zero-dimensional. So S. is indeed zero-
dimensional, being a subspace of a zero-dimensional space.

We now summarize the results obtained so far in the following
Corollary 3.4.14.

(1) Let X be a nonempty space and let n > 0. The following statements
are equivalent:
1. dim X <n,
2. for every subspace A of X, dim A < n,
3. X has a compactification vX such that dimvX < n,
4. for every pair of disjoint closed subsets A and B of X there
exists a partition L between A and B such that dim L <n—1,
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5. X is the union of at most n + 1 zero-dimensional subspaces.
(2) If X is a space and if A and B are subspaces of X then

dim(AUB) < dim A+ dim B + 1,
dim(A x B) < dim A 4 dim B.

Exercises for §3.4. Let X be a space. Define the compactness degree cmp X
of X, as follows:

cmp X = -1 & X is compact,

cmp X <n & for every x € X and every closed subset A of X not
containing x there exists a partition L between {xz}
and A such that cmpL <n —1,

cnpX =n << cmpX <nandcmpX £n—1,

cnp X =oc0 & cmp X #n for every n > —1.

So the compactness degree of a space is intuitively its small inductive dimension
modulo the class of all compact spaces. It is clear that if X and Y are homeomorphic
spaces then they have the same compactness degree.

Let vX be a compactification of X. We call the space yX \ X the remainder
of the compactification vX of X.

Let the compactness deficiency be the least integer n € [ — 1, 00] such that X
has a compactification with remainder of dimension n. Observe that homeomorphic
spaces have the same compactness deficiency.

Given a space X and n € N, we shall denote by X(,) the set of all points
in X that have arbitrarily small neighborhoods with at most (n — 1)-dimensional
boundaries.

1. Prove that Erdés’ space E is not topologically complete. Give an example
of a one-dimensional totally disconnected topologically complete space F'
such that ' and F' x F' are one-dimensional

2. Let X be a space. Prove that cmp X < def X < dim X.

3. Let X be a totally disconnected space which is not compact and let v.X
be a compactification of X. Prove that dimvX \ X > dim X, i.e., X
cannot be compactified by adding a set of smaller dimension than the
dimension of X.

»4. Let X be a compact space such that 0 < dim X =n < oo, and let Y be
the product Q x X.

(1) Prove that if S is a topologically complete space containing Y then
S\Y contains a homeomorph of X. As a consequence, the dimension
of S\'Y is at least n.

(2) Prove that def Y = n.

5. Let X be a space and n € N. Prove that there is a countable family open
sets U such that
(1) U is a local base at every point of X,
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(2) dim(U \ U) < n — 1 for every U € U.
Prove that dim X,y < n.

In this section we collect some results on compactifications presep¥ing
certain dimensional properties.

We saw in Corollary 3.3.8 that every m-dimensional space X Has an m-
dimensional compactification. Such a compactification is called’ dimension
preserving. The following result generalizes this and is central jn this section.

Theorem 3.5.1. Let X be a space, and let {(F,,, G,,) : n € X} be a countable
collection of pairs of disjoint closed subsets of X. Then there is a dimension
preserving compactification aX of X such that for every n the sets F,, and
G, have disjoint closures in aX.

Proof. We will prove this in the case of finit¢/ dimensional X only, the
infinite-dimensional case being simpler.

Let o be an admissible metric on X for Avhich there exists a sequence
{U, :

of finite open covers of X such thay mesh(U,) < Y, for every n (Exer-
cise A.6.5). Since A, = {X \ F,,,X \ G, } is an open cover of X, we can
replace U,, by the common refinepient of U,, and A,,. So we may assume with-
out loss of generality that for very n and U € U,, we have that U N F,, = ()
orUNG, =0.

Let m = dim X. By Proposition 3.3.4 there is an imbedding 7: X — N,,
such that

(1) ¢[X] has cofmpact closure in N,,.
(2) i is a U,/map for every n.

Put aX =/i[X]. Then aX is a dimension preserving compactification
of X (cf. Corpllary 3.3.8).

Fix n & N. We claim that i[F},] and i[G}] have disjoint closures in aX.
Since 7 is 4 U,,-map, there is an open cover G of R?™*! such that

(iG] : G e g

refinesU,,. Striving for a contradiction, assume that for certain n and p,

p €1i[F,]) Ni[G,].

t then i~ [G] N F,, = 0 and so G Ni[F,] = 0. Since R*™*1\ G is closed,

— 1s 4l ot = nil| 1.3 9 1ot
this mpres—Tnat p &I, which-isa-contradiction O
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ample of a compact space X containing two disjoint clos
subsets A and B such that no partition between A and B is irreduciblé.

5. Let X be a subspace of the compact space Y. Prove that the following
statements are equivalent:
(1) X is L-imbedded in Y.
(2) For every € > 0 there is a neighborho of X in Y such that
every continuum in U has diam ess than e.

»G. i subspaces of the compacta X and Y, re-

B is at most one-dimensional.

3.6. Mappings into spheres

In the previous sections we presented several characterizations of dimen-
sion, some ‘internal’ e.g., Theorem 3.2.14(2) and (3) and some ‘external’
e.g., Theorem 3.2.14(4) . In this section we shall prove that a space X is
at most n-dimensional if and only if every continuous function f: A — S”,
where A C X is closed, can be extended over X, thereby deducing another
important ‘external’ characterization of dimension. As an application of this
result we shall present a proof of the Brouwer Invariance of Domain Theorem.

We first formulate and prove two lemmas that are needed in the proof of
the main result in this section.

Lemma 3.6.1. Let X be a space and let Ay and Ay be disjoint closed subsets
of X such that 0 < dim (X \ (A1 UA3)) < n. Then there exists a partition L
between A; and A, in X such that dimL <n — 1.

Proof. Put A = A; U A;. By Corollary A.4.3 there exist open subsets U
and V of X such that Ay CU, Ay C V and UNV = §). Since dim(X \ A4) <n
and UN (X \ A) and V N (X \ A) are disjoint closed subsets of X \ A, by
Corollary 3.4.14 there exist disjoint open sets E and F' in X \ A such that

(1) UN(X\A4) CE,
(2) VN(X\A)CF,
)it L=(X\A)\(FUF) then dimL <n —1.

Since AJUE = UUE, and F is open in X being open in the subspace X \ 4,
we conclude that A; U E is open in X. Similarly, As U F' is open in X.
Consequently, L is closed in X and is a partition between A; and As in X
with dim L <n — 1 by (3). So L is as required. O

Corollary 3.6.2. Let X be a space and let Ay and Ay be closed subspaces
of X such that 0 < dim (X \ (41 U A2)) < n. Then there exist closed
subspaces X1 and X5 of X such that

(1) Ay =X1N(A4A1UA,),
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(2) A2 = XonN (A1 U Ay),
(3) dim ((Xl N XQ) \ (Al @] Ag)) S n— 1,
(4) X; UX, = X.

Proof. Put Y = X \ (41 N Az). By Lemma 3.6.1 there exists a closed set L
in Y with dim L < n—1, such that Y\ L can be written as the disjoint union
of two open sets ' and F such that A1 NY C EF and A, NY C F. It is easy
to see that X1 = A UF UL and X5 = A U F U L are as required. O

These simple results enable us to derive the following:

Theorem 3.6.3. Let X be a space and let A be a closed subspace of X such
that 0 < dim(X \ A) < n. Then every continuous function g: A — S" can
be extended to a continuous function g: X — S™.

Proof. We shall prove the theorem by induction on n > 0. Suppose first
that n = 0 and recall that S = {—1,1}. By Corollary 3.6.2 there exists a
clopen set C' C X such that g71(—=1) € C and ¢g=*(1) € X \ C. Define the

function g: X — S° by
_ -1 e (),
g(z) = { (= 0)

1 (z¢0C).
An easy check shows that g is as required.

Now assume that the theorem is true forn—1,n > 1, and let g: A — S™.
Define S} = {z € S" : 21 > 0} and S§ = {z € S™ : 21 < 0}, respectively.
Observe that ST and S5 are both homeomorphic to I" and that ST NSy is
homeomorphic to S*~1. Now put A; = ¢~ }[S}] and Ay = g~ 1[S}], respec-
tively. Let X; and Xs be such as in Corollary 3.6.2 for A; and As. By our
inductive assumption, we can extend g [ A; N As to a continuous function

h: X; ﬂXQHS;LﬂSS.

Now for ¢ = 1,2 define g;: A; U(X1NX2) — S? by g; = (g A;) Uh. Since SY
is homeomorphic to I" it is an AR (Corollary 1.2.12) and so we can extend g;
for i = 1,2 to a continuous function g;: X; — S}'. Clearly,

g=gUgs: X = 8"
is a continuous extension of g. 0
Corollary 3.6.4. Let X be a space and let f,g: X — S™ be continuous. If
D(f,9) ={z € X : f(z) # g(x)}

is at most (n — 1)-dimensional then f and g are homotopic.

Proof. Consider the product X x I and put
A= (X x{0,1})U((X\D(f,g) xI).
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Then A is closed in X xI (Exercise A.1.9) and the function £: A — S™ defined
by

f(z) (t=0),
E(z,t) = fla)=g(@) (z€X\D(f9g)),
9(x) (t=1),
is clearly continuous. In addition, (X x I)\ A is contained in
D(f,9) x1

and hence is at most ((n -1)+ 1)—dimensional by Theorem 3.4.12. So The-
orem 3.6.3 implies that £ can be extended to a continuous function

£: X xI— 8",
which means that f and g are homotopic. O

Theorem 3.6.5. Let X be a space and let n > 0. The following statements
are equivalent:

(1) dim X <mn,
(2) for every closed subset A of X, every continuous function f: A — S™
can be continuously extended over X.

Proof. For (1) = (2) observe that dim A <n and apply Theorem 3.6.3.
For (2) = (1), let 7 = {(A;, B;) : i < n+1} be a family of pairs of disjoint
closed subsets of X. We shall prove that 7 is inessential. To this end, for

every i < n+1let a;: X — I be a Urysohn function such that a; [ A; =0
and «; | B; =1 (Corollary A.4.1). Define a: X — I"*! by

a(z) = (a1(®), ..., ant1(2)).

Put A = U/ (A, UB;) and § = a | A. Then f[A] is contained in the
boundary B of I"*! which is homeomorphic to S® by Exercise 1.1.24. By
assumption, there exists a continuous extension v: X — B of 8. Now for
every i < n+ 1 put E; = (m; o)~ 1(1s). Then clearly E; is a partition
between A; and B; for every i such that ﬂ”“ E; = (. Consequently, 7 is
inessential. 0

Application 1: The Brouwer Invariance of Domain Theorem.
To begin with, we shall first present an ‘internal’ characterization of the
boundary points of an arbitrary closed subset of a fixed R™.

Proposition 3.6.6. Let n € N and let X be a closed subspace of R". Then
a point x in X belongs to the boundary Fr(X) of X in R™ if and only
if x has arbitrarily small neighborhoods U in X such that every continuous
function g: X \ U — S"~! can be extended continuously over X.
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Proof. First assume that x € Fr(X). Without loss of generality, x = 0. If V
is a neighborhood of 0 in X then there is € > 0 such that

B(z,e)N X C V.

Consequently, it suffices to consider for some € > 0 a ‘spherical’ neighbor-
hood B(0,¢) of 0 and a continuous function g: X \ B(0,&) — S"~1. Without
loss of generality assume that & = 1 which means that the boundary of B(0, )
is S~ 1.

Since 0 belongs to the boundary of X, there is a point ¢ € B(0,1) \ X.
For each p € B" \ {¢} let 7(p) denote the ‘projection’ of p on S*~! from g.

Put Xo = XN B™ and X; = X \ B(0,1), respectively. Then Xy and X3
are closed in X, cover X, and have the following additional property:

XoNnS* =X, nS" L.

Put Y :Xole.

Since dimS"~! = n — 1 (Theorem 3.2.12), the function g [ Y can be
extended to a continuous function g [ Y: S"! — S"~! by Theorem 3.6.5.
In addition, define h: Xg — S"~! by h = g [ Y o 7. Observe that 7(y) = y
for y € Y so that

h(y) =g 1Y (y) =9(y).
This means that the functions g and h agree on Y from which it follows that
the function

g=hUg
is the desired continuous extension of g.

Conversely, let z € X and assume that x is an interior point of X. There
is € > 0 such that B = D(z,¢) € X. Let U be an open neighborhood of x
in X such that U C B(z,e). We identify S"~! and the boundary of B. For
each p € X \ U let 7(p) denote the ‘projection’ of p on S*~! from x. Then 7
cannot be extended over X since this would yield a retraction from B onto
its boundary, which is impossible by Theorem 2.4.10. O

Corollary 3.6.7. Let n € N and let X and Y be closed subspaces of R".
If f: X — Y is a homeomorphism then f[Fr(X)] = Fr(Y).

We are now in a position to present a proof of the following interesting:

Brouwer Invariance of Domain Theorem 3.6.8. Let n € N and let U
be an open subset of R™. If f: U — R™ is injective and continuous then the
following statements hold:

(1) f[U] is open in R™,
(2) f: U — f[U] is a homeomorphism.
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Proof. We shall first prove (1). Take an arbitrary z € U. We shall prove
that f(z) belongs to the interior of f[U]. There exists £ > 0 such that

D(z,e)={yeR": [z —y| <e} CU.

Since B is compact, by Exercise A.5.9, f | B is a homeomorphism. By
Corollary 3.6.7 we conclude that f(z) belongs to the interior of f[B] and
hence to the interior of f[U].

We shall now prove (2). This is easy. If V' is an open subset of U then (1)
applied to f | V shows that f[V] is open in R™ and hence in f[U]. We
conclude that f: U — f[U] is an open mapping and therefore by injectivity
is a homeomorphism. O

¢ question naturally arises whether something tike-Theorem-3-6-8-eaz
also be derived for the class consisting of all infinite-dimensional linear spaces.
As to be expected, this is not possible. For the first part of the tleorem,
this can be demonstrated quite easily by considering Hilbert spacé ¢2. The

function f: ¢2 — ¢? defined by
f($1,$2, . ) = (O,$1,1‘2, ‘e ),

is an imbedding with nowhere dense range.
We now turn to the second part of Theorem 3.6.8.
Theorem 3.6.9. For an infinite-dimensional normed/linear space L there

exists a bijective continuous function f: L — L such/that f is not a homeo-
morphism.

Proof. Let S be the unit sphere in L. Singg L is infinite-dimensional, S
is not compact by Exercise 1.1.22. Consegdently, by Exercise A.5.13 there
exists a continuous function A: S — (9{1] such that inf A\(S) = 0. Now
define f: L — L by the formula

{ ) =X(i%) -y (w#0),
f(yy=o0.
Claim 1. If x € L and & € [0,00) then f(az) = af(z).

Proof. This is a triiality. If x = 0 or a« = 0 then there is nothing to prove.
In addition, if z 7# 0 and « # 0 then

flaw) = A(755) - ax = af(a),

[lovz|

as requirgd. &

We shall now prove that f is continuous. It is clear that this need only be

chéeked—at—the-arigin. To this end, let (z,), be a sequenrceimr+-{6}-such
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»1. Let n > 0 and let X be a compact space which can be written as the
union of closed sets Fj, @ € N, such that for all distinct 4,5 € N,

dim(Fi n Fj) <n.

Prove that every continuous function from F; into S™ is continuously
extendable over X.

2. Observe that the previous exercise is a generalization of Theorem A.10.6.

3. Let X be a compact space and let H be the union of all components of
X of dimension at most n. Prove that dim H < n.

»4. Let A be a closed subspace of a space X such that dim(X \ A4) < n,
let 0<k<n,andlet f: A — S* be continuous. Prove that there exists
a closed subspace B of X such that AN B =0 and dmB <n —k — 1,
while moreover the function f can be extended over X \ B.

5. Let n > 2 and consider the n-dimensional cube I". Define
E" ' ={(z1,...,xn-1,1):0< ;< 1,i=1,...,n—1}.
Prove that if X =1"\ E""! then def X =n — 1.

6. Let X be an at most (n — 1)-dimensional space. Prove that every conti-
nuous function f: X — S™ is nullhomotopic.

7. Prove that S™ is unicoherent for every n > 2.

3.7. Dimension of subsets of R" and certain generalizations

In this section we prove some interesting dimensional properties of sub-
sets of the Euclidean spaces R™, n € N.

Theorem 3.7.1. Let X C R™. Then

dmX =n <= IntX #0.
Proof. First, if Int X # () then X contains a homeomorph of I" and is
therefore n-dimensional by Theorems 3.2.12 and Corollary 3.4.14.

Next, assume that Int X = (). There consequently exists a countable
set D C R™\ X which is dense in R™.

By Proposition 3.2.10, R®” =R, o UR, 1 U---UNR, ,. Put
n—1
Y =R"\ R, = [ R
i=0

Notice that R, ,, consists of all points of R having rational coordinates only,
and hence is a countable dense set. By Proposition 3.2.10 and Corollary 3.1.7
we get that dimY <n — 1.

By the countable dense homogeneity of R™ (Corollary 1.6.10), there is an
element h € H(R™) such that h[D] = R, ,,. This implies that h[X] C Y, and
hence by Theorem 3.2.9 that dim X = dim h[X] < n — 1, as required. O

=
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Corollary 3.7.2. Let U C R" be nonempty and open. If U is not dense
then dimFrU =n — 1.

Proof. Put F'=FrU. Then by Theorem 3.7.1 it follows that dim /" < n—1.
Pick an arbitrary point m € R™\ U.

Striving for a contradiction, assume that dim F' <n — 2.

We will first prove that we may assume without loss of generality that U
is compact. For this we will use a trick on ‘exchanging’ points at infinity.
The one-point compactification X = R™ U {oo} is homeomorphic to S (Ex-
ercise A.4.8). The boundary of U in X is F if it is compact and F' U {o0}
otherwise. Since dim F' = dim(F' U {oo}) (Exercise 3.2.1) we arrive at the
conclusion that the boundary of U in X is at most (n — 2)-dimensional. Now
observe that Y = X \ {m} is homeomorphic to R™, that the closure of U in Y’
is compact, and that its boundary is at most (n — 2)-dimensional.

So from now on assume that U is compact in R™ and that FrU is at

most (n — 2)-dimensional. We may assume without loss of generality that
the origin 0 of R™ belongs to U. By compactness of U, the collection

{r-U:re(0,1]}

is a local base at 0 consisting of compact neighborhoods all of whose bound-
aries are at most (n—2)-dimensional. But since R™ is homogeneous, the same
is true for all points of R”. By Theorem 3.4.10 (applied twice) this implies
that dimR™ < n — 1, which contradicts Theorem 3.2.12. O

Corollary 3.7.3. Let L be a closed subset of R™ with dim L < n—2. Then L
does not separate R".

Proof. Suppose that R® \ L = U UV, where U and V are disjoint non-
empty open sets. Then FrU C L and so dim Fr L < n — 2 which contradicts
Corollary 3.7.2. g

We now aim at proving in Theorem 3.7.6 a much stronger version of this
corollary. First we need to do derive some elementary results about essential
families and continua.

Proposition 3.7.4. Let X be a compact space, let {(A4;,B;) : i € T'} be an
essential family of pairs of disjoint closed subsets of X and let T'(0) C T". If
for each i € I'(0), L; is a partition between A; and B; in X and n € '\ T'(0)
then L = nier(o) L; contains a continuum from A,, to B,,.

Proof. Suppose that L does not contain any continuum from A,, to B,,. Let

H=A,NL, G=B,nL,
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and put

& ={C:C is a component of L and C'N H # 0}, E:UE,
and

F={C:C is a component of L and C NG # 0}, F:UCF,

respectively. From Proposition A.10.3 it follows that both E and F are closed.
Also, by assumption, E N F = (). Take an arbitrary C' € €. Since L\ F is
an open neighborhood of C' in L, by Lemma A.10.1 there exists a clopen
(in L) set Us which contains C' but misses F. By compactness, finitely
many Ug’s cover E. We conclude that () is a partition in L between H
and G. By Corollary 3.1.5 there is a partition 7" in X between A,, and B,
such that TN L = (). But this contradicts the fact that

{(4;,B;) :i € T(0)} U{(An, Bn)}
is essential (Exercise 3.1.1). O

Corollary 3.7.5. Let X be a compact space, let

be an essential family of pairs of disjoint closed subsets of X and let n € T'.
Suppose that Y C X is such that Y meets every continuum from A,, to B,,.
For each i € T'\ {n} let U; and V; be disjoint closed neighborhoods of A;
and B;, respectively. Then

{(Uiny,V;nY):ieT\ {n}}

is essential in Y.

Proof. By Proposition 3.7.4, if for every i € T'\ {n} the set L; is a partition
between A; and B; then Yﬂﬂier\{n} L; # 0. Now apply Exercise 3.1.13. [

A space X is called continuum-connected provided that for any pair of
points x,y € X there is a subcontinuum C of X containing both x and .
A continuum-connected space is obviously connected, but the converse need
not be true (Exercise 3.7.1).

Theorem 3.7.6. Let M C G, where G C R" is open and connected. If M
is at most (n — 2)-dimensional then G \ M is continuum-connected.

Proof. We first prove the special case that G = R". Take two arbitrary
distinct points z,y € R™ \ M and let K denote the closed ball in R™ with
center 1s(z +y) and radius [z — y[|. Let f: 1" — K be a continuous
surjection which maps a pair of opposite faces A and B of I" to = and vy,
respectively, and has the property that the restriction g = f [I"\ (AUB) is a
homeomorphism from I\ (AU B) onto K \ {z,y}. Such a function can easily
be constructed with the technique used in the solution of Exercise 1.1.24.
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The set f~'[M N K] is at most (n—2)-dimensional. Hence by Corollary 3.7.5
there is a continuum C from A to B which misses f~1[M NK]. But then f[C]
is a continuum containing x and y but missing M.

Now consider an arbitrary open and connected set G C R™ and arbitrary
points x,y € G\ M. By Lemma 1.5.21 there exist open balls By, B, ..., By
in G such that x € By, y € By and B;NB;11 # 0 for all i < k—1 (here we use
that G is open and connected). Since M has empty interior by Theorem 3.7.1
there exists for ¢ < k—1 a point z; € (B;NB;4+1)\ M. Put 2o = z and 2z, = y.
By the above for ¢ < k there is a continuum C; C B;\ M containing both z;_;
and z;. Then C = Ule C; is the desired continuum in G \ M connecting x
and y. O

It is easy to see that Corollary 3.7.3 follows from Theorem 3.7.6.

Corollary 3.7.3 leads to the definition of a so-called Cantor-manifold. A
compact space X with dim X = n > 1 is called an n-dimensional Cantor-
manifold if for each closed subset L C X with

dimL <n-—2

the complement X \ L is connected. The examples of n-dimensional totally
disconnected spaces for all n that will be constructed in §3.9 show that a
generalization of this concept to noncompact spaces makes no sense; sim-
ply observe that the singletons are the only connected subsets of a totally
disconnected space. Observe that each Cantor-manifold is a continuum and
that the one-dimensional Cantor-manifolds are precisely the one-dimensional
continua.

Proposition 3.7.7. Every n-dimensional compactification of R™ is an n-
dimensional Cantor-manifold. In particular, S™ and 1" are n-dimensional
Cantor-manifolds.

Proof. Let yR"™ be an n-dimensional compactification of R™, and let A in vX
be at most (n — 2)-dimensional. Then B = R"™ \ A is connected by Corol-
lary 3.7.3. In addition, A N R™ has empty interior in R™ by Theorem 3.7.1
which implies that B is dense. We conclude that yR™ \ A contains the dense
connected set B and is therefore connected itself. 0

We will now show that there are ‘many’ n-dimensional Cantor-manifolds.

Theorem 3.7.8. Letn > 1. Every compact n-dimensional space X contains
an n-dimensional Cantor-manifold.

Proof. By Theorem 3.6.5 there exists a closed subset A C X and a con-
tinuous function f: A — S"~! such that f admits no continuous extension
over X. Let B = {B; : i € N} be a countable open base for X.
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We define a decreasing sequence (X;);>0 of closed subsets of X, as follows.
First, let Xo = X. If X; has been defined then we consider two cases. If f
does not admit a continuous extension over AU (X; \ B;41) then put

Xiy1 = Xi\ Bit1,
otherwise put
Xit1 = X;.
We claim that M = (172, X; is an n-dimensional Cantor-manifold.

Observe that by construction, for no i the function f admits a continuous
extension over A U X;.

Claim 1. f does not admits a continuous extension over AU M.

Proof. Striving for a contradiction, assume that f: AU M — S"~! is a con-
tinuous extension of f. By Corollary 1.2.13 it follows that there is an open
neighborhood U of M such that f can be extended to a continuous func-
tion f: AUU — S* 1. Pick N so large that M C Xy C U (here we use
that X is compact, see Exercise A.5.17). Then 1 (AU Xy) extends f which
is impossible by construction. &

So by Theorem 3.6.3 it follows that dim M > n. Since dim M < n being
a subspace of X we conclude that dim M = n.

To complete the proof it clearly suffices to prove that if M; and M are
proper closed subsets of M with M = My U My then dim(M; N M) > n—1.

Striving for a contradiction, assume that there exist proper closed subsets M;
and My of M with

M:M1 U]\427 dlm(MlﬁMg) Sn—Q
Put Ay = AU M; and Ay = AU M, respectively.

Claim 2. f admits continuous extensions over A; and Ao, say to fi and fo,
respectively.

Proof. Tt suffices to prove this for A;. To this end, pick € My \ My (here
we use the fact that M; and M, are proper subsets of M). Pick ¢ € N so
large that € B;31 € X \ M;. Consider the set X, 1. It contains  and
hence it intersects B;+1. By construction this can only happen when f can
be extended continuously over AU (X; \ B;+1). Since Ay C AU (X; \ Bit1),
we are done. &

Put B = AU (M; N Ms). The functions f; [ B and f5 | B only differ in
a subset of M; N My, and hence on a set of dimension n — 2 at most. We
conclude that f; [ B and f, [ B are homotopic by Corollary 3.6.4. Since f2 [ B
admits a continuous extension over AU Ms, the Borsuk Homotopy Extension
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Theorem 1.4.2 implies that the same is true for f; [ B, say to the func-
tion fj: AU My — S"1. Since

B=(AUM;)Nn (AU DM,),

it follows that the formula

| filz) (x e AUM,),
5(”5){ Fle) (xeAUM)

defines a continuous extension of f over AU M. This is a contradiction. [J

This yields another solution to Exercise 3.2.4.

Corollary 3.7.9. If X is compact and dim X = n then one of its components
is n-dimensional.

Exercises for §3.7.

1. Give an example of a connected space which is not continuum-connected.

2. Give an example of a space X having the property that for every com-
ponent C' C X we have dim C < dim X.

3. Let X be compact and let A and B be disjoint closed subsets of X. In
addition, let L be a closed subset of X such that no continuum in L
intersects both A and B. Prove that there is an open neighborhood U
of L such that no continuum in U intersects both A and B.

»4. Let X be a compact space, let {(A;, B;) : @ € I'} be an essential family
of pairs of disjoint closed subsets of X and let I'(0) C I'. Suppose that
for each i € I'(0), L; is a partiti\on between A; and B; in X and let

L= L;.
ieT(0)
Finally, let ni,n2 € I'\ I'(0) be distinct.
Call a subset T C X small if no continuum in 7' meets both A,
and By, .
Prove that if N is a finite pairwise disjoint collection of small closed
subsets of X then there is a coiijnuum in

L\ N
from An, to Bhp,.

5. Let X be a compact space such that dim X > 2. Prove that there are
real numbers § > 0 and € > 0 such that if N is any finite collection of
pairwise disjoint closed sets with mesh(N) < ¢ then there is a continuum
C C X\ N with diameter at least .

»6. Let X be a compact space with dim X < 1. Prove that for every real
number ¢ > 0 there is a family N of pairwise disjoint clgsed subsets of X
with mesh(N) < e such that each continuum C' C X \ N has diameter
less than e.
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open subsets %X such that £ C U, and mesh
the collection U,, is a local base at every

n=1
16. Let X be a space. Prove that X has a
has cardinality at most ¢ and X

17. Let X and Y be spa Prove that the collection of all continuous
functions X — Y _Mas cardinality at most c.

18. Let X be asSpace with closed subspace K. Let ¢: X \ K — (0,00) be
continuous. Prove that there is a continuous function §: X — [0, co) such
that

ost ¢ closed subsets. (Hence X
as at most ¢ open subsets.)

ets.

K =0,

R T 3 VAN L
A\ thernr 0=o(T)<—=(T)-

A.3. Limits of continuous functions

Let X and (Y, o) be spaces. For all f,g € C(X,Y) put

o(f.9) = sup{o(f(2),9(2)) : w € X}.
Observe that §(f,g) € [0, o0].

If X =Y = N with the Euclidean metric o, f is the identity and g is the
function n — 2n, then clearly g(f,g) = oc.

As a consequence, ¢ need not be a metric on C(X,Y), it is an ‘extended’
metric. Yet it is convenient to adopt some of the terminology of metrics
and to treat ¢ as some sort of generalized metric. For example, we call a
sequence (f)n in C(X,Y) Cauchy if for each £ > 0 there exists an N € N
such that o(fn, fm) < € for all n,m > N. This is of course nothing but the
ordinary definition of a Cauchy sequence in a metric space.

Lemma A.3.1. Let X and (Y, p) be spaces. Let (f)n be a ¢-Cauchy se-
quence in C(X,Y) such that for every © € X, lim,_,o fn(z) exists. Then
the function f: X — Y defined by f(x) = lim,_. fn(x) is continuous.

Proof. Let z € X. We shall prove that f is continuous at z. To this
end, let ¢ > 0 be arbitrary. There exists by assumption an N € N such
that o(fy, fm) < ¢/ for all n,m > N.

Claim 1. For every y € X and m > N, o(f(v), fm(y)) < 5.
Proof. Lety € X. Since o(fn(y), fm(y)) < ¢ foralln,m > N and since f(y)

is equal to lim, .o fn(y), we obtain that indeed o(f(y), fm(y)) < /3 for
every m > N. &

So the sequence (f,)n converges uniformly to f on X. Fix an admissible
metric d on X. Since fy is continuous at x, there exists § > 0 such that
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if d(z,z) < & then o(fn (), fn(2)) < 3. Now for an arbitrary z € X
with d(x, z) < § we have

o(f(x), f(2)) < o(f(x), fn(x)) + o(fn(x), fn(2)) + o(fn(2), f(2))
< 3+ 3+ s
=e.

Since € was arbitrary, we conclude that f is continuous at z. 0

Exercises for §A.3.

1. Let frn: X — R be continuous for every n. Let (My). be a sequence of
real nur@ers such that for every x € )q:and n €N, |fn(z)| < M,. Prove
that if 2, M, is convergent then >, fn is uniformly convergent
(and hence continuous by Lemma A.3.1).

2. Give an example of a sequence (fn)n € C(L,I) such that for every x € I
the limit f(z) = limp—o fn(x) exists while the function f is not con-
tinuous. (This shows that the condition that the sequence (fn)n in
Lemma A.3.1 is Cauchy cannot be omitted.)

A.4. Normality type properties

Real-valued continuous functions are very important in topology. The
following lemma shows that disjoint closed subsets can always be separated
by such a function.

Lemma A.4.1. Let X be a space. If A and B are pairwise disjoint nonempty
closed subsets of X, then there exists a continuous function u: X — I such
that u=1(0) = A and u=*(1) = B.

Proof. Let o be an admissible metric for X. It is easily seen that the func-
tion a: X — I defined by

is as required. O

Let X be a topological space, and let A and B be disjoint closed sub-
sets of X. A continuous function f: X — R for which there are distinct
elements a,b € R such that f[A] C {a} and f[B] C {b}, is called a Urysohn
function. So the function « in Lemma A.4.1 is a ‘special’ Urysohn function
since it has the extra property that it ‘separates’ A from B in a precise way.

We will need a second type of Urysohn functions in the following situation
later. Suppose that A and B are closed subsets of a space X. In addition,

=
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let A” C A\ B and B’ C B\ A be closed sets which are nonempty. Let g be
an admissible metric for X. Define the sets A” and B” in X by

A" ={z € X : ola, A) < ola, B)},

B"={z € X :o(x,A) > o(z,B)}.
Observe that these sets are closed in X, and that

A"Nn(AuB)=A, B"n(AuB)=B, A"uB’"=X.
By the above there are Urysohn functions «, 3: X — I such that
a l0)=4", o '(1)=B", gYH0)=B, p1)=A4".
Define u: X — I by the following formula:
Uso(x e A,
o=y ey

If © € A” N B” then Yha(x) = Y5 and 1 — Yp8(z) = Y. Since A” and B”
are closed in X, this easily implies that u is well defined and continuous. So
it is a Urysohn function. It is special since

u(0)=4", u(l)=5B,
and
ulA\B] € [0, %), wu[B\A] < (Y,1].
This can be verified quite easily. So we completed the proof of the following
result:

Lemma A.4.2. Let X be a space containing the closed sets A and B. If
A CA\B, B 'CB\A

are nonempty closed sets then there is a Urysohn function u: X — 1 such
that

(1) u=(0) = A" and u=1(1) = B,
(2) u[A\B] € [0, %) and u[B\ A] C (12, 1].

We will now present some simple consequences.
Corollary A.4.3. Let X be a space and let A and B be disjoint closed
subsets of X. Then there are disjoint open subsets U and V in X such that

ACU BCV.

Proof. By Lemma A.4.1 there exists a continuous function u: X — I such
that u | A=0,and u | B=1. Put U = v '[[0, 15)] and V = u™![(>,1]],
respectively. Then U and V are clearly as required. g

Corollary A.4.4. Let X be a space. Then X can be imbedded in () and
in R*°.
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Proof. Let B be a countable open base for X. For every pair (E,F) of
elements of B with E C F pick a Urysohn function v: X — I such that

ulE] € {0}, u[X\F]C {1}

(Lemma A.4.1). Let U denote the countable collection of functions obtained
in this way. The function e: X — I defined by

e(r) = (u(2)) ey

is easily seen to be an imbedding (Exercise A.4.1).

Since @ clearly imbeds in R*°, we are done. O

continuous function h: X — R such that
|h(z)| < K
lg(a) — h(a)| < 25K

are closed and disjoint in A and so in X.
continuous function h: X — I such that h[B;] C {0} and h[B3] C {1}. Now
let h = 2/3K(h — 1). We claim that h j{ as required. Indeed, if z € X is
arbitrary then

|h(2)] = 23K ’h(m) 1/2’ < YKy = 15K.
Moreover, if a € A then there agfe three cases to consider. First assume
that a € B;. Then h(a) = 0/from which it follows that h(a) = —15K.
Since g(a) € [—K, —13K] thi§ shows that |g(a) — h(a)] < 23K. A similar
calculation can be made if ¢/€ Bs. Finally, if a ¢ B1 U Bj then |g(a)| < 15K,
and since by the above |hfa)| < Y5 K, we get |g(a) —h(a)| < 23K as well. O

This result enable$ us to prove that certain continuous functions can be
extended.

Theorem A.4.6.
continuous thepy

Remark A /A

Let X be a space with closed subspace A. If f: A — J is
there is a continuous function F': X — J such that F[A = f.

.7. For nontrivial generalizations of this result, see §1.2.

y induction on n > 0, we define functions A, : X — R such that

| ()] < V5 (%5)" for all z € X,

’f(a) - Yhi(a)! < (%)M forallac A ———
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Lemma A.6.2 is complete.

»9. Let (X, 0) and Y be spaces with ¢ complete and let f: ¥ — Y be conti-
nuous. Prove that the following statements are equivalent:
(1) f is not both one-to-one and closed.
guences (zr)r and (yr)r in X such
that o(zk,yk) > € for eg and limg— oo f(z) = limg—oo f(yk)-

10. Let X be a Baire spaeg. Prove that if § is a countable family of dense
8 is dense in X. (So in a Baire space any two

dense Gs-subséts intersect.)

11. Let X, e a Baire space for every n. Prove that fo’zl X,, is a Baire

»12. @Give an example of a compact space X and an open continuous surjec-
tion f: X — Y and a dense Gs-subset S C X such that f[S] is not a

Er5—STI0SEL O

A.7. A covering type property

Let X be a space and let A and B = {B(A4) : A € A} be covers of X
(not necessarily by open or closed sets). We say that B is a shrinking of A if
for every A € A, B(A) C A. Observe that if B(Ag), B(41) € B are distinct
then so are Apg and A; and that the converse need not hold. We call B an
open shrinking if B consists of open subsets of X. A closed shrinking is a
shrinking consisting of closed sets.

Proposition A.7.1. Let X be a space and let U be an open cover of X.
Then U admits a closed shrinking.

Proof. First assume that U is countable. Enumerate it as {U,, : n € N}. By
Lemma A.4.1, for each n there exists a continuous function f,: X — I such
that f,1[(0,1]] = U,. Define f: X — I by

fle) =27 fu(x).

Since .
d o=,
n=1

we get by Exercise A.3.1 that f is continuous. As U covers X, f(z) > 0 for
every x € X. Put

An:{zeX:fn(x)E%} (n e N).
By continuity of the functions f,, and f, it follows easily that each A, is
closed. Also, since f(z) > 0 for all =, A,, C U,.
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We claim that the collection {A,, : n € N} covers X. To this end, assume
that there exists € X such that for every n, x ¢ A,. Then

fule) < 12,
for every n, so that
f@) =2 ) < o S 2(w) = 1,
n=1 n=1

which is a contradiction since f(x) > 0.

Now let U be an arbitrary open cover of X. Let V be a countable subcover
of U (Corollary A.2.3). By the above, there exists a closed shrinking

W={W({V):V eV}
of V. For each U € U define the subset E(U) C X by

_J wW(U) UeV),
E(U)_{ 0 (U &),
(

Since W covers X, the collection € = {E(U) : U € U} is clearly a closed
shrinking of U. U

Let A be a collection of subsets of a space X. We say that A is locally
finite provided that for every x € X there is a neighborhood U, of x such
that the collection

{AeA:ANU, # 0}

is finite. Observe that A is countable. This can be seen as follows: every
point in X has a neighborhood meeting only finitely many elements of A and
countably many of these neighborhoods cover X by Corollary A.2.3.

Proposition A.7.2. Let X be a space. Then for every open cover U of X
there is an open shrinking V = {V(U) : U € U} of U which is locally finite.

Proof. Let X be a space and let U be an open cover of X. If U has a
finite subcover, say W then there is nothing to prove. Simply put V(U) = U
ifU eW and V(U) =0 if U € W. So assume without loss of generality
that U does not have a finite subcover.

By Proposition A.7.1 there is a closed shrinking {W(U) : U € U} of U.
For each U € U let E(U) be an open subset of X such that

W) EU)CEU)CU

(Corollary A.4.3). The cover {E(U) : U € U} of X has a countable subcover
by Corollary A.2.3, say € = {E(U) : U € U}, where W C U is countable.
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Observe that U covers X as well. Let {U,, : n € N} be a faithful indexing
of U’ (observe that U’ is infinite). For every n put

Vo =Un\ | E(Un).

m<n
We claim that
V={V,:neN}

is a locally finite open cover of X. Clearly V consists of open sets. For
each x € X let n(x) be the smallest integer with & € U, (). For this num-
ber n(z) we clearly have x € V(). Consequently, V = {V,, : n € N} is a cover
of X. We shall prove that V is locally finite as well. Take an arbitrary z € X.
Since € covers X, there is an n with € E(U,). Clearly E(U,)NV,, = 0 for
all m > n. Consequently, F(U,) is a neighborhood of z which intersects at
most n members from V.

Now for each U € U define V(U) C X by

vy {1 C=0

0 (UgW).
Since V = {V,, : n € N} is a shrinking of W = {U,, : n € N}, this assignment
is clearly as required. O

A space X is called paracompact if for every open cover U of X there
exists an open refinement V of U such that V is locally finite.

Corollary A.7.3. Every space is paracompact.

Let X be a space. A family F of continuous functions from X to I is called
a partition of unity on X if for each x € X there exist a neighborhood U,
of z and a finite subset F(x) of F such that

(1) Zfe&"(w) f(y) =1 for each y € Uy,
(2) if feF\F(x) and y € U, then f(y) =0.
Each partition of unity on X is countable. This is so because countably

many U,’s cover X (Corollary A.2.3) and the corresponding F(x)’s cover F
with the possible exception of the constant function with value 0.

If F is a partition of unity on X then we define
WI) ={f[(0,1] : f €T}

Lemma A.7.4. Let X be a space and let ¥ be a partition of unity on X.
Then U(F) is a locally finite open cover of X.

Proof. That U(F) consists of open sets is clear. Take an arbitrary z € X and
let U, and F(x) be as in the above definition. By (1) there exists an f € F(x)
such that f(z) # 0. We conclude that U(F) covers X. That U(F) is locally
finite follows immediately from (2). O
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Let U be a locally finite open cover of a space (X, ). We shall associate
with U a certain family of continuous functions which will be useful here as
well as in Chapter 3, as follows. For every U € U define xky: X — R by

(* () = 22X

ngu o(xz, X \'V)

These functions are called the k-functions with respect to the cover U. Ob-
serve that the sum in the denominator of (x) contains at least one but at
most finitely many non-zero terms, so that xy is well-defined. Also observe
that ky(z) > 0.

We next claim that each sy is continuous. This is easy. Take an arbi-
trary € X. There is an open neighborhood W of x such that the set

F={UecU:UNW # 0§}

is finite. Let py denote the restriction sy [ W. Then for every y € W we

have
o(y, X\ U)

T Sves o, X\ V)

Since JF is finite, py is a continuous function on W. Since W is a neighborhood
of x this implies that kg is continuous at x.

pu(y)

Finally, observe that ) ;. su(z) = 1 for every z € X and that for
every U € U,
kg'[(0,1]] C U.
We say that a partition of unity F on a space X is subordinated to a

cover 'V of X if the cover U(F) is a shrinking of V, in the following sense. We
demand that F can be listed as {fy : V € V} such that

ftlo)cv
for every V € V.

Theorem A.7.5. Let X be a space and let U be an open cover of X. Then
there exists a partition of unity on X which is subordinated to U.

Proof. By Proposition A.7.2, we may assume without loss of generality
that U is locally finite. Let X = {ky : U € U} be the set of x-functions
with respect to U. Since U is locally finite, it is clear that X is a partition of
unity on X which is subordinated to U. 0

Partitions of unity are very useful. We will demonstrate this in §1.1 by
using them for obtaining a classical result in selection theory. Here we will
present another useful application.
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ent x ¢ U. It suffices to prove that h(z s
to consider. Suppose first that for infinitely many n we have < h(x).
Then g(x,) < g(x) for those n. Since g is usc, g(x x) and so

h(zn) = ().

The case that for i y many n we have h(z) < h(z,) can be completed
imi using the fact that f is lsc.

1.4 3 | i
S" h-has-eall-desired propervies:

Exercises for §A.7. Let (X, o) and (Y, d) be metric spaces. Then f: X — Y
is called Lipschitz provided that

d f(z), fy) <olzy)

for all z,y € X. Observe that a Lipschitz function is continuous.

1. Let Izbe a locally finite collection of closed subsets of a space X. Prove
that JF is closed in X.

2. Let X be a space. Prove that the following statements are equivalent:
(1) X is compact.
(2) Every open cover of X has a locally finite subcover.

3. Let F be a discrete collection of closed subsets of a space X. Prove that
every F' € J has an open neighborhood U(F) such that the collection

{U(F): FeJ}
is discrete as well.

4. Let X be a space. Prove that the following statements are equivalent:
(1) X is compact.
(2) Every locally finite open cover of X is finite.

»5. Let (X, p) be a space and U a collection of open subsets of X. P]gve
that there is a Lipschitz function e: X — I such that e™' (0,1] = U
while moreover for every z € X the open ball about z with radius e(x)
is contained in an element of U.

6. Let X be a space and let f,g: X — R be Isc. For every z € X put

h(z) = min{f(z), g(z)}.
Prove that h: X — R is Isc.

A.8. Extension type properties

Let X be a space. It will be convenient to let pX denote the family of
all closed subsets of X. In addition, for every z € X, we put o(z, ) = oco.

=
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Lemma A.8.1. Let X be a space with subspace Y. The function
K: pY — pX
defined by
k(A)={z € X : o(z,A) < o(x,Y \ A)}
has the following properties:
(1) &(0) =0, s(Y) =X,
(2) K(A)NY = A for every A € pY,
(3) if A, B € pY and A C B then x(A) C k(B),
(4) if A,B € pY then k(AU B) = k(A) Uk(B).

Proof. The straightforward verification that x is well-defined is left to the
reader. Clearly, (1), (2), and (3) hold. For (4), take A, B € pY. Observe
that by (3), k(A) Uk(B) C k(AU B). Let « € k(AU B). Since

o(x, AUB) € {o(x,A), o(x, B)}

(Exercise A.1.7), without loss of generality o(z, AU B) = p(x, A). We shall
prove that 2 € k(A). Since z € k(AU B),

(5) o(z, A) = o(x, AUB) < o(z,Y \ (AU B)),
and trivially,
(6) Q(IL’,A):Q(Q:,AUB) < Q(LE,B).

Since Y\ A C (Y \ (AU B)) UB, (5) and (6) and Exercise A.1.7 imply that
o(z,A) < o(z, (Y \ (AUB))UB) < o(z,Y \ 4),
so x € k(A). O

Let X be a space. Subsets A and B of X are called separated if
ANB=0=AnNB.

It is clear that if A and B are disjoint and are both closed, or both open,
then A and B are separated. More interesting examples of separated sets are
obtained in the following way. Let Y be a subspace of X and let U and V be
disjoint subsets of Y that are open in Y. Then U and V are separated in X.
For let U’ be an open subset of X such that U’ NY = U. Then U' NV = {,
ie., VNU = 0. It follows similarly that U NV = 0.

Corollary A.8.2. Let A and B be separated subsets of a space X. Then A
and B can be separated by disjoint open subsets of X.
Proof. It is clear that A and B are closed in their union A U B. By
Lemma A.8.1, there exist closed subsets A’ and B’ of X such that

ACA', BCB, BnA'=0, BnA=0, AuB =X
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SoU =X\B and V = X \ A’ are disjoint open neighborhoods of A and B,
respectively. d

—WeTIoOW tUrT to extendable comtinuous furnctions:

(2) For all closed sets A, B C Z we have

ANB=0 = fANf B =0.

(Here closure means closure in X.)

Proof. For (1) = (2), pick disjoint closed subsets A, B C Z. Since f ex-
tends f we have

(%) FUAIC fHA] fnd fHB) C fHB.
Observe that by continuity of f, f~![A] and f~![B] are disjoint closed sets
of X. So we get what we want ffom (x).

The proof of (2) = (1) is/more complicated. Pick an arbitrary z € X
and let B(x) be the collectiony/of all its open neighborhoods in X. Put

Fz)/={flUNY]:U € B(z)}.

(Here closure means closyre in Z.) Since for a finite subcollection U C B(x)
we have U € B(z) an

flAunY] < N fluny],
ucu

the family F(z)/has the finite intersection property (here we use that Y
is dense in X}, By compactness of Z, F(z) consequently has non-empty
intersection,

We shall prove that () F(x) consists of a single point. Let y; and yo be
distinct/elements of Z. There exist closed neighborhoods Vi and V5 of 3
and ¥4 respectively, such that V3 N'Va = 0. From (2) it follows that

N V] = 0.

e may assume without loss of generality that z ¢ f~1[V4]. Thus

X\ fHv] € B(x).

Since f[Y \ f7![V4]] misses Vi, its closure misses the interior of V;. This
means that y; & [ F(x).

Observe that if z € Y then f(z) € (F(x) so that, by what we just

proved; tite umique poit i [ [F(Z) 15 f{T):
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Exercises for §A=9- >

1. Let X be a space with Wallman base F. Prove that for every F.€ F the
set F'* coincides with the closure of F' in w(X,F).

2. Let X be a space with Wallman base F. Prove tifat for all disjoint
nonempty closed sets A and B in w(X,F) there are disjoint Fo, Fi € F
such that A C Fy and B C FY.

3. Let X be a space and let § be ountable collection of closed subsets
of X. Prove that X has aeompactification vX such that if Sy, S1 € S
are disjoint then theirclosures in v.X are disjoint as well.

4. Let Fand §
are equivalent:

w(X,¥) <w(X,9),

(2) for all disjoint Fp, Fi € F there exist disjoint Go, G1 € G such that
Fo-C-Co-andI-C-G

=—orgatT =1

allman bases of X. Prove that the following statements

A.10. Connectivity

If x € X then it is easy to see that the component of x is equal to

U{C’ C X : C connected and z € C}.

Since if A C X is connected then so is A, it follows that the component of z
is a closed subset of X.

Lemma A.10.1. Let C be a component of the compact space X. Then
for every neighborhood U of C' there exists a clopen subset E of X such
that CC ECU.

Proof. Let C(x) denote the component of the point x € X. In addition,
let G be the family of all clopen neighborhoods of z, and put

Q) ={S.

Claim 1. For every neighborhood U of Q(z) there exists a clopen subset E
of X such that Q(z) CECU.

Proof. Observe that the intersection of finitely many elements of § again
belongs to §. Without loss of generality we assume that U is open. Since

(X\U)Nn(g=0

it follows by compactness that U contains an element of G. &

It is clear that C(z) is a subset of Q(z), since if A is any clopen subset
of X then either C(z) N A = 0 or C(z) C A. We will prove that Q(z) is
connected. If this is true then Q(z) C C(x), i.e., C(x) = Q(z). So then we
get what we want by Claim 1.
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Striving for a contradiction, assume that Q(z) is not connected. We shall
derive a contradiction. We can write Q(z) as E U F, where both E and F
are nonempty closed subsets of X and ENF = (). Without loss of generality,
we may assume that ¢ € E. There exist disjoint open neighborhoods U
and V of E and F, respectively (Corollary A.4.3). Since U UV is open
and contains Q(z), by Claim 1 there exists a clopen subset G of X such
that Q(x) C G C U UV. Observe that

GNU=G\V

is both open and closed. But this implies that Q(z) C GNU and so F = 0,
which is a contradiction. O

Corollary A.10.2. Let X be a compact space every component of which
has diameter less than . Then X can be split into finitely many clopen sets
of diameter less than €.

Proof. Let C be an arbitrary component of X. By Lemma A.10.1 there is a
clopen neighborhood Ug of C' with diameter less than . Finitely many Ug'’s
cover X by compactness of X. So we are done by Exercise A.1.3. 0

Let P be a decomposition of X into pairwise disjoint nonempty closed
subsets. We say that P is upper semi-continuous provided that for every
closed subset A of X, | J{P €P: PN A0} is closed in X.

Proposition A.10.3. Let X be compact. Then the collection of all compo-
nents of X is an upper semi-continuous decomposition of X.

Remark A.10.4. The compactness of X is an essential in this result. See
Exercises A.10.9 and A.10.11.

Proof. Let € denote the collection of all components of X and let A be
closed. We shall prove that if P = {C' € C: CN A # 0} then |JP is closed
in X. Take z ¢ [JP. Then the component C(z) of X which contains z
misses A, hence by Lemma A.10.1, for some clopen E in X,

Clz) CEC X\ A.
But then ENJP =0 and so = ¢ J?P. O

A continuum is a space which is both compact and connected.

A

Corollary § C O€—a C1oscU sunspace—al_a ontinuum X sue

that ) # A # X. Then every component C of A meets Fr A.

Proof. First observe that if Fr A = () then_A X by connectivity of X.
So Fr A # (). Striving for a_contradiction, suppose that C is a component
of A such that—€TTFr A = (). Then X \ Fr A is a neighborhood of C. By

compacthess—ofAthere—exdstsbyProposition-A-103—and e a . 1014
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