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Abstract. In second order Lagrangian systems bifurcation branches ofperiodic solutions preserve certain topological
invariants. These invariants are based on the observation that periodic orbits of a second order Lagrangian
lie on 3-dimensional (non-compact) energy manifolds and the periodic orbits may have various linking
and knotting properties. The main ingredients to define the topological invariants are the discretization of
second order Lagrangian systems that satisfy the twist property and the theory of discrete braid invariants
developed in [4]. In the first part of this paper we recall the essential theory of braid invariants and in
the second part this theory is applied to second order Lagrangian system and in particular to the Swift-
Hohenberg equation. We show that the invariants yields forcing relations on bifurcation branches. We
quantify this principle via an order relation on the topological type of a bifurcation branch. The order will
then determine the forcing relation. It is shown that certain braid classes force infinitely many solution
curves.

1. Introduction. Fourth order conservative dynamical systems can be viewed as Hamilto-
nian systems with two degrees of freedom. The dynamics is restricted to 3-dimensional energy
surfaces (e.g. [14]) and orbits may display various knotting and linking properties. The knotting
information about trajectories provides insight into the dynamics. In particular, forcing solutions
based on the existence of other solutions turns out to be a very valuable technique. We divide
trajectories into equivalence classes by using the knotting information. Forcing is used to estab-
lish a partial order on such classes. In this paper we apply the ideas to the eFK/Swift-Hohenberg
equation (see e.g. [8, 2]) and we indicate how these results also apply to fourth order conservative
systems in general.

The eFK/Swift-Hohenberg equation is of the form

u′′′′ + αu′′ − u+ u3 = 0 α ∈ R, (1.1)

whereu : R → R. Whenu(t+τ) = u(t) for some periodτ > 0, the solutions are called periodic,
or closed characteristics. The equation occurs as the Euler-Lagrange equation of the second order
Lagrangian

L =
1

2
|u′′|2 − α

2
|u′|2 +

1

4
(u2 − 1)2,

and solutions preserve the energy

E = −u′′′u′ + 1

2
|u′′|2 − α

2
|u′|2 − 1

4
(u2 − 1)2.
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The latter defines 3-dimensional (non-compact) energy surfacesME that foliateR
4. For the values

E = −1
4 andE = 0 the energy surfaces are singular with singularities atu = 0 andu = ±1,

respectively.

The levelE = 0 plays the role of organizing center due to the existence of the equilibrium
statesu = ±1. Let us recall the nature of the linearization around the equilibria (see Figure1.1).
The stationary pointsu = ±1 change type as function of the parameterα. This happens at the
valuesα = ±

√
8. Forα ≤ −

√
8, u = ±1 are saddles, i.e. real eigenvalues, for−

√
8 < α <√

8 they are saddle-foci, i.e. complex eigenvalues, and forα ≥
√

8 they are centers, i.e. purely
imaginary eigenvalues. Forα ≤ −

√
8 the set of bounded solutions is very limited. According

to [10] the only bounded solutions are the three equilibrium points, two monotone antisymmetric
kinks and a one-parameter family of periodic solutions parameterized by the energyE.

At α = −
√

8 an explosion of periodic solutions occurs, see Figure1.1. Here we restrict
attention to the energy levelE = 0. We classify the periodic solutions as follows. Define the
intersection sequenceσ = (σj1 . . . σjm), jk ∈ {1, 2}, whereσ1 represents the intersections of a
periodic functionu(t) with u− = −1, while σ2 represents the intersections withu+ = +1, and
all intersections are counted over one periodτ . Due to periodicity ofu we may assume thatσ
starts withσ1 if u intersectsu−. We group the same elements together and use the notation with
powers instead of repeating the symbols, e.g. we write(σ2

1σ
2
2)

2 instead ofσ1σ1σ2σ2σ1σ1σ2σ2.
The number of crossings of a periodic solutionu with u± is the number of zeros of the functions
u − u± counted over the period without multiplicity, i.e., every zero is counted just once even if
it is a multiple zero. The zero points are isolated and this number is well defined and finite and
preserved along the continuous bifurcation branches, see [8]. We distinguish different classes of
periodic functions based on their intersectionsσ.

Definition 1.1. Periodic functionsu are categorized by the following three classes:

(I) σ = (σ2
1σ

2
2)
q, for someq ∈ N;

(II) both σ1 andσ2 are present inσ, butσ 6= (σ2
1σ

2
2)
q for anyq ∈ N;

(III) σ = (σ2q
1 ), or σ = (σ2q

2 ), for someq ∈ N.

The sequenceσ will be called the intersection sequence ofu.

Further classification can be carried out by counting the monotone laps of a periodic solu-
tion. It was shown in [14] that if a second order Lagrangian system satisfies a twist property (see
Section2), then every solution is a concatenation of regular monotone laps between extrema and
degenerate monotone laps, and the number of all monotone laps is finite and even per period. A
regular monotone lap is a segment of the solutionu such thatu′ does not change sign, i.e.u′ < 0
or u′ > 0, and a degenerate monotone lap is an inflection point. We haveto count both non-
degenerate and degenerate monotone laps in order to obtain the invariant along the bifurcation
branch. The same type of arguments that are used to show that the number of crossings withu±
is preserved along the solution branch imply that a regular monotone lap can disappear only by
becoming a degenerate monotone lap, see again [8].

Definition 1.2.Letu be a periodic solution of Equation (1.1) at the energy levelE = 0, with
intersection sequenceσ and2p monotone laps per period, thenu is said to be of the type[σ, p].

Question: Does there exist a periodic solutionu onE = 0 for any given type[σ, p]?
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Figure 1.1. Bifurcation diagram (a) shows three different classes of branches, which bifurcate fromu = −1 at
α = −

√
8. Solutions on the branches that extend beyond the boundary of the diagram are of the first class (see (e)),

branches that form closed loops consist of solutions of the second class (see (f)), and branches collapsing ontou = −1
consist of solutions of the third class (see (g)). Also depicted are the spectra of the linearization aroundu = +1 and
u = −1, see (b) forα ≤ −

√
8, (c) for α ∈ (−

√
8,
√

8), and (d) for
√

8 ≤ α.

We stress that the type[σ, p] is an invariant in the sense that it is conserved along continuous
branches of solutions (inE = 0) when varying the parameterα. As it turns out, most of the
interesting behaviour occurs when the equilibriau = ±1 are saddle-foci, i.e.α ∈ (−

√
8,
√

8).
The saddle-focus behaviour nearu = ±1 allows us to control the flow near the equilibria, which
are singular points in the energy manifold. For technical reasons we will in this paper consider
the parameter rangeα ∈ [0,

√
8) only. However the machinery developed in this paper can be

readily applied to the positive energy levels forα ≥
√

8 where the constant solutionsu± = ±1
are replaced by the small oscillations constructed in [12]. The limit process used in [12] may be
used to further extend our result forα ≥

√
8. For a wealth of results about periodic solutions in

the parameter rangeα ∈ (−
√

8, 0) we refer to [6].
For periodic functions of class (I) and (III), see Definition1.1, the pair(p, q) determines the

type [σ, p]. For class (II) this obviously does not hold. In [4] it is proved that for the entire
parameter rangeα ≥ 0, there exists at least one periodic solution of class (I) forany coprime pair
(p, q)1, see also Figure1.1(a,e). In [12] the case of periodic solutions of class (III) is treated andit

is shown that for0 ≤ α < αp,q :=
√

2
(
p
q + q

p

)
there is at least one periodic solution of class (III)

at the energy surfaceE = 0, for any coprime pair(p, q). As illustrated in Figure1.1(a,f) these
solutions converge to one of the equilibriau = ±1 asα tends toαp,q.

For class (I) and class (III) the above question has thus beenaddressed in [4] and [12]. In
order to deal with class (II) solutions, the subject of this paper, yet another structure is needed.
We refine the existence question to a forcing problem: for arbitrary α ∈ [0,

√
8), given a periodic

solution of type[σ, p], does this force the existence of a periodic solution of type[σ′, p′]? We will

1The existence actually extends toα > −
√

8, see [9].
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Figure 1.2. Sketch of two periodic solutionseu, u ∈
ˆ
σ2

1σ4
2 , 2

˜
. Their extrema points are labeled byeui andui.

The most obvious difference between the solutionseu andu is the position of the extremal pointseu2 andu2.

think of forcing in terms of a partial order on the types[σ, p]. To be more precise, if a periodic
solution of type[σ, p] of (1.1) for someα ∈ [0,

√
8) forcesthe existence of a periodic solution of

type [σ′, p′] of (1.1) for the same value ofα, then[σ, p] is said to precede[σ′, p′]. Notation:

[σ, p] ≺ [σ′, p′].

Clearly, this definition means very little for types[σ, p] corresponding to class (I) and class
(III), since they are known to exist for allα ≤ αp,q ≥

√
8, respectively. On the other hand, for

class (II) solutions unravelling the partial ordering is a challenge. The ordering has important
implications for the bifurcation diagram of Equation (1.1). If Γ and Γ′ are continuous curves
corresponding to solutions of the class[σ, p] and[σ′, p′] respectively, and[σ, p] ≺ [σ′, p′], thenΓ′

has to exist at least as long asΓ does. In other words, in Figure1.1(a) the saddle-node bifurcation
for Γ occurs at a smaller value ofα than the one forΓ′.

The intricate ordering of such saddle-node bifurcations was first studied for homoclinic so-
lutions of a slight variation of Equation (1.1) in [1], where a list of rules was proposed based on
the folding of the stable and unstable manifolds. Our approach here is entirely different, based
on topological properties of the solutions, and we rigorously determine an important part of this
ordering from which many existence result can be extracted.

Before stating the main result we start with an important example.
Example 1.3. For Equation (1.1) the existence of a solutioñu ∈ [σ2

1σ
4
2 , 2] is shown in [6] for

α ∈ [−
√

8, ε], whereε > 0 is sufficiently small. This solution is a minimizer of the underlying
Lagrangian system, and hence its Morse index is zero. Its extremal points̃u1, ũ2, ũ3 are very close
to u+ = 1, see Figure1.2(a). Numerics suggest that there is another solution with the Morse
index one in the same class. This solution has a slightly different shape (see Figure1.2(b)), the
local minimumu2 being near−1. The type[σ, p] represents a class of periodic functions to which
we will assign a topological invariant. For this invariant the Morse relations apply, see Section
3. The invariant of[σ2

1σ
4
2 , 2] is trivial, which implies that the solutioñu cannot be the only one

in this class. Numerics suggest that these two solutions areon the same bifurcation branch which
forms a loop, see Figure1.1. The loop turns at some pointα∗ > 0, where these two solutions
coalesce (saddle-node). Rigorous numerics is used in [13] to prove the existence of a solution
ũ ∈ [σ2

1σ
4
2, 2] for α ∈ [0, α∗], whereα∗ > 2 (in factα∗ ≈ 2.03, see [11]). Any type of solution

forced by[σ2
1σ

4
2 , 2] (i.e. preceded by it in the ordering) thus also exists forα ∈ [0, α∗] at the least.
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Figure 1.3. Sketch of a periodic solutionu ∈ [σ2
1σ6

2σ2
1σ8

2 , 7] which consists of two blocks, namely[σ2
1σ6

2 , 3] and
[σ2

1σ8
2 , 4].

In the same paper the existence of a multitude of solutions isproved using a forcing relation. In
Figure1.3 the types of solutions are indicated. We translate this statement, proved in [13], to the
context of the present paper in the following proposition.

Proposition 1.4. Letα ∈ [0,
√

8) andq1, . . . , qn ∈ N with qi > 1. Then
[
σ2

1σ
4
2, 2

]
≺

[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
,

wherep =
∑n

i=1 qi.
The idea behind Proposition1.4is concatenation of types based on the forcing relation[σ2

1σ
4
2, 2] ≺

[σ2
1σ

2p
2 , p]. The set of types

Z =

{
[σ, p] | σ = σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 ,

∑

i

qi ≤ p

}
,

can be given a semi-group structure as follows:[σ, p] · [σ′, p′] := [σσ′, p+ p′]. This multiplication
make(Z, ·) a non-commutative semi-group. We can introduce a unit element inZ by allowing con-
stant solutions. This then gives(Z, ·) the structure of a monoid. Elements of the form[σ2

1σ
2q
2 , p],

called fundamental blocks, serve as generators ofZ and particular
[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
=

∏
i[σ

2
1σ

2qi
2 , pi], wherep =

∑
i pi, i.e., any type inZ can be represented as a product of funda-

mental blocks. Note that this representation is not unique in general. Uniqueness holds ifqi = pi
for all i. With respect to ordering and multiplication the followingresult holds.

Theorem 1.5. If Proposition 1.4 and Theorem1.6 imply that [σ2
1σ

4
2, 2] predeces two types

[σ, p], [σ′, p′] ∈ Z, then
[σ2

1σ
4
2 , 2] ≺ [σ, p] · [σ′, p′],

with [σ, p] · [σ′, p′] := [σσ′, p + p′]. Since it was proved in [13] that [σ2
1σ

4
2 , 2] ≺ [σ2

1σ
2p
2 , p] (i.e.

q = p), Proposition1.4 follows from Theorem1.5 by considering types[σ2
1σ

2qi
2 , qi] and taking

products. In this paper we extend the result in [13] to types of the form
[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
,

with p ≤ ∑n
i=1 qi. The crucial element is to establish the ordering for types[σ2

1σ
2q
2 , p], q ≤ p and

build the more complicated types by concatenating the fundamental blocks using Theorem1.5.
Theorem 1.6. Letα ∈ [0,

√
8) andp, q ∈ N such that3 < q < p. Then,

[
σ2

1σ
4
2, 2

]
≺

[
σ2

1σ
2q
2 , p

]
,
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Figure 1.4. Sketch of a periodic solutionu ∈
ˆ
σ2

1σ8
2 , 5

˜
.

which extends the casep = q (Proposition1.4). Theorem1.6 is ultimately at the heart of the
matter and its proof involves a very intricate induction argument onp (for fixed q), exploiting
Mayer-Vietoris sequences in homology, see Section6.4.

An example of a solution of the class
[
σ2

1σ
8
2, 5

]
is depicted in Figure1.4. Now consider types

of the form
[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
, with qi > 1 and

∑n
i=1 qi ≤ p. The case

∑n
i=1 qi = p is

covered by Proposition1.4. For the general case
∑n

i=1 qi ≤ p we have:

Theorem 1.7. Letα ∈ [0,
√

8). For any representation
[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
=

∏
i[σ

2
1σ

2qi
2 , pi],

with either3 < qi < p, or 2 ≤ qi = pi, it holds that

[
σ2

1σ
4
2, 2

]
≺

[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
,

wherep =
∑n

i=1 pi.
The forcing relations of Proposition1.4 and Theorem1.7 imply the existence of many so-

lutions and indicate that all forced types have turning points at values ofα larger thanα∗ (the
saddle-node bifurcation for the type[σ2

1σ
4
2, 2]). Additionally, instead of finding just one solu-

tion of the class
[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
, the forcing relation yields a lower bound on the number

of solutions that are forced based on the topological data ofthe type[σ, p]. Different solutions
u ∈ [σ, p] may braid around the solutioñu in topologically different ways. The following theo-

rems estimate the number of geometrically different solutions within the classes
[
σ2

1σ
2q
2 , p

]
and

[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
. For counting purposes we introduce

βq,p =





1 for q = p = 2,
2p−3 for q = p ≥ 3,
1 for 4 = q < p,
2q−5 for 5 ≤ q < p.

Theorem 1.8. Let α ∈ [0, α∗] and p ∈ N such thatp ≥ 2. Then there are at leastβp,p
geometrically distinct solutions of the solution class

[
σ2

1σ
2p
2 , p

]
. If q ∈ N is such that3 < q <

p, then there are at leastβp,q geometrically distinct solutions of the class
[
σ2

1σ
2q
2 , p

]
. Figure

1.5 shows the different geometries of the solutions of type[σ2
1σ

2p
2 , p] and the combinatorics of

counting different solutions by considering patterns with‘fingers’. The part of Theorem1.8 that
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Figure 1.5. For the type[σ2
1σ10

2 , 5] either zero, one, or two fingers can be considered in a total offour configura-
tions between the first and last oscillation aroundu = +1.

deals with solutions in the class
[
σ2

1σ
2p
2 , p

]
is proved in Section6, while the rest of the proof is

carried out in the last section. Theorem1.8 can be used to give a lower bound on the number of

solutions in
[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
.

Theorem 1.9. Let α ∈ [0, α∗]. For the types
[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
=

∏
i[σ

2
1σ

2qi
2 , pi] as

described in Theorem1.7 the lower bound on the number of solutions is given by
∏
i βpi,qi.

The above theorems are established via a Morse type theory using Conley index and braid
theory, see [4]. As a by-product we obtain estimates on the Morse indicesµ(u) of solutionsu. For
example, for solutions with fingers, as depicted in Figure1.5, the number of fingers determine the
Morse index. To be more precise, for the caseqi = pi, generically

µ(u) = # fingers.

For other type of solutions we obtain similar relations, andwe refer the reader to the forthcoming
sections.

Remark 1.10. In this paper we restricted the forcing relations to the ‘base’ type [σ2
1σ

4
2 , 2].

The exact same results follows for the base type[σ4
1σ

2
2, 2]. The results even extend if we consider

the base type[σ4
1σ

4
2 , 3]. In this case we obtain fingers towards bothu = +1 andu = −1. The

results are not restricted to the specific Equation (1.1) but apply to any second order Lagrangian
twist system with at least two equipotential states. Clearly, the analysis in this paper only reveals a
small portion of the partial order on types. The techniques described in this paper can also be used
to further study the partial order relation for other types,the type[σ1σ

6
2, 3] begin the first obvious

candidate.

2. Reduction to a finite dimensional problem. In this section we give a brief survey
of the reduction of the problem of finding periodic solutionsfor Equation (1.1) to the problem of
finding fixed points of a vector field generated by a parabolic recurrence relation. We present this
approach in the context of general second order Lagrangians.

If we seek closed characteristics i.e., periodic solutionsof Equation (1.1) at a given energy
levelE we can invoke the following variational principle:

Extremize{JE [u] : u ∈ Ωper, τ > 0}, (2.1)

whereΩper = ∪τ>0C
2(S1, τ), the periodic functions with periodτ , and

JE [u] =

∫ τ

0
(L(u, u′, u′′) + E)dt. (2.2)
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The functionL ∈ C2(R3,R) is assumed to satisfy∂
2L
∂w2 (u, v,w) ≥ δ > 0 for all (u, v,w) ∈ R

3.
For the general second order Lagrangian system the (conserved) energy is given by

E[u] =

(
∂L

∂u′
− d

dt

∂L

∂u′′

)
u′ +

∂L

∂u′′
u′′ − L(u, u′, u′′). (2.3)

It follows from [14] that the variations inτ guarantee that any critical pointu of (2.1) has en-
ergy E[u] = E. An energy valueE is called regular if∂L∂u (u, 0, 0) 6= 0 for all u that satisfy
L(u, 0, 0) + E = 0. The energy manifoldME ⊂ R

4 for a regular energy valueE is a smooth
non-compact manifold without boundary. For a fixed regular energy valueE, the extrema of a
closed characteristic are contained in the closed set{u : L(u, 0, 0) + E ≥ 0}. The connected
componentsIE of this set are calledinterval components. Moreover, it follows from [14] that
solutions on a regular energy level do not have inflection points. For a singular energy level the
interval componentIE contains critical points and the situation is more complicated.

It was shown in [14] that for Lagrangian systemsJ [u] =
∫
I L(u, u′, u′′)dtwithL(u, u′, u′′) =

1
2u

′′2 +K(u, u′), at energy levelsE which satisfy

∂K

∂v
v −K(u, v) − E ≤ 0 for all u ∈ IE andv ∈ R, (2.4a)

∂2K

∂v2
v2 − 5

2

{
∂K

∂v
−K(u, v) − E

}
≥ 0 for all u ∈ IE andv ∈ R, (2.4b)

there is a unique pair(τ, uτ ) minimizing

inf
u∈Xτ ,τ∈R+

∫ τ

0
(L(u, u′, u′′) + E)dt,

with Xτ (u1, u2) = {u ∈ C2([0, τ ]) : u(0) = u1, u(τ) = u2, u
′(0) = u′(τ) = 0, u′|(0,τ) >

0 if u1 < u2 andu′|(0,τ) < 0 if u1 > u2} for (u1, u2) ∈ IE × IE \ ∆ and∆ = {(u1, u2) ∈
IE × IE : u1 = u2}. Moreover, the function defined by

SE(u1, u2) = inf
u∈Xτ ,τ∈R+

∫ τ

0
(L(u, u′, u′′) + E)dt, (2.5)

for (u1, u2) ∈ IE × IE \ ∆, andSE |∆ = 0, has the following properties (see[14]):
(a) SE ∈ C2(IE × IE \ ∆).
(b) ∂1∂2SE(u1, u2) > 0 for all u1 6= u2 ∈ IE .
(c) limu1րu2

−∂1SE(u1, u2) = limu2ցu1
∂2SE(u1, u2) =

= limu1ցu2
∂1SE(u1, u2) = limu2րu1

−∂2SE(u1, u2) = +∞.
The functionSE is agenerating functionand a Lagrangian system possessing such a generating
function is called atwist system. The second order Lagrangian system associated to Equation(1.1)
is a twist system forα ≥ 0. For more examples see [14].

The question of finding closed characteristics for a twist system can now be formulated in
terms ofSE. Any periodic solutionu is a concatenation of monotone laps. Let us take an arbi-
trary 2p periodic sequence{ui} and defineu as a concatenation of monotone laps (minimizers
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uτ (ui, ui+1)) between the consecutive extremal pointsui solving the Euler-Lagrange equation in
between any two extrema. The concatenationu does not have to be a solution onR because the
third derivatives of two monotone laps do not have to match atthe extremal pointui. It was proved
in [14] that the third derivatives match if and only if the extrema sequence{ui} is a critical point
of discrete action

W2p =

2p−1∑

i=0

SE(ui, ui+1). (2.6)

Critical points ofW2p satisfy equations

Ri(ui−1, ui, ui+1) = ∂2SE(ui−1, ui) + ∂1SE(ui, ui+1) = 0, (2.7)

whereRi(s, t, r) is, according to property (a), well-defined andC1 on the following domains

Ωi = {(r, s, t) ∈ I3
E : (−1)i+1(s− r) > 0, (−1)i+1(s − t) > 0}. (2.8)

The functionsRi and domainsΩi satisfy Ri = Ri+2 and Ωi = Ωi+2 for i ∈ Z (alternating
increasing and decreasing laps). Property (b) implies that∂1Ri = ∂1∂2S(ui−1, ui) > 0, and
∂3Ri = ∂1∂2S(ui, ui+1) > 0. Property (c) provides information about the behavior ofRi at the
diagonal boundaries ofΩi, namely,

lim
sցr

Ri(r, s, t) = lim
sցt

Ri(r, s, t) = +∞, (2.9)

lim
sրr

Ri(r, s, t) = lim
sրt

Ri(r, s, t) = −∞. (2.10)

Above-mentioned properties ofRi give us thatRi is parabolic recurrence relation of up-down type
as defined below. First, we define parabolic recurrence relations.

Definition 2.1. A parabolic recurrence relationR on R
Z is a sequence of real-valued func-

tionsR = (Ri)i∈Z satisfying
(A1): [monotonicity]∂1Ri > 0 and∂3Ri > 0 for all i ∈ Z

(A2): [periodicity] for somed ∈ N,Ri+d = Ri for all i ∈ Z.
We see that ourR is not a parabolic recurrence relation in the strict sense because it is not

defined on whole spaceRZ. It is not defined for any sequence satisfyingui = ui+1 for some
i ∈ Z. This corresponds to the nature of solutions of Equation (1.1), namely that minima and
maxima alternate.

Definition 2.2.A parabolic recurrence relationR defined on domain given by (2.8) is said to
be of up-down type if (2.9) and (2.10) are satisfied.

These results can be summarized in terms of parabolic recurrence relation as follows.
Proposition 2.3. Let J [u] =

∫
L(u, u′, u′′)dt be a second order Lagrangian twist system.

Suppose thatW2p is the discrete action defined through (2.5) and (2.6) at the regular energy level
E. Then

(a) the functionsRi = ∂iW2p defined onΩi are components of a parabolic recurrence rela-
tion R of up-down type,

(b) solutions ofR = 0 correspond to periodic solutions on the energy levelE.
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Figure 2.1. (a) A periodic function and (b) its piecewise linear graph (c) a braid consisting of 3 strands.

The parabolic recurrence relation is both exact and up-downtype. In order to find solutions
of R = 0 we will employ the Conley index. Conley index theory gives information about the
invariant set of a flow inside an isolating neighborhood for this flow. In the case of a gradient
vector field invariant sets have special structure and thus information about critical points can be
obtained. There is a natural way to define a flow generated by anup-down parabolic recurrence
relation on the set

Ω2p = {u ∈ R
Z : u is 2p periodic and(ui−1, ui, ui+1) ∈ Ωi, for i ∈ Z}. (2.11)

Consider the differential equations

d

dt
ui(t) = Ri(u(t)), u(t) ∈ Ω2p, t ∈ R. (2.12)

Equation (2.12) defines a (local)C1 flow ψt on Ω2p. This flow is not defined at the boundary
of Ω2p, but conditions (2.9) and (2.10) give us information about the flow close to this boundary.
Finding a periodic solution within the class[σ, p] can be reduced to constructing an appropriate
isolating neighborhood for the flowψt and calculating its (nontrivial) Conley index. We will use
the concept of up-down discretized braid diagrams to construct this isolating neighborhood. For
any 2p-periodic extrema sequence we can construct a piecewise linear graph by connecting the
consecutive points(i, ui) ∈ R

2 by straight line segments. The piecewise linear graph, called a
strand, is cyclic: one restricts to0 ≤ i ≤ 2p and identifies the end points abstractly. A collection
of n closed characteristics of period2p then gives rise to a collection ofn strands. For multiple
strands we can replace the periodicity of a single sequence to a braid structureby matching the
beginning and end points and assigning a crossing type (positive) to every transverse intersection
of the graphs: larger slope crosses over smaller slope, see Figure2.1. We represent sequences of
extrema in the space of closed, positive, piecewise linear braid diagrams. We briefly recall some
basic facts from (discrete) braid theory (for more details see [4]).

3. Braid invariants and the Conley Index. We recall now the basic theory of proper
braid classes and the Conley type braid invariants, and the implications for parabolic recurrence
relations [4]. The parabolic recurrence relations coming from fourth order conservative systems,
as explained in the previous section, can be put into this framework.

3.1. Braid invariants. Definition 3.1. Denote byDn
d the space of all closed piecewise

linear braid diagrams (PL-braid diagrams) onn strands with periodd. That is, the space of all
(unordered) collectionsβ = {βk}nk=1 of continuous mapsβk : [0, 1] → R such that
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(a) βk is affine linear on[ id ,
i+1
d ] for all k and for all i = 0, . . . , d− 1;

(b) βk(0) = βτ(k)(1) for some permutationτ ;
(c) for anys such thatβk(s) = βl(s) with k 6= l, the crossing is transversal: forǫ sufficiently

small
(βk(s− ǫ) − βl(s− ǫ))(βk(s+ ǫ) − βl(s+ ǫ)) < 0.

Any PL-braid diagram corresponds to somen-collectionu = {uk}n−1
k=0 of anchor pointsuk =

{uki }, where
uki = βk (i/d) , (3.1)

The converse to this statement is not true because condition(c) of Definition3.1is not satisfied for
arbitrary collection of sequences. A collectionu for which this condition is violated corresponds
to a singular PL-braid diagram. We switch between the notationuki of the anchor points andβk of
the piecewise linear braid diagrams throughout this section, usingβ only if necessary. Discretized
braid diagrams will primarily be denoted byu. Given anchor pointsu, the associated piece wise
linear braid diagram is given byβ(u).

Two representativesu,u′ ∈ Dn
d are of the same discretized braid class[u] = [u′], if and

only if they are in the same connected component ofDn
d . Note that if[u] = [u′], thenβ(u) and

β(u′) are isotopic as closed positive topological braid diagrams(and braids), see [4]. However,
two discretizations of a topological braid are not necessarily equivalent inDn

d , i.e. connected
in Dn

d . The connected component[u] of Dn
d are calledbraid classesof periodd. The singular

braidsu are defined byΣn
d := D

n
d\Dn

d and consists of braidsu failing (c) in Definition3.1. We
suppress the indices and denote the semi-algebraic sub-variety of singular braids byΣ. The set
Σ− ⊂ Σ denotes the collapsed singularities; roughly speaking, inΣ− some of the strands coincide
completely (at all anchor points), see [4] for details.

For pairs of braids we can define the space of braid pairs usingthe fact that the union of two
braid diagrams is again a braid diagram satisfying (a) and (b) of Definition 3.1. Consider

D
n,m
d :=

{
(u,v) ∈ D

n
d × D

m
d | u ∪ v ∈ D

n+m
d

}
. (3.2)

For pairs(u,v) ∈ D
n,m
d we write u # v. Note that foru # v ∈ D

n,m
d it holds u ∈ Dn

d and
v ∈ Dm

d . As before the connected components ofD
n,m
d are denoted by[u # v] and are called

relative braid classes(of periodd). Associated with[u # v] we have the projection

π : D
n,m
d → D

m
d , u # v 7→ v.

For eachv′ ∈ π([u # v]) we can define the fiber[u′] rel v′ := {u′ ∈ Dn
d | u′ # v

′ ∈ [u # v]}.
The fiber[u′] rel v′ is called arelative braid class with fixed skeletonv′. Depending on the period
d a fiber [u′] rel v′ may consists of more than one connected component. The set ofconnected
components relative to a fixed braidv ∈ Dm

d is denoted byDn
d rel v.

Definition 3.2.A relative braid class[u # v] ⊂ D
n,m
d is calledboundedif every fiber[u′] rel v′,

with v
′ ∈ π([u # v]), is a bounded set.

As before we can define the singular relative braids asΣn
d rel v := D

n
d rel v\Dn

d rel v and
Σ− rel v := Σn+m

− ∩ (D
n

rel v).
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Figure 3.1. Relative braid classes and there fibers.

Definition 3.3.A relative braid class[u # v] is calledproperif for every fiber[u′] rel v′, with
v
′ ∈ π([u # v]), it holds thatcl([u′] rel v′) ∩ (Σ− rel v′) = ∅. If [u # v] is not proper it is

called improper.
For each fiber of a bounded proper relative braid class[u # v] we define a topological invari-

ant. Fix a fiber[u′] rel v′, with v
′ ∈ π([u # v]) and letN = cl([u′] rel v′). By assumptionN is

compact and∂N ∩ (Σ− rel v′) = ∅. Then theexit setN− ⊂ ∂N is defined as follows: for each
u
′ ∈ ∂N there exists a small enough neighborhoodW in D

n
d such thatW \ Σ rel v′ consists of

finitely many componentsWj. SetW0 = W ∩N , then

N− := cl
{
u
′ ∈ ∂N | |W0|word ≥ |Wj |word, ∀j > 0

}
,

where| · |word is the number of intersections ofu
′ with v

′. For a fiber[u′] rel v′ there are finitely
many components(Ni, N

−
i ). Now define the indexh(u′ rel v′) =

∨
i[Ni/N

−
i ], where[Ni, N

−
i ]

denotes the homotopy type of the pointed space(Ni/N
−
i , [N

−
i ]). It was proved in [4] this is indeed

an invariant.
Proposition 3.4. The homotopy typeh(u′ rel v′) =

∨
i[Ni/N

−
i ] is independent of the fiber

[u′] rel v′ in [u # v]. Due to Proposition3.4we can define

H(u # v; d) =
∨

i

[Ni/N
−
i ], (3.3)

The homological analogue is defined asCH([u # v], d) =
⊕

iH(Ni, N
−
i ; Z). It was proved in

[4] this is indeed an invariant. Proposition3.4 was proved in [4] by associating discrete relative
braids to parabolic recurrence relations.

3.2. Parabolic recurrence relations. Let R be a parabolic recurrence relation (see Def-
inition 2.1). For any braidv ∈ Dm

d one can choose a parabolic recurrence relation such that all
strandsvk in v satisfyRi(v

k
i−1, v

k
i , v

k
i+1) = 0, or R(v) = 0 for short. Denote byΨt the local

flow generated by the vector fieldR. As suchΨt becomes a flow inD
n
d . Given a proper bounded

relative braid class[u # v], fix a fiber[u′] rel v′. Choose a parabolic recurrence relation such that
R(v′) = 0. Then, by the structure of parabolic flows the setN = cl([u′] rel v′) is an isolating
neighborhood ofΨt in the sense of Conley [3]. It holds that the Conley index is given by

h(N ; Ψt) = h(u′ rel v′) =
∨

i

[Ni/N
−
i ].
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Continuation properties of the Conley index yield Proposition 3.4.
A more fundamental result is that the invariantH is independent of the periodd in the follow-

ing sense. Define the operatorE : D
n
d → D

n
d+1 as follows:

(E(u))ki :=

{
uki for i = 0, · · · , d,
ukd for i = d+ 1.

Given a bounded proper relative braid class[u # v] in D
n+m
d , then[E(u) # E(v)] is a bounded

proper relative braid class inDn+m
d+1 . The main result in [4] is:

Proposition 3.5. It holds thatH(u # v; d) = H(E(u) # E(v); d + 1).
One conclusion from Proposition3.5 is that given an equivalence class of continuous positive

relative braid diagrams of[β(u) # β(v)]C0 , determined by the representativeβ(u) rel β(v), then
the indexH is independent of the chosen discretizationd, see [4]. Therefore, one may define the
topological invariant

H
(
β(u) # β(v)

)
:= H(u # v; d), (3.4)

for any discretizationd as described above. The indexH
(
β(u) # β(v)

)
is an invariant for topo-

logical bounded proper relative braid classes[β(u) # β(v)]C0 .
Remark 3.6. For more details we refer to [4] where definitions of properness, boundedness,

etc. for topological classes are given.
The braid invariantH has Morse theoretical implications for parabolic recurrence relations.

Let Ψt be a parabolic flow onDn
d which fixes a skeletonv ∈ Dm

d and let[u # v] be a bounded
and proper relative braid class. IfH(β(u) # β(v)) 6= 0 (homotopically non-trivial), then the
relative braid class[u] rel v has at least one fixed point for the parabolic flow, and thus a zero for
the associated parabolic recurrence relation.

4. Parabolic recurrence relations for conservative system s.

4.1. Braid classes of up-down type. By Proposition2.3 closed characteristics corre-
spond to sequences of local minima and maxima which are zero points of a parabolic recurrence
relation of up-down type. The extrema alternate in the sensethat (−1)i(ui±1 − ui) > 0 — the
(natural) up-down restriction — and therefore ann-collection of extrema sequences{uk}n−1

k=0 can
be seen as a point in the space of up-down piecewise linear braid diagrams.

Definition 4.1.The spaceEn2p of up-down PL-braid diagrams onn strands with period2p is
the subset ofDn

2p determined by the relation(−1)i(uki+1 − uki ) > 0 for k = 1, . . . , n and i =

0, . . . , 2p− 1. LetE
n
2p be the subset of all braid diagrams inD

n
2p satisfying(−1)i(uki+1 −uki ) > 0

and as before the singular braid diagrams are defined asΣE = E
n
2p \ En2p.

The setE
n
2p has a boundary inD

n
2p which can be characterized as follows:

∂E
n
2p = {u ∈ E

n
2p : uki = uki+1 for at least onei andk}. (4.1)

Such braids, called horizontal singularities, are not included in Definition ofE
n
2p since the recur-

rence relation (2.7) does not induce a well-defined flow on the boundary∂E
n
2p. Up-down parabolic

recurrence relations therefore define a well-defined parabolic (semi-)flowΨt onE
n
2p. This flow has



14 J.B. van den Berg, M. Kram ár and R.Vandervorst

Figure 4.1. representatives of the three different relative braid classes. A fixed point in the relative braid class
defined by its representative a) corresponds to the solutionof the class (I), b) class (II) and c) class (III). Braid classes
(a) and (b) are proper but (c) is not.

the important property thatE
n
2p is forward invariant with respect toΨt, i.e. Ψt(E

n
2p) ⊂ E

n
2p for all

t ≥ 0. The properties can be summarized as follows (see [4]).
Lemma 4.2. LetΨt be a parabolic flow of up-down type onE

n
2p.

(a) For each pointu ∈ ΣE−Σ−
E

, the local orbit{Ψt(u) : t ∈ [−ǫ, ǫ]} intersectsΣE uniquely
at u for all ǫ sufficiently small.

(b) For any suchu, the word metric of the braid diagramΨt(u) for t > 0 is strictly less than
that of the diagramΨt(u), t < 0.

(c) The flow blows up in a neighborhood of∂E
n
2p in such a manner that the vector field points

into E
n
2p.

(d) The flow is forward invariant:Ψt(E
n
2p) ⊂ E

n
2p for all t ≥ 0.

The boundary∂E
n
2p can be regarded as a repelling set.

If v is a closed characteristic of a second order Lagrangian system, then its sequence of ex-
tremav = {vi} is a zero of the associated parabolic recurrence relation (up-down)R and thus a
fixed point for parabolic flowΨt generated byR. In the case of braids with the up-down restriction
we can again define braid classes and relative braid classes,see [4]. Define the space of relative
braids of up-down type

E
n,m
2p = {(u,v) ∈ E

n
2p × E

m
2p | u ∪ v ∈ E

n+m
2p }.

Elements in this space are again denoted byu # v and the connected components, or relative
braid classes, by[u # v]E. The space of relative braids with a fixed skeletonv ∈ Em2p is denoted
by En2p rel v. The fibers in[u # v]E for a fixed skeletonv′ ∈ π([u # v]E) are denoted by
[u′]E rel v′ ⊂ En2p rel v′. The notions of boundedness and properness are defined in thesame way,
see [4]. Figure4.1shows the three different braid classes which correspond tothe three classes of
solutions as defined in Definition1.1. The first two braid classes are proper and the third one is
not. All these braid classes are obviously unbounded. It wasshown in [14, 4] how to use properties
of Equation (1.1) to find extra skeletal strands which make the class bounded.

Parabolic recurrence relations of up-down type and the associated braid classes satisfy an
important universality principle. LetΨt fix a skeletonv ∈ Dm

d and let[u # v]E be a bounded and
proper relative braid class. ThenNE := cl

(
[u]E rel v

)
is an isolating neighborhood in the sense

of Conley and therefore its Conley indexh(NE; Ψt) is well-defined. Define theextendedskeleton
v
∗ = v ∪ v

+ ∪ v
−, where

v+
i = max

k,i
vki + 1 + (−1)i+1 and v−i = min

k,i
vki − 1 + (−1)i+1
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are additional strands running above and below the originalskeleton. The following crucial prop-
erty was proved in [4].

Proposition 4.3. It holds thath(NE; Ψt) = H(β(u) # β(v∗)).
If H(β(u) # β(v∗)) 6= 0 (homotopically non-trivial), then the relative braid class [u]E rel v

has at least one fixed point for the parabolic flow, and thus a zero for the associated parabolic recur-
rence relation of up-down type. In [4] it was also proved that this Proposition4.3can also be used
in the setting of braid invariants for up-down type relativebraid classes. In the up-down case we
can defineH(u # v,E; 2p), and Proposition4.3implies thatH(u # v,E; 2p) = H(u # v

∗; 2p).
This principle gives us a powerful tool to compute the Conleyindex of isolating neighborhood
given by bounded proper relative braid classes of up-down type via universal braid class invari-
ants.

4.2. Fourth order equations. Let us go back now to the classification of solutions of
Equation (1.1) and relate the three classes of solutions in Figure1.1 to braid classes and put
them in the context of the definitions presented in this section. The three classes of solutions are
distinguished according to their intersections with the constant solutionsu± = ±1. The most
straightforward way of relating a solution to a relative braid class is to take the two constant
strands±1 as a skeleton and define the relative braid class by the free strandu which intersects
the constant strands±1 in the same manner as the solutionu intersectsu±. However, the solutions
u± = ±1 lie in thesingular energy levelE = 0, complicating matters. In particular, the flowΨt

is well-defined only for the braids with up-down restriction.
We can take two different approaches to overcome this hurdle. Instead of taking the constant

strands we may use the skeletonv = u+∪u−, where the strandsu± correspond to the solutions of
Equation (1.1) which oscillate aroundu± with a small amplitude on a slightly positive energy level,
and finish the arguments by carefully taking limits where theamplitude of the small oscillations
tends to zero and the limit solutions lie in the energy levelE = 0, cf. [4]. Alternatively, and this
is the method used in the present paper (and in [13]), one can analyze the singular energy level
by using oscillating, but non-periodic, solutions near±1 in the skeleton. This will be explained
in detail in Section5.1. We first take a more global perspective and explain some of the ideas for
simpler examples.

According to [4] the braid invariantH for any braid class corresponding to a solution of the
first class is non-trivial. Conley index theory then guarantees the existence of a fixed point forΨt

in this class. A fixed point in this braid class corresponds tothe solution of Equation (1.1) of the
first class. Thus there are many different solutions of the first class and their bifurcation branches
exist for allα ≥ 0. In the third case the braid class is not proper (not an isolating neighborhood),
since the free strand can collapse on a skeletal strandu+. Using the information about the flow
Ψt near the strandu+, one can perturb the parabolic recurrence relation on a neighborhood of the
boundary of the improper braid class[u]E rel v and construct some new fixed strands which will
make the class proper without changing the invariant set inside the class. We refer to [12] for a
detailed analysis of this case.

For the second class the braid invariantH is trivial and thus does not provide information
about fixed points. However, if we know that there exists a non-degenerate (hyperbolic) solution
of the second class then it corresponds to a fixed point in the braid class with a trivial Conley index.
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Figure 4.2. The triangleD = I×I \{u1 > u0}. The arrows denote (schematically) the direction of the gradient
∇W2. ClearlyW2 has a minimum onA1 and maximum onA2. Additionally if equilibrium points±1 are saddle-foci
then direction of∇W2 in a small neighborhood of +1 (-1) is depicted.

Hence there must be another fixed point in this class which corresponds to a different solution of
the same class. This explains that the bifurcation curves form loops in Figure1.1. In order to have
an idea how to treat this case we consider the following examples.

The most straightforward way of forcing is using an already known solution(s) to prove exis-
tence of a different solution. We demonstrate this idea for Equation (1.1).

Example 4.4.Here we show that the constant solutionsu± = ±1 force the existence of pe-
riodic solutions with one minimum and one maximum per period, cf. [14]. The previous section
shows that finding a periodic solution with two extremal points per period at the energy level zero
is equivalent to finding a critical point of

W2(u0, u1) = S0(u0, u1) + S0(u1, u0).

Figure4.2denotes the direction of the gradient∇W2 on the triangleD = I×I∩{u1 > u0} where
I = [u∗0, u

∗
1]. The system generated by (1.1) is dissipative, i.e. we can chooseu∗0 < u∗1 in such a

way that∂u0
W2(u

∗
0, u1) < 0 for all u1 ∈ (u∗0, u

∗
1] and∂u1

W2(u0, u
∗
1) > 0 for all u0 ∈ [u∗0, u

∗
1),

see [14]. DefineA1 = D ∩ {u0 < −1, u1 > 1} andA2 = {−1 < u0 < u1 < 1}. The gradient
of W2 points outwards on∂A1 and inwards on∂A2. ThusW2 attains a local maximum onA2

and a local minimum onA1. This proves the existence of two different solutions of (1.1). We note
that one of them intersects neitheru+ nor u−. The other one is in the class[σ2

1σ
2
2, 2] and hence

intersects bothu+ andu−. Actually,∇W2 is not defined foru0 = u1 but by slightly shrinking
the setA2 we obtain the previous result. In the parameter rangeα ∈ [0,

√
8) in which case the

stationary solutionsu± are saddle-foci, the setsA3 andA4 depicted in Figure4.2 are isolating
neighborhoods with respect to the gradient flow ofW2, see [14] for more details. The Conley
indices ofA3 andA4 are non-trivial. Hence there is a critical point ofW2 in both isolating
neighborhoodsA3 and A4. These critical points correspond to solutions of the class[σ2

2 , 2],
respectively[σ2

1 , 2].
We explicitly used known solutions to prove existence of geometrically different ones. How-

ever, as we mentioned in the introduction, forcing can be considered in a more general framework.
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Figure 4.3. The triangleD = [−1, 1] × [−1, 1] \ {u1 > u0}. The arrows denote (schematically) the direction
of the gradient∇W2. ClearlyW2 has a maximum onA.

Figure 4.4. Sketch of the strandsv1,v2 andv
3.

Instead of using explicitly known solution(s) one can ask the following question. When does ex-
istence of a solutioñu ∈ [σ, p] force existence of some other solution? The next example presents
the basic ideas of this approach.

Example 4.5.Let ũ be a solution of the class[σ2
1σ

4
2 , 2]. Thenũ has four non-degenerate

extremal points per period with̃u0 < −1 < ũ2 < 1 < ũ1, ũ3, see Figure1.2. Let us consider
2-periodic sequences(u0, u1) in A = {−1 < u0 < u1 < 1} ∩ {u0 < ũ2}. According to the
previous sectionR1(u1, ũ2, u3) < R1(ũ1, ũ2, ũ3) = 0 for u1 < ũ1 and u3 < ũ3. Hence, for
(ũ2, u0) ∈ ∂A it holds that

∂1W2(ũ2, u1) = ∂2S0(u1, ũ2) + ∂1S0(ũ2, u1) = R1(u1, ũ2, u1) < 0.

As before the gradient∇W2 points inward on∂A andW2 attains a local maximum onA, see
Figure 4.3. This maximum corresponds to a solutionu of (1.1) with two extremal points per
period satisfying−1 < min{u(t), t ∈ R} < ũ2 < 1 and−1 < max{u(t), t ∈ R} < 1.

We studiedW2 to force the existence of periodic solutions with two extremal points per pe-
riod. In order to force existence of general periodic solutions we need to study the gradient flow
generated byW2p, for p > 1.
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Example 4.6.Let ũ ∈ [σ2
1σ

4
2 , 4] with the sequence of extrema{ũi}. For an arbitrary p ∈ N

let v
1 ∪ v

2 ∈ E2
2p, be defined byv1

i = ũi and v2
i = ũ(i+2) mod 2p. The system generated by

(1.1) is dissipative and we can chooseI = [u∗0, u
∗
1] where the constantsu∗0, u

∗
1 are such that

u∗0 < v1
i , v

2
i < u∗1 andRi(ui−1, u

∗
0, ui+1) > 0 whileRi(ui−1, u

∗
1, ui+1) < 0 for ui±1 ∈ I. Define

Ωi =

{
{(ui−1, ui, ui+1) ∈ I3 |u∗0 ≤ ui±1 ≤ ui ≤ u∗1}, i odd,
{(ui−1, ui, ui+1) ∈ I3 |u∗0 ≤ ui ≤ ui±1 ≤ u∗1}, i even.

Denote byΩ2p the set of2p periodic sequences{ui} for which(ui−1, ui, ui+1) ∈ Ωi. Furthermore
define the set

C := {u ∈ Ω2p : ι(u,v1) = ι(u,v2) = 2p},
whereι(u,v1) is the number of intersections of the sequence{u}2p

i=0 and{v1}2p
i=0. Sinceι(v1,v2) =

p < 2p and the system is dissipative, the vector fieldR is transverse to∂C. We note thatC is
disjoint from the singular “diagonal”ui = ui±1. Moreover, the setC is contractible, compact,
andR is pointing outward at the boundary of∂C. The setC is therefore negatively invariant for
the induced parabolic flowΨt and there exists a global minimumv3 ofW2p which is a fixed point
of Ψt in the interior ofC. Figure4.4depicts the strandsv1,v2 andv

3.

5. Forcing solutions in [σ2
1σ

2p
2 , p]. In this section we prove the existence of geometrically

distinct solutions of Equation (1.1) of the class[σ2
1σ

2p
2 , p] under the assumption that there exists

a solutionũ ∈ [σ2
1σ

4
2 , 2]. For the remainder of this section we assume the flowΨt generated by

R associated to Equation (1.1). The Conley index of a relative braid class can be used to detect
the existence of a fixed point ofΨt within the braid class. However this method works only for
a proper bounded braid class[u]E rel w whose skeletonw is a fixed point of the flowΨt (zero
point of R). In our case, it is tempting to use the solutionsu± = ±1 as strands in the skeleton,
but they do not satisfy the required up-down restriction, hence the flowΨt is singular at points
with coordinatesui = ±1. To overcome this problem we use the sequence{uεi}∞i=0 given by the
following lemma to define an isolating neighborhoodM as a subset of some proper and bounded
braid class[u]E rel w. Finally we will show that the homological Conley index of the isolating
neighborhoodM is the same asH(u # w,E; 2p), or H(u # w

∗, 2p).

5.1. Construction of braid classes. The following lemma establishes small oscillating
solutions aroundu = ±1.

Lemma 5.1.(see [13]) Let −
√

8 < α <
√

8. For anyε > 0 there exists a sequence{uεi }∞i=0,

0 < (−1)i+1(uεi − 1) < ε,

which satisfiesRi(u
ε
i−1, u

ε
i , u

ε
i+1) = 0, for all i ≥ 1.

In what follows, when considering a braid class inE2p we will use, among others, a skeletal
strand(uε0, . . . , u

ε
2p−1). This strand does not close up ati = 2p = 0 mod2p, i.e.R0(u

ε
2p−1, u

ε
0, u

ε
1) 6=

0, but this will not lead to undesirable effects, as we shall see later.
The symmetry of Equation (1.1) enforces an analogous result nearu− = −1. To be explicit,

let uεi = −uεi+1. At u = −1 we use the solution (compare [13])

ûεi = uεi−2 mod2p,
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i.e. ûεi = uεi−2 for i = 2, . . . , 2p, ûε0 = uε2p−1, andûε1 = uε2p. Note that̂uεi does not close ati = 2.
In order to find geometrically distinct solutions we define a braid class[uI ]E rel w ∈ E1

2p rel w
for every

I = {j1, j2, . . . , jn} ∈ N
n, (5.1)

satisfying
1 < j1 < j2 < . . . < jn < p− 1. (5.2)

We start with identifying the skeletal strands

w = v
1 ∪ v

2 ∪ v
3 ∪ v

4 ∪ v
5 ∪ v

6. (5.3)

The strandv1 corresponds to a sequence of extrema{ũi} of the solutionũ ∈ [σ2
1σ

4
2 , 2], i.e.

v1
i = ũi. The strandv2 is a shift of the strandv1 given byv2

i = v1
(i mod4)+2. We may assume

that v1
1 ≤ v1

2 , otherwise interchangev1 andv2. The strandv3 corresponds to the sequence of
extrema of the solution obtained in Example4.6. It holds thatv3

2i < min{v1
2i, v

2
2i} andv3

2i+1 >
max{v1

2i+1, v
2
2i+1} for all i. The strandv4 is defined by the sequence of extrema of the solution

constructed in Example4.5 and−1 < v4
2i < ũ2 while −1 < v4

2i+1 < 1. All the strands defined
up to now are fixed points ofΨt. Finally, we define the strandsv5 andv

6 by v5
i = 1 + (−1)i+1ε0

andv6
i = −1 + (−1)i+1ε0, where

ε0 =
1

2
min{|uεi − 1|, i = 0, . . . 2p− 1}.

and

ε =
1

2
min{−1 − ũ0, ũ1 − 1, 1 − ũ2, ũ3 − 1, 1 + v4

0 , . . . , 1 + v4
2p−1},

The strandsv5 andv
6 arenotfixed points ofΨt. We postpone discussing the relation ofv

5 andv6

with the solutionsuεi andûεi (see §5.2below). First we describe how the setI defines the braiding
of a free strandu with the skeletal strandsv1 andv

2.
Definition 5.2.The braid class[uI ]E rel w ⊂ E1

2p rel w is defined by its representativeuI

satisfying:
1. uI0 ∈ (v1

0 , v
6
0),

2. uI2i+1 ∈ (v5
1 , v

1
1) for all i,

3. uI2i ∈
{

(v4
2 , v

1
2) : if i ∈ I,

(v1
2 , v

5
2) : if i 6= 0 andi 6∈ I.

The pointsuI2i are thus lower fori ∈ I than fori /∈ I, and these are called the “fingers”, see
Figure1.5.

As said before, the skeletonw is not a fixed point ofΨt (only four out of six strands are
fixed). The braid class[uI ]E rel w however is proper and bounded. Suppose thatΦt is an arbitrary
parabolic flow of up-down type such thatΦt(w) = w. Then, the set

NI,ǫ := {u ∈ cl([uI ]E rel w) : (−1)i(ui+1 − ui) ≥ δ ∀i} (5.4)

is an isolating neighborhood of the flowΦt, for δ > 0 sufficiently small (immediately suppressing
the dependence ofNI,ǫ on δ). Moreover, by Proposition4.3, h(NI,ǫ,Φ

t) = H(uI # w,E; 2p).



20 J.B. van den Berg, M. Kram ár and R.Vandervorst

Figure 5.1. A representative of the braid class[u]E rel wE ⊂ E
1
10 rel w, with I = {2, 3}. To keep the figure

synoptical we do not display the skeletal strandv
3, which crosses all the other skeletal strands in between each two

anchor points and makes the braid class bounded. Notice thatthere would be no upper bound foru5 without this strand
v

3. There are “fingers” ati = 4 andi = 6.

We denote byN−
I,ǫ the subset of∂NI,ǫ where the flowΦt points out of the setNI,ǫ. The setN−

I,ǫ

is the same for every flowΦt that fixes the skeletonw. Note thatN−
I,ǫ contains those pieces of the

boundary whereuIi = v5
i (i = 1, . . . , 2p− 1) or uI0 = v6

0 . The non-triviality ofH(uI # w,E; 2p)
is given by the following theorem, which is proved in Section6.

Theorem 5.3. The homology ofH(uI # w,E; 2p) is given by:

Hk

(
H(uI # w,E; 2p)

)
=

{
Z, if k = 2p− #I,
0, otherwise,

(5.5)

where#I is the number of elements inI.
A fundamental step in the proof of Theorem5.3 is the following observation. The set of

‘fingers’ I can be decomposed in subsets which contain consecutive fingers. The relative braid
class[uI ]E rel w ⊂ E1

2p rel w has a product structure with respect to this decomposition.This
allows us to computeH for the separate pieces. In Section6 we will describe this procedure
in detail and calculateH for the individual pieces, which then proves the general statement in
Theorem5.3.

5.2. Isolating neighborhoods for Equation ( 1.1). We now construct an isolating neigh-
borhoodMI,ǫ for Ψt generated by Equation (1.1) whose Conley index can be computed via the
braid invariantH(uI # w,E; 2p).

Definition 5.4.LetMI,ǫ be a subset ofNI,ǫ (defined in (5.4)) such thatu ∈MI,ǫ if and only if
1. u0 < ûε0,
2. (−1)iui < (−1)iuεi , for all i.

We denote byM−
I,ǫ the subset of∂MI,ǫ where the flowΨt points out of the setMI,ǫ.

Lemma 5.5. For sufficiently smallǫ > 0 the setMI,ǫ is an isolating neighborhood for the
flowΨt. Moreover,H∗(MI,ǫ,M

−
I,ǫ) = H∗

(
H(uI # w,E; 2p)

)
.

Proof. Consider pointsu ∈ ∂MI,ǫ characterized byu0 = ûε0. Using the recurrence relationR
we can study the behavior ofΨt at these points. The monotonicity ofR combined with Lemma5.1
implies that

R0(u2p−1, û
ε
0, u1) > R0(û

ε
2p−1, û

ε
0, û

ε
1) = 0,
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and the flowΨt thus points out of the setMI,ǫ. Analogously

(−1)iRi(ui−1, u
ε
i , ui+1) < (−1)iRi(u

ε
i−1, u

ε
i , u

ε
i+1) = 0,

on the codimension1 boundaries whereui = uεi andui±1 6= uεi±1. The flow thus points out of
MI,ǫ also at these boundary points. As in the proof of Lemma 40 in [4] the flow is transversal
at the rest of the boundary∂MI,ǫ provided thatǫ > 0 is sufficiently small. We note that∂MI,ǫ

intersects neitheru0 = uε0 noru2 = ûε2, hence the fact that we do have information on the direction
of the flow on these hyperplanes (since the strandsuε andûε do not “close” at coordinatesi = 0
andi = 2, respectively) causes no problems.

To relateH∗(MI,ǫ,M
−
I,ǫ) to H∗

(
H(uI # w,E; 2p)

)
we show that the pair (MI,ǫ,M

−
I,ǫ) is

homotopic to (NI,ǫ,N
−
I,ǫ). Then

H∗(MI,ǫ,M
−
I,ǫ)

∼= H∗(NI,ǫ, N
−
I,ǫ)

∼= H∗

(
H(uI # w,E; 2p)

)
.

Defineg = (g0, . . . , g2p−1) : NI,ǫ × [0, 1] →MI,ǫ as follows

g0(u, t) =

{
u0, if u0 < ûε0,

(1 − t)u0 + tûε0, otherwise,

and

gi(u, t) =

{
ui, if (−1)iui < (−1)iuεi ,

(1 − t)ui + tuεi , otherwise,

for i > 0, whereu = (u0, . . . , u2p−1). It is straightforward to check thatg is a homotopy between
NI,ǫ andMI,ǫ.

If u ∈ NI,ǫ andui = v6
0 or ui = v5

i for somei, thenu ∈ N−
I,ǫ. On the other hand for

u ∈MI,ǫ such thatui = ûε0 or ui = uεi for somei it holds thatu ∈M−
I,ǫ. We conclude thatg|N−

I,ǫ

is a homotopy betweenN−
I,ǫ andM−

I,ǫ.

The fact thatH∗

(
H(uI # w,E; 2p)

)
is non-trivial for the braid classes described above im-

plies that the parabolic flowΨt generated by Equation (1.1) has many geometrically distinct so-
lutions of various braid classes provided a solutionũ ∈ [σ2

1σ
4
2, 2] exists. This proves the ordering

relation[σ2
1σ

4
2, 2] ≺ [σ2

1σ
2p
2 , p]. The different solutions can be characterized by different‘fingers’

(see Figure5.1). A simple count gives a lower bound on the number of geometrically distinct
solutions. Indeed, fingers cannot occur ati = 0, 2, 2p − 2, which leavesp− 3 slots, and therefore
the lower bound is given byβp,p = 2p−3 possibilities, proving the first part of Theorem1.8.

6. Computation of the homological Conley index in Theorem 5.3. We start by
simplifying the skeletonw without changing the Conley index. According to Proposition 3.4 the
indexH is invariant under homotopies of the skeletonw. The skeletal strandsv5 andv

6 can be
deformed to the constant strands+1 and−1 without changing the indexH. By the same token we
can impose symmetry uponv1 (and thusv2) by assuming deformingv1 (v2) to a configuration
for which v1

1 = v2
1 = v1

3 = v2
3. Finally, omitting the skeletal strandv4 does not change the index

either (sincev4 can be contracted onto−1, whereas the free strand cannot). Compare Figure5.1,
which shows the braid class[uI ]E rel w for I = {2, 3}. Figure6.2depicts the corresponding class
with the simplified skeleton. From now on[uI ] rel w denotes the braid class with the simplified
skeleton. First we demonstrate the main ideas via three basic examples.
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Figure 6.1. The braid class[uI ] rel w ⊂ D
1
10 rel w for I = {2}. The skeletal strandv3 is not displayed.

Figure 6.2. The braid class[uI ] rel w ⊂ D
1
10 rel w for I = {2, 3} with the simplified skeleton. To keep the

figure clear we do not display the strandv3 which makes the braid class bounded.

6.1. Basic examples. Example 6.1.Let p = 5 and I = {2}. The representative of the
class[uI ] rel w ⊂ D1

10 rel w is depicted in Figure6.1. If u ∈ NI := cl
(
[uI ] rel w

)
then

ui ∈





[v1
0 ,−1], if i = 0,

[−1, v1
2 ], if i = 4,

[v1
2 , 1], if i is even andi 6∈ {0, 4},

[1, v1
1 ], if i is odd.

(6.1)

We will call the interval in which the coordinateui (or a collection of coordinates) must lie its
configurationspace. We see thatNI

∼= [0, 1]2p and the intersection number of the free strand
with the skeletal strands increases when crossing the boundary whereu4 = −1 or u4 = ũ2.
In the case that any other anchor point different fromu4 reaches the boundary the intersection
number decreases. LetN−

I ⊂ NI be the set at which the intersection number decreases. Then
N−
I is the entire boundary ofNI except (the interior of) the faces{u ∈ NI : u4 = −1} and

{u ∈ NI : u4 = ũ2}. By computing the relative homologyH∗(NI , N
−
I ) we obtain the index

Hk(H(uI # w, 2p)) =

{
Z, if k = 2p− 1,
0, otherwise.

The same is true forI = {3}.
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Figure 6.3. a) and b) Two views of the configuration spaceU(2) of the anchor points(u4, u5, u6) for [uI ] rel w
with I = {2, 3}, cf. Figure6.2 and Example6.2. The setU−(2) consists of the faces displayed in red; c) schematic
representation ofU(2) . The shaded faces formU−(2). The cube BBB corresponds to the front cube at a). Division
into A1 andB1 is displayed.

Example 6.2. Let [uI ] rel w ⊂ D1
10 rel w with I = {2, 3}, see Figure6.2. Again the anchor

pointsui with i 6∈ {4, 5, 6} are confined to the intervals defined by (6.1) and if some of them attain
the boundary, thenu ∈ N−

I . The configuration space of the anchor points(u4, u5, u6) is given by
a union of five ‘cubes’ shown in Figure6.3(a,b). If (u4, u5, u6) lies in one of the faces depicted in
red thenu ∈ N−

I . Note that the configuration space of the anchor pointsui with i 6∈ {4, 5, 6} is
independent of the position of the anchor pointsu4, u5, u6 and vice versa. The relative homology
can now be “read” from the figure (and later on we will prove it in more generality):

Hk(H(uI # w, 2p)) =

{
Z, if k = 2p− 2,
0, otherwise.

The following example demonstrates the splitting of anchorpoints into blocks with the prop-
erty that the configuration space of the anchor points in one block is independent of the positions
of the anchor points in the different blocks.

Example 6.3.Let [uI ] rel w ⊂ D1
14 rel w, whereI = {2, 4, 5}, see Figure6.4. DefineI1 =

{4} and I2 = {8, 9, 10}. The configuration space ofu4 is [−1, ũ2] for any position of the other
anchor points. As we saw in the previous example the configuration space ofui with i ∈ I2 does
not depend on the position of any anchor pointuj with j in the complement ofI2. Finally, for
i ∈ I0 = {0, . . . 2p} \ I, whereI = I1 ∪ I2, it holds that the configuration space ofui is always
given by (6.1).

6.2. Decomposition of the sets NI and N−
I . First we formalize the splitting of anchor

points introduced in Example6.3. This splitting depends on the setI = {j1, j2, . . . , jn}. We
remind the reader that if we work with the braid class[uI ] rel w ⊂ E1

2p then we assume that

1 < j1 < j2 < . . . < jn < p− 1.
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Figure 6.4. The braid class[uI ] rel w ∈ D
1
14 rel w for I = {2, 4, 5}. The skeletal strandv3 is not displayed.

Definition 6.4. For the setI = {j1, j2, . . . , jn} we define

I = {i ∈ N : (i = 2jk) or (i = 2jk + 1 andjk+1 = jk + 1) for somek},

consisting of the fingers and the points directly in between two fingers, and the complement

I0 = {0, 1, . . . , 2p − 1} \ I.

We decomposeI into consecutive blocks i.e.

I = I1 ∪ I2 ∪ . . . ∪ Il,

whereIk = {ik1 , ik2 , . . . , ikpk} with ikj+1 = ikj + 1 for 0 < k < pk andikpk + 1 < ik+1
1 . Notice that

#I =
∑l

i=1(#Ii + 1)/2.
The following statement generalizes the observations fromthe previous examples to an arbi-

trary setI. If u ∈ NI andi ∈ I0 then

ui ∈





[v1
0 ,−1], if i = 0,
[v1

2 , 1], if i is even and positive,
[1, v1

1 ], if i is odd.
(6.2)

If ui attains the boundary of the interval given by (6.2) then u ∈ N−
I . For every setIm =

{im1 , . . . , impm}, withm > 0, it holds thatim1 −1, impm+1 ∈ I0 and the anchor pointsuim1 −1, uimpm+1

lie in the interval given by (6.2). The fact that the configuration space of the anchor point depends
only on its immediate neighbors implies that the configuration space of the anchor pointui with
i ∈ Im depends only on the anchor pointsuj with j ∈ Im. Therefore

NI = U0 × U1 × . . . × Ul, (6.3)

where

Ui = im(πi(NI)),

andπi : NI → R
#Ii is the projection on the coordinates with indices inIi.
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Example 6.5.Let [uI ] rel w be as in Example6.3. ThenNI = U0 × U1 × U2 with I1 = {4}
andI2 = {8, 9, 10}. The setU1 = [−1, ũ2] andU2 = U(2) is depicted in Figure6.3. It follows
from (6.2) thatU0 is homotopic to a 10-dimensional cube.By employing the setsUi we write

N−
I =

l⋃

j=0

U0 × U1 × . . .× Uj−1 × U−
j × Uj+1 × . . .× Ul, (6.4)

where
U−
j = im(πj(N−

Ij
)),

andu ∈ N−
Ij

if and only if u′ ∈ N−
I for everyu′ ∈ NI which satisfiesu′i = ui for i ∈ Ij . In other

wordsN−
Ij

consists of the points which are inN−
I due to the position of the anchor pointsui with

i ∈ Ij. This implies thatU−
j van be determined by consideringUj only (independent of the other

components ofNI ).
Example 6.6.LetI = {2, 4, 5}. ThenN−

I = U−
0 ×U1×U2∪U0×U−

1 ×U2∪U0×U1×U−
2 .

The setU−
1 = ∅, U−

2 = U−(2) is depicted in Figure6.3andU−
0 = ∂U0.

Having decomposedNI andN−
I , we first compute the homology of the setsUi andU−

i . Then
we derive the homologyNI andN−

I . Finally, using the exact sequence which relatesH∗(NI) and
H∗(N

−
I ) toH∗(NI , N

−
I ), we prove Theorem5.3.

6.3. The homology of U0 and U−
0 . It follows from (6.2) thatU0

∼= [0, 1]#I0 andU−
0

∼=
∂U0. Summarizing

Hk(U0) =

{
Z, if k = 0,
0, otherwise,

(6.5)

and

Hk(U
−
0 ) =

{
Z, if k = 0,#I0 − 1
0, otherwise.

(6.6)

6.4. The homology of Ui and U−
i for i > 0. The symmetry of the skeletonw implies

that the setsUi andU−
i depend only on the number of elements inIi but not on their values. If

#Ii = 2m− 1 thenUi ⋍ U(m) ⊂ R
2m−1, whereU(m), the universal block of length2m− 1, is

defined to beU1 for the setI = {2, 3, . . . ,m+ 1}. Therefore it is enough to deal with the sets

U(m) ⊂ R
2m−1 and U−(m) ⊂ R

2m−1,

for all m ∈ N. Whenever explicit coordinates are used we will identifyU(m) with U1 for I =
{2, . . . ,m + 1}. The setU(m) is a collection of cubesC = C0 × C1 × . . . × C2m−2, whereCi
is eitherAi orBi with the “upper” block

Ai =

{
[v1

2 , 1], if i is even,
[v1

1 , v
3
1 ], if i is odd,

(6.7)

and the “lower” block

Bi =

{
[−1, v1

2 ], if i is even,
[1, v1

1 ], if i is odd.
(6.8)
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By scaling and shifting we can deform eachAi to the interval[0, 1] andBi to [−1, 0].
Definition 6.7.We omit the subscript of the setsAi, Bi and the direct sum× in the notation.

Instead of writingB0 × A1 × B2 we write BAB. If we want to refer to a face of the cube we will
replace the symbol A (B) by the value of the appropriate coordinate, e.g.B[1]B = {(x0, x1, x2) ∈
R

3 : x1 ∈ [−1, 0], x2 = 1, x3 ∈ [−1, 0]}. According to Example6.1 the setU(1) = B.
Figure6.3shows the setU(2) consisting of five cubes

U(2) = BBB ∪ BAB ∪ AAB ∪ BAA ∪ AAA.

We denote byC− the union of the faces of the cubeC where the intersection number of the
free strandu with the skeletal strands decreases compared to the interior of C, hence

U−(m) =
⋃

C∈U(m)

C
−.

The setU(m) can be interpreted in two ways: as a collection of(2m − 1)-dimensional cubes,
or as a subvariety ofR2m−1 (i.e. the union of the cubes). It should be clear from the context
which interpretation to use. Similarly,U−(m) can and will be interpreted both as a collection of
(2m− 2)-dimensional faces and as a subvariety ofR

2m−1 (i.e. the union of the faces). We remark
that the analysis in [4] implies that the exit setU−(m) is the union of(2m− 2)-dimensional faces
(hyperplanes). Indeed, any lower dimensional face inU−(m) must be a subset of a(2m − 2)-
dimensional face inU−(m), since otherwise it would imply a discontinuity of the flow (which is
not possible).

It follows from Example6.1thatU−(1) = ∅. The case ofU−(2) is already more complicated.
Figure6.3shows that

U−(2) = {(x0, x1, x2) ∈ U(2) : x1 = −1 or x1 = 1 or x0 = 1 or x2 = 1}.

The setU(2) is contractible and the setU−(2) consists of two disjoint contractible pieces. Hence

Hk(U
−(2)) =

{
Z

2, if k = 0,
0, otherwise.

(6.9)

Form > 2 we can no longer draw a picture ofU(m). Therefore we introduce a schematic
representation. The schematic representation ofU(2) andU−(2) is depicted in Figure6.3. Each
bar in schematic representation consists of2m− 1 A/B-labeled boxes and stands for a cube with
the coordinates given by its label. If the upper (lower) partof the box, in the bar, is shaded then
the upper (lower) face of the cube at the corresponding dimension is inU−(m). For example,
Figure6.3 reveals that the faceB[−1]B ⊂ U−(2) because the second box of BBB has its lower
part shaded. If there is a connecting line between two cubes then they have a common face; the
coordinate of the common face is indicated by the position ofthe end points of the connecting
line.

We already mentioned thatU(2) consists of five cubes depicted in Figure6.3. Now we discuss
some important properties of the setU(m) for m ≥ 2. The representativeu used to define the
braid class[uI ] rel w for I = {2, . . . ,m + 1} is chosen in such a way that its anchor points
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ui with i ∈ I1 are in the cubeC = C0 · · ·C2m−2 whereCi = B for all i. Hence the cube
BB · · ·B ⊂ U(m). The representativeu, or ratherβ(u), has2m intersections with the strands
v

1 ∪ v
2 for t ∈ [3, 3 + 2m]. This number has to be the same for every representative. Since the

freedom of movement of coordinateui is influenced by its direct neighbors only, we can establish
the following two rules for cubes inU(m). LetC = C0 . . . C2m−2 ⊂ U(m) then

C2i can be bothA andB ⇐⇒ C2i−1 andC2i+1 are different, (6.10)

while
C2i+1 can be bothA andB ⇐⇒ C2i = B andC2i+2 = B. (6.11)

Starting from the fact thatBB · · ·B ⊂ U(m) we can use these rules to establish that certain
configurations are unreachable withinU(m), i.e., without leaving the braid class by creating or
losing intersections. In particular, since the above rulesimply that the following two configurations
are “stuck” (none of the letters can change withinU(m)), they cannot be deformed intoBB · · ·B
and hence are not inU(m):

Remark 6.8. Let C = C0 . . . C2m−2 ⊂ U(m). ThenC2i−1C2iC2i+1 cannot be of the form
BAB or AAA for anyi.

Remark 6.9. From the definition ofU(m) we can extend the coding to the “boundary” el-
ementsC−1 = C2m−1 = B, which are thus fixed. This observation can be combined with Re-
mark6.8to draw conclusions aboutC0 andC2m−2 for cubes inU(m).

The following lemma shows that the setU(m) is contractible.
Lemma 6.10.The setU(m) is contractible for everym ∈ N.
Proof. Any cubeC0, . . . C2m−2 ⊂ U(m) contains the point(0, . . . , 0). For arbitrarym ∈

N the setU(m) is star shaped around the point(0, . . . , 0) and can be contracted to this point.
Therefore the setU(m) is contractible for everym ∈ N.

The complexity of the setU−(m) increases withm. See Figure6.5for a schematic represen-
tation ofU(3) andU−(3). To get a handle on the complexity, and to eventually obtain an inductive
description, ofU−(m), we decompose it into two setsA−

m,B
−
m, i.e.

U−(m) = A
−
m ∪ B

−
m.

The setA−
m is a part of the setU−(m) which is contained in a union of the cubesC =

C0C1 . . . C2m−2 with C1 = A while the setB−
m is a restriction of the setU−(m) to the cubes with

C1 = B. The setsA−
m,B

−
m will turn out to be contractible. Moreover, we will prove that

H∗(A
−
m ∩ B

−
m) = H∗(A

−
m−1 ∪ B

−
m−1).

Then the Mayer-Vietoris sequence makes it possible to compute

H∗(U
−(m)) = H∗(A

−
m ∪ B

−
m)

if we knowH∗(A
−
m−1∪B

−
m−1), and by induction we can compute the homology of the setU−(m)

for arbitrarym ∈ N, see Lemma6.17.
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Figure 6.5. Schematic representation ofU(3). The shaded faces formU−(3). The cubes in the polygon formB3

and the other cubes formA3.

Definition 6.11.Define

Am =
⋃

{C0AC2 . . . C2m−2 ⊂ U(m)},

Bm =
⋃

{C0BC2 . . . C2m−2 ⊂ U(m)},
and

A
−
m =

⋃

C⊂Am

C
−,

B
−
m =

⋃

C⊂Bm

C
−.

Remark 6.12.For u ∈ [uI ] rel w with I = {2, . . . ,m + 1} the anchor pointu3 ∈ [1, v1
1 ]

which corresponds toB, see Figure6.2. Remark6.9implies thatC0 = B for every cubeC ∈ Bm.

Example 6.13.For the casem = 2, the setB2 = {BBB} andB
−
2 = {B[−1]B}, whileA

−
2

is the rest of the setU−(2) andA2 consists of four remaining cubes, see Figure6.3. We see that
A

−
2 ∩ B

−
2 = A

−
1 ∪ B

−
1 = ∅ indeed.

Before we show thatA−
m and B−

m are contractible, we investigate the diagram ofU−(3)
in Figure 6.5. For every cubeC0AC2C3C4 ⊂ U(3) the faceC0[1]C2C3C4 ⊂ U−(3) and
C0[0]C2C3C4 6⊂ U−(3). By taking into account that the behavior of any anchor pointui is
influenced only by its immediate neighborsui−1 andui+1, and the fact that all combinations
C0AC2 · · · with C0, C2 ∈ {A,B} occur already inA3, one can generalize this for any cube
C0AC2C3 . . . C2m−2 ∈ Am ⊂ U(m) as follows:

C0[1]C2C3 . . . C2m−2 ∈ A
−
m ⊂ U−(m), (6.12)

C0[0]C2C3 . . . C2m−2 /∈ A
−
m ⊂ U−(m). (6.13)

Similarly, by inspection of the cubesBBC2C3C4 ⊂ U(3) we conclude that ifBBC2C3 . . . C2m−2 ∈
Bm ⊂ U(m) then

B[−1]C2C3 . . . C2m−2 ∈ B
−
m ⊂ U−(m), (6.14)
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B[0]C2C3 . . . C2m−2 ∈ B
−
m ⊂ U−(m) if and only ifC2 = A. (6.15)

Lemma 6.14.The setsA−
m andB−

m are contractible for everym ∈ N.
Proof. It follows from (6.13) thatC0[0]C2 . . . C2m−2 6⊂ A−

m. On the other hand,C0[1]C2 . . . C2m−2 ⊂
A−
m by (6.12). Hence the maph : Am × [0, 1] → Am given by:

h(x0, . . . , x2m−2, t) = (x0, x1 + t(1 − x1), x2, . . . x2m−2)

is a homotopy between the setA−
m and

A
−
m|x1=1 := {x ∈ A

−
m : x1 = 1}.

We infer from (6.12) that the setA−
m|x1=1 is the union of all(2m−2)-dimensional cubesC0[1]C2 . . . C2m−2

that satisfyC0AC2 . . . C2m−2 ⊂ Am. HenceA−
m|x1=1 is star shaped with respect to(0, 1, 0, . . . , 0).

This implies thatA−
m is contractible.

Proving contractibility ofB−
m requires considerably more effort. DecomposeBm into

S =
⋃

{BBAC3 . . . C2m−2 ⊂ Bm},

T =
⋃

{BBBC3 . . . C2m−2 ⊂ Bm},
then

B
−
m = S

− ∪ T
−,

whereS− = {C− : C ⊂ S} andT− = {C− : C ⊂ T}. Form ≤ 2 the setS = ∅. Note
that if C = BBAC3 . . . C2m−2 ⊂ S then according to Remark6.8 it holds thatC3 = A and
the facesB[0]AAC4 . . . C2m−2 andBB[1]AC4 . . . C2m−2 are inS−, see (6.15) and Figure6.5
(exploiting one again that only the neighboring boxesC1 andC3 determine the boundary behavior
atBB[1]AC4 · · ·C2m−2).

One again we use a decomposition, this time ofS−. Let

S
−
0

def
=

⋃
{B[0]AAC4 . . . C2m−2 ⊂ S

−} =
⋃

{B[0]AAC4 . . . C2m−2 |BBAAC4 . . . C2m−2 ∈ S},

andS
−
1 is the union of all the other(2m− 2)-dimensional faces inS−. Then we write

B
−
m = S

−
0 ∪ (S−1 ∪ T

−).

The setS−0 is a union of(2m− 2)-dimensional cubes, which is star shaped around(0, . . . , 0)
and hence contractible. For any cubeC = C0BC2 . . . C2m−2 ⊂ Bm it holds that the face
C0[−1]C2 . . . C2m−2 is present inS−1 ∪T− by (6.14), whileC0[0]C2 . . . C2m−2 is not (combining
(6.15) with the definition of the above decomposition ofS−). The same argument as forA−

m fur-
nishes thatS−1 ∪T− is contractible. To show thatB−

m = S
−
0 ∪ (S−1 ∪T−) is contractible it remains

to prove thatS−0 ∩ (S−1 ∪ T−) is contractible.
First, we will prove that

S
−
0 ∩ (S−1 ∪ T

−) = S
−
0 ∩ S

−
1 . (6.16)
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For any cubeC ∈ T we have to show that

S
−
0 ∩ C

− ⊂ S
−
0 ∩ S

−
1 .

We distinguish three different types of cubes inT: BBBA · · · , BBBBB · · · andBBBBA · · · . We
start with the first type: if

C = BBBAC4 · · ·C2m−2 ⊂ T

then if follows from (6.10) thatC̃ = BBAAC4 . . . C2m−2 ⊂ S, and we claim that

S
−
0 ∩ C

− ⊂ S
−
0 ∩ (S−1 ∩ C̃

−) ⊂ S
−
0 ∩ S

−
1 . (6.17)

The second inclusion is trivial. To prove the first inclusionwe proceed by observing that

S
−
0 ∩ C

− ⊂ F
def
= B[0][0]AC4 · · ·C2m−2, (6.18)

whereF is thus a(2m− 3)-dimensional face of bothC andC̃. We claim that

C
− ∩ F ⊂ C̃

− ∩ S
−
1 . (6.19)

Combining (6.18) and (6.19) then leads to (6.17).
To prove (6.19) we check separately all(2m − 2)-dimensional faces inC− that have inter-

section withF . First of all, letD = BBBA · · · be a face inC at a coordinatei ≥ 4. Then
the corresponding facẽD = BBAA · · · is in C̃. Using the fact the behavior at a face is only
influenced by the two neighboring coordinates, it follows thatD ⊂ C

− implies thatD̃ ⊂ C̃
−.

Moreover,D̃ ⊂ S
−
1 by the definition of the decomposition ofS−.

We are left with the faces in coordinatesi = 0, 1, 2, 3. By counting intersections the following
inferences are straightforward. The faces at coordinatei = 0 are not inC−. Next, at coordinate
i = 1, the faceB[0]BA · · · is not inC

−, while the faceB[−1]BA · · · has empty intersection with
F . Similarly, at coordinatei = 2 the faceBB[0]A · · · is not inC

−, while the faceBB[−1]A · · ·
has empty intersection withF . For i = 3, the faceBBB[0] · · · is not in C

−, Finally, the face
BBB[1] · · · is in C

− andBBA[1] · · · is in C̃
− as well as inS−1 , proving the claim (6.19) for this

final face also.
Moving on to the second type of cube inT, for C = BBBBBC5 . . . C2m−2 ⊂ T rela-

tion (6.17) holds with C̃ = BBAABC5 . . . C2m−2, which is in S. In this caseS−0 ∩ C
− ⊂

B[0][0][0]BC5 . . . C2m−2. The faces ofC for i = 0 andi = 4 are not inC−. As before the faces
of S

−
0 ∩C

− at the coordinatesi > 4 are contained inS−1 ∩ C̃
−, and the coordinatesi = 1, 2, 3 are

dealt with as above.
Finally, form > 3 there are cubes of the third type inT, i.e.,C = BBBBAAC6 . . . C2m−2 ⊂

T (whereC5 = A by Remark6.8). From Remark6.8 it follows that we may decomposeS as
S = Ŝ ∪ S̃, where

Ŝ =
⋃

{BBAAB · · · ⊂ S},

S̃ =
⋃

{BBAAAB · · · ⊂ S}.
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Figure 6.6. Schematic representation ofB4. The shaded faces formB−
4 . The cubes in the polygon formS and

the cubes out of it formT.

Furthermore, let̂C = BBAABAC6 . . . C2m−2 ⊂ S. It follows thatŜ∩C ⊂ BB[0][0][0]AC6 , · · · ⊂
Ĉ

− ∩ S
−
1 because of the face at coordinatei = 4, and we conclude that

S
−
0 ∩ C

− ∩ Ŝ ⊂ S
−
0 ∩ S

−
1 . (6.20)

Next, for any cubeD ⊂ S̃, which can be written asD = BBAAABD6 · · · , we have that

C ∩ D ⊂ BB[0][0]A[0]D6 · · · ⊂ D̂
− ∩ S

−
1

because of the face at coordinatei = 5. Hence

S
−
0 ∩ C

− ∩ S̃ ⊂ S
−
0 ∩ S

−
1 . (6.21)

From the decomposition ofS and (6.20) and (6.21) we conclude that

S
−
0 ∩ C = S

−
0 ∩ C ∩ S ⊂ S

−
0 ∩ S

−
1 .

Having thus established the claim (6.16) for the three different types of cubes inT, to finish
the proof of the lemma it is enough to show thatS

−
0 ∩ S

−
1 is contractible.

If C = BBAC3 . . . C2m−2 ⊂ S then it follows from Remark6.8thatC3 = A and by analyzing
the intersection number we obtain that the faceB[0]AC3 . . . C2m−2 ⊂ S

−
0 . All the other faces

contained inC− belong toS−1 . ThusS
−
0 ∩ S

−
1 = S

−
1 |x1=0. Moreover for every cube inS, the face

BB[1]AC4 . . . C2m−2 is in S
−
1 andBB[0]AC4 . . . C2m−2 is not, see Figure6.6. HenceS−0 ∩ S

−
1 =

S
−
1 |x1=0 is star shaped around(0, 0, 1, 0, . . . , 0), analogous to the argument at the start of this

proof. This implies that the setS−0 ∩ S
−
1 contractible.

We turn our attention to the setA−
m ∩ B−

m. To simplify the arguments we define the sets

Am := {C : C = AAC2 . . . C2m−2 ⊂ Am},
Ãm := {C : C = BAC2 . . . C2m−2 ⊂ Am},
A

−
m := {C− : C ⊂ Am},

Ã
−
m := {C− : C ⊂ Ãm},
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which are all contractible (the proof of contractibility isanalogous to the one forA−
m). Now

A−
m ∪ B−

m = A
−
m ∪ Ã−

m ∪ B−
m and, by arguments similar to those in the proof of Lemma6.14,

A
−
m ∩ (Ã−

m ∪ B−
m) = A

−
m ∩ Ã−

m = A−
m|x0=0, which is contractible. Therefore

H∗(A
−
m ∪ B

−
m) = H∗(A

−
m ∪ Ã

−
m ∪ B

−
m) = H∗(Ã

−
m ∪ B

−
m). (6.22)

Moreover it holds that̃A−
m ∩ B−

m = A−
m ∩ B−

m. Indeed, ifC = AAC2 . . . C2m−2 ⊂ Am, then
C

− ∩ B−
m ⊂ Ĉ

− ∩ B−
m whereĈ = BAC2 . . . C2m−2. Hence we have shown that

H∗(Ã
−
m ∩ B

−
m) = H∗(A

−
m ∩ B

−
m). (6.23)

Before we start studying the setA−
m∩B−

m for arbitrarym, we give a low dimensional example.
Example 6.15.We claim that

H∗(A
−
3 ∩ B

−
3 ) = H∗(A

−
2 ∪ B

−
2 ). (6.24)

According to (6.22) and (6.23) it is enough to show thatH∗(Ã
−
3 ∩ B

−
3 ) = H∗(Ã

−
2 ∪ B

−
2 ). To

prove this let us decompose the setsÃ3 andB3. The setÃ3 = P1 ∪ P2 whereP1 = BABBB ∪
BABAB∪BABAA andP2 = BAABB. On the other handB3 = Q1∪Q2 whereQ1 = BBBBB∪
BBBAB ∪ BBBAA andQ2 = BBAAB ∪ BBAAA. The setP−

i (Q−
i ) is a union of the faces of

the cubesC ⊂ Pi (Qi) which are inÃ
−
3 (B−

3 ) andÃ
−
3 = P

−
1 ∪ P

−
2 (B−

3 = Q
−
1 ∪ Q

−
2 ). Hence

Ã
−
3 ∩ B

−
3 =

2⋃

i,j=1

P
−
i ∩ Q

−
j .

Careful inspection of Figure6.5reveals thatP−
1 ∩Q

−
1 = B[0]B[−1]B∪B[0]B[1]B∪B[0]B[1]A∪

B[0]BA[1]. This is homotopic to the set0× 0× {B[−1]B ∪B[1]B ∪B[1]A ∪ BA[1]}, which can
be written as0 × 0 × {Ã−

2 ∪ B
−
2 }, see Figure6.7. Therefore

H∗(P
−
1 ∩ Q

−
1 ) = H∗(Ã

−
2 ∪ B

−
2 ).

After a short computation we find

P
−
2 ∩ Q

−
1 = B[0][0][−1]B ⊂ P

−
1 ∩ Q

−
1 ,

P
−
1 ∩ Q

−
2 = B[0][0]AB ∪ B[0][0]AA,

P
−
2 ∩ Q

−
2 = B[0]A[0]B.

The set(P−
1 ∩ Q

−
2 ) ∪ (P−

2 ∩ Q
−
2 ) is contractible, and its intersection withP−

1 ∩ Q
−
1 is given by

B[0][0][1]B∪B[0][0][1]A∪B[0][0]A[1], which is again contractible. HencẽA−
3 ∩B

−
3 is homotopic

to P
−
1 ∩ Q

−
1 and

H∗(Ã
−
3 ∩ B

−
3 ) = H∗(P

−
1 ∩ Q

−
1 ) = H∗(Ã

−
2 ∪ B

−
2 ).
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Figure 6.7. The projection of the setA−
3 ∩ B

−
3 on the coordinates(u2, u3, u4). The unshaded squares form the

setP−
1 ∩ Q

−
1 .

Lemma 6.16.Letm ∈ N such thatm > 1. Then

H∗(A
−
m ∩ B

−
m) = H∗(A

−
m−1 ∪ B

−
m−1). (6.25)

Proof. According to (6.23) it holds that

H∗(A
−
m ∩ B

−
m) = H∗(Ã

−
m ∩ B

−
m).

Every cubeC = C0C1 . . . C2m−2 ⊂ Ãm ∪ Bm satisfies thatC0 = B, and the two faces
[−1]C1 . . . C2m−2 and[0]C1 . . . C2m−2 are not present iñA−

m∪B−
m. By homotopy invariance, this

implies thatH∗(Ã
−
m ∩ B−

m) = H∗(Ã
−
m|x0=0 ∩ B−

m|x0=0), whereÃ−
m|x0=0 = {x ∈ Ã−

m : x0 = 0}
andB−

m|x0=0 = {x ∈ B−
m : x0 = 0}. In order to evaluateH∗(Ã

−
m|x0=0 ∩ B−

m|x0=0) we decom-
poseÃ−

m|x0=0 andB−
m|x0=0 as follows:

P1 =
⋃

{C ∈ Ãm|x0=0 : C2 = B}, P2 =
⋃

{C ∈ Ãm|x0=0 : C2 = A},

Q1 =
⋃

{C ∈ Bm|x0=0 : C2 = B}, Q2 =
⋃

{C ∈ Bm|x0=0 : C2 = A}.

The setP−
i (Q−

i ) is the union of the faces of the(2m−2)-dimensional cubesC = [0]C1 . . . C2m−2 ⊂
Pi (Qi), which are inÃ−

m|x0=0 (B−
m|x0=0). According to Remark6.8, if C ⊂ P2 thenC3 = B,

while if C ⊂ Q2 thenC3 = A. We decompose the intersection

Ã
−
m|x0=0 ∩ B

−
m|x0=0 =

2⋃

i,j=1

(P−
i ∩ Q

−
j ).

It holds thatP1 ∩ Q1 ⊂ [0][0]BC3 · · ·C2m−2. For any cubeC = [0]C1C2 . . . C2m−2 ⊂ P1 it
holds thatC1 = A andC2 = B, hence[0][0]C2 · · ·C2m−2 6⊂ P

−
1 and[0]C1[−1]C3 · · ·C2m−2 6⊂

P
−
1 . Moreover, for any cubeC = [0]C1C2 . . . C2m−2 ⊂ Q1 it holds thatC1 = B andC2 = B,

hence[0]C1[0]C3 · · ·C2m−2 6⊂ Q
−
1 . We conclude that the intersections ofP

−
1 andQ

−
1 are due to
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faces with coordinatesi ≥ 3. The fact thatC2 = B for every cube inP1 andQ1 now implies that
(P−

1 ∩ Q
−
1 ) = 0 × 0 × (Ã−

m−1 ∪ B
−
m−1). Hence

H∗(P
−
1 ∩ Q

−
1 ) = H∗(Ã

−
m−1 ∪ B

−
m−1) = H∗(A

−
m−1 ∪ B

−
m−1),

where we have used (6.22).
If C ⊂ P2 ∩ Q1 then

C = [0][0][0]BC4 . . . C2m−2 ⊂ [0][0]BBC4 . . . C2m−2 ⊂ P1 ∩ Q1.

Non of the faces fori = 0, 1, 2 is in P
−
2 ∩Q

−
1 . HenceP−

2 ∩Q
−
1 ⊂ P

−
1 ∩Q

−
1 , andH∗((P

−
1 ∩Q

−
1 )∪

(P−
2 ∩ Q

−
1 )) = H∗(P

−
1 ∩ Q

−
1 ). To prove the relation

H∗(Ã
−
m|x0=0 ∩ B

−
m|x0=0) = H∗(P

−
1 ∩ Q

−
1 ) = H∗(A

−
m−1 ∪ B

−
m−1), (6.26)

it is enough to show that
V := (P−

1 ∩ Q
−
2 ) ∪ (P−

2 ∩ Q
−
2 ) (6.27)

is contractible and that its intersection withP
−
1 ∩Q

−
1 is contractible. We prove thatV is contractible

by showing that both components in (6.27) are contractible and so is their intersection.
The setP1 is built up from cubes of the form[0]ABC3 . . . C2m−2, while cubes inQ2 have the

form [0]BAAC4 . . . C2m−2. The cube[0]ABAC4 . . . C2m−2 is inP1 if and only if [0]BAAC4 . . . C2m−2

is in Q2. Moreover, any(2m− 4)-dimensional face[0][0][0]AC4 . . . C2m−2 is in P
−
1 ∩Q

−
2 . There-

fore P
−
1 ∩ Q

−
2 is the union of the(2m − 4)-dimensional cubes[0][0][0]AC4 . . . C2m−2 that are in

Q2, which is star shaped around(0, . . . , 0). This implies thatP−
1 ∩ Q

−
2 is contractible.

If Ĉ ⊂ P2 ∩ Q2 thenĈ = [0][0]A[0]C4 · · ·C2m−2 ⊂ P2. Moreover, for any cube inC =
C1C2 · · ·C2m−2 in P, we have that̂C = [0][0]A[0]C4 · · ·C2m−2 ⊂ P

−
2 because of the face at

i = 3. On the other hand, for any cube inD = D1D2 · · ·D2m−2 in Q, we have thatD̂ =
[0][0]A[0]D4 · · ·D2m−2 ⊂ Q

−
2 because of the face ati = 1. Therefore the setP−

2 ∩ Q
−
2 is the

union of the intersections of theC andD :

P
−
2 ∩ Q

−
2 =

⋃
{Ĉ ∩ D̂ |C ∈ P2, D ∈ Q2}.

Since the origin is in all of the intersections, their union,P
−
2 ∩Q

−
2 , is star shaped and contractible.

We now consider the intersection(P−
1 ∩ Q

−
2 ) ∩ (P−

2 ∩ Q
−
2 ) = P

−
1 ∩ P

−
2 ∩ Q

−
2 . When a

face C is in P1 ∩ P2 ∩ Q2, thenC is contained in a(2m − 5)-dimensional face of the form
[0][0][0][0]C4 . . . C2m−2. Hence it follows from the arguments above that any face inP1∩P2∩Q2

is contained inP−
1 ∩P

−
2 ∩Q

−
2 . As before, this implies thatP−

1 ∩P
−
2 ∩Q

−
2 is a union of intersections

of cubes, and it is thus star shaped with respect to the origin.
We have proved that the setsP

−
1 ∩Q

−
2 andP

−
2 ∩Q

−
2 are contractible, as well as their intersec-

tion. We thus infer that their unionV is contractible.
Finally, any face in the set

(P−
1 ∩ Q

−
1 ) ∩ V = P

−
1 ∩ Q

−
1 ∩ Q

−
2
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is contained in a(2m−4)-dimensional cubes of the form[0][0][0]AC4 · · ·C2m−2. We note that any
(2m−2)-dimensional face[0]ABAC4 · · ·C2m−2 is inP1 if and only if [0]BBAC4 · · ·C2m−2 is in
Q1 if and only if [0]ABAC4 · · ·C2m−2 is inQ2. As discussed above, for any[0]ABAC4 · · ·C2m−2

in Q2, the (2m − 4)-dimensional face[0][0][0]AC4 · · ·C2m−2 is in P
−
1 ∩ Q

−
2 . Further-

more, the(2m − 5)-dimensional face[0][0][0][1]C4 · · ·C2m−2 is contained inQ
−
1 for any

[0]ABAC4 · · ·C2m−2 ∈ Q2, whereas[0][0][0][0]C4 . . . C2m−2 is not in Q
−
1 . A homotopy anal-

ogous to the one in the proof of Lemma6.14shows that the set(P−
1 ∩ Q

−
1 ) ∩ V is contractible.

This proves the relation (6.26).

The following lemma describes the homology of the setU−(m) for arbitrarym ∈ N.
Lemma 6.17.The homology of the setU−(m), form > 0, is given by

Hk(U
−(m)) = Hk

(
Γm−1

)
=

{
Z k = 0,m− 2,
0 otherwise.

whereΓn is the boundary of then-dimensional unit cube[0, 1]n.
Remark 6.18.We use the conventionHk

(
Γ0

)
= 0 for k ∈ Z.

Proof. At the beginning of this subsection we proved the lemma form = 1, 2. We use
induction to prove the lemma for arbitrarym, the induction hypothesis being thatHk(U

−(m −
1)) = Hk(Γ

m−2). We now considerU−(m) = A−
m∪B−

m. According to Lemma6.14the setsA−
m

andB−
m are contractible. Lemma6.16furnishes

H∗(A
−
m ∩ B

−
m) = H∗(A

−
m−1 ∪ B

−
m−1),

hence the induction hypothesis implies that

H∗(A
−
m ∩ B

−
m) = H∗(Γ

m−2).

By exploiting the exactness of the Mayer-Vietoris sequence(see e.g. [5])

. . .
ϕ∗
k−→Hk(A

−
m)⊕Hk(B

−
m)

ψ∗
k−→Hk(A

−
m∪B

−
m)

∂∗
k−→Hk−1(A

−
m∩B

−
m)

ϕ∗
k−1−→Hk−1(A

−
m)⊕Hk−1(B

−
m)

ψ∗
k−1−→ . . .

and using Lemma6.14, we conclude thatH∗(A
−
m ∪ B−

m) = H∗(Γ
m−1).

6.5. The computation of H∗(H(uI # w, 2p)). Having done the hard work in §6.4, we
now put the pieces together. First we recall that the setsNI andN−

I decompose as follows

NI = U0 × U1 × . . . × Ul,

N−
I =

l⋃

i=0

U0 × U1 × . . . × Ui−1 × U−
i × Ui+1 × . . .× Ul.

The homology of the setsU0 andU−
0 is given by (6.5) and (6.6). The homology ofUi andU−

i

is computed in Lemma6.10and Lemma6.17. We use them to computeH∗(NI) andH∗(N
−
I ).

Then by using the exact sequence which relatesH∗(NI), H∗(N
−
I ) to H∗(NI , N

−
I ) we calculate

H∗(H(uI # w, 2p)) = H∗(NI , N
−
I ).
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Lemma 6.19.The setNI is contractible, whereas the homology ofN−
I is given by

Hk(N
−
I ) =

{
Z, if k = 0, 2p − #I − 1,
0, otherwise.

(6.28)

Proof. The setNI is a direct sum of the contractible setsUi. Hence it is contractible. It
remains to prove that homology ofN−

I is given by (6.28). We start by computing the homology
of the union

U−
0 × U1 × U2 × . . .× Ul ∪ U0 × U−

1 × U2 × . . .× Ul.

Since the setsUi are contractible,

H∗(U
−
0 × U1 × U2 × . . . × Ul ∪ U0 × U−

1 × U2 × . . .× Ul) = H∗(U
−
0 × U1 ∪ U0 × U−

1 ),

and
H∗(U

−
0 × U1) = H∗(U

−
0 ) = H∗(Γ

M ),

H∗(U0 × U−
1 ) = H∗(U

−
1 ) = H∗(Γ

N ),

whereΓM is the boundary of anM dimensional cube andM = #I0, whileN = (#I1 − 1)/2.
To guide our thoughts, suppose for a moment thatŨ0 is anM -dimensional cube and̃U−

0 =

∂Ũ0, while Ũ−
1 = ∂Ũ1 andŨ1 is anN -dimensional cube. Then

∂(Ũ0 × Ũ1) = ∂Ũ0 × Ũ1 ∪ Ũ0 × ∂Ũ1 = Ũ−
0 × Ũ1 ∪ Ũ0 × Ũ−

1 ,

and
H∗(Ũ

−
0 × Ũ1 ∪ Ũ0 × Ũ−

1 ) = H∗(∂(Ũ0 × Ũ1)) = H∗(Γ
M+N ).

However, this is too much of a simplification, since in our case it only holds thatU−
i ⊂ Ui,

whereUi is contractible andH∗(U
−
0 ) = H∗(Γ

M ) while H∗(U
−
1 ) = H∗(Γ

N ). Nevertheless, we
still claim that

H∗(U
−
0 × U1 ∪ U0 × U−

1 ) = H∗(Γ
M+N ). (6.29)

If M = 0 orN = 0 thenU−
0 = ∅, orU−

1 = ∅ and (6.29) is trivially satisfied. ForM andN both
positive we use the long exact sequence

. . .
∂∗
k+1−→ Hk(A ∩B)

ϕ∗
k−→Hk(A) ⊕Hk(B)

ψ∗
k−→Hk(A ∪B)

∂∗
k−→Hk−1(A ∩B)

ϕ∗
k−1−→ . . . (6.30)

to prove (6.29). LetA = U−
0 × U1 andB = U0 × U−

1 , then

A ∩B = U−
0 × U−

1 .

Without the loss of generality we can suppose thatM ≥ N . The homology

H∗(A ∩B) = H∗(U
−
0 × U−

1 ) = H∗(Γ
M × ΓN )

is the homology of the cross product of two spheres, i.e., only the homology groups0, M − 1,
N − 1 andM + N − 2 are nontrivial. If these four indices are all different, then the nontrivial
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groups areZ. In case some of the indexes are the same then the group isZ
k, wherek is the

number of the indices that refer to this group. When we plug the known homologiesH∗(A),
H∗(B) andH∗(A ∩ B) into the exact sequence (6.30), we see that we need to distinguish six
cases:M = N = 1, M − 1 = N = 1, M − 1 > N = 1, M = N > 1, M − 1 = N > 1 and
M − 1 > N > 1. We will deal with the caseM − 1 > N > 1 only. All the other cases can be
treated analogously. In this case

Hk(A) =

{
Z, if k = 0,M − 1,
0, otherwise,

Hk(B) =

{
Z, if k = 0, N − 1,
0, otherwise,

Hk(A ∩B) =

{
Z, if k = 0, N − 1,M − 1,M +N − 2,
0, otherwise.

The homology groupHM+N−1(A ∪B) = Z because of the short exact sequence

0
ψ∗
M+N−1−→ HM+N−1(A ∪B)

∂∗
M+N−1−→ Z

ϕ∗
M+N−2−→ 0,

which is a part of the long exact sequence (6.30). Combining the part

0
∂∗
M−→Z

ϕ∗
M−1−→ Z

ψ∗
M−1−→ HM−1(A ∪B)

∂∗
M−1−→ 0,

with the fact that imϕ∗
M−1 = Z (sinceHM−1(B) = 0) implies thatHM−1(A ∪ B) = 0. Similar

calculations provide thatHN−1(A ∪B) = 0. Finally, by exploiting the exact sequence

0
ψ∗
1−→H1(A ∪B)

∂∗
1−→Z

ϕ∗
0−→Z × Z

ψ∗
0−→H0(A ∪B)

∂∗
0−→0,

where imϕ∗
0 = Z×{0} andkerϕ∗

0 = 0, we obtain thatH1(A∪B) = 0 andH0(A∪B) = Z. For
all remaining indices the exactness of

0
ψ∗
k−→Hk(A ∪B)

∂∗
k−→0,

implies thatHk(A ∪B) = 0.
We have thus proved the claim (6.29) and we deduce that

H∗(U
−
0 × U1 × U2 × . . .× Ul ∪ U0 × U−

1 × U2 × . . . × Ul) = H∗(Γ
M+N ).

By repeating the previous computationl times we obtain that

H∗(N
−
I ) = H∗

(
Γ{#I0+

Pl
i=1(#Ii−1)/2}

)
.

According to Definition6.4 it holds that#I0 = 2p − ∑l
i=1 #Ii and#I =

∑l
i=1(#Ii + 1)/2,

hence

Hk(N
−
I ) = Hk

(
Γ{2p−#I}

)
=

{
Z, if k = 0, 2p − #I − 1,
0, otherwise.
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To conclude the proof of Theorem5.3, we compute the relative homologyH∗(NI , N
−
I ). We

use the long exact sequence for the pair(NI , N
−
I ):

. . .
∂∗
k+1−→Hk(N

−
I )

i∗
k−→Hk(NI)

π∗
k−→Hk(NI , N

−
I )

∂∗
k−→Hk−1(N

−
I )

i∗
k−1−→ . . . .

Fork 6∈ {0, 2p − #I} exactness of

0
π∗
k−→Hk(NI , N

−
I )

∂∗
k−→0

implies thatHk(NI , N
−
I ) = 0. The exact sequences

0
π∗
2p−#I−→ H2p−#I(NI , N

−
I )

∂∗
2p−#I−→ Z

i∗
2p−#I−1−→ 0,

and

0
π∗
1−→H1(NI , N

−
I )

∂∗
1−→Z

i∗
0−→Z

π∗
0−→H0(NI , N

−
I )

∂∗
0−→0,

furnish (sinceker i∗0 = 0, imi∗0 = Z)

Hk(NI , N
−
I ) =

{
Z, if k = 2p− #I,
0, otherwise,

which concludes the proof of Theorem5.3.

7. Forcing of solutions in [σ2
1σ

2q
2 , 2p]. In this section we establish the ordering rela-

tion [σ2
1σ

4
2 , 4] ≺ [σ2

1σ
2q
2 , 2p], for 3 < q < p and estimate the number of geometrically distinct

solutions in the class[σ2
1σ

2q
2 , 2p]. To do so we define a braid class[uI ]E rel w, for every set

I = {j1, . . . , jn} ⊂ N
n satisfying

p− q + 3 < j1 < . . . < jn < p− 1, (7.1)

with only 3 < q < p required in the special caseI = ∅. As in Section5 we construct a subset
MI,ǫ of [uI ]E rel w which is an isolating neighborhood of the flowΨt generated by the parabolic
recurrence relation corresponding to Equation (1.1). As before, the Conley in ofMI,ǫ is given
by the invariantH∗

(
H(uI # w,E; 2p)

)
, and non-triviality of the index implies the existence of

a fixed pointu of the flow Ψt in the setMI,ǫ, which corresponds to a solutionu ∈ [σ2
1σ

2q
2 , p].

Solutions obtained for different setsI are geometrically distinct.
Definition 7.1. Let the skeletonw be given by (5.3). The braid class[uI ]E rel w ∈ E1

2p rel w
is defined by its representativeuI satisfying:

1. uI0 ∈ (v1
0 , v

6
0),

2. uI2i+1 ∈
{

(v4
1 , v

5
1) : if 1 < i < 2 + p− q,

(v5
1 , v

1
1) : otherwise,

3. uI2i ∈
{

(v4
2 , v

1
2) : if i ∈ I or 1 < i < 3 + p− q,

(v1
2 , v

5
2) : otherwise.
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Figure 7.1. A representative of the braid class[u rel w]I ∈ E
1
14 rel w for q = 4 andI = ∅. We did not depict

v
3, nor v4.

The free strandu intersects the strandv5 four times then it stays below this strand until the
anchor pointu4+2(p−q). Then it intersects the strandv5 four times again. After this the free strand
u behaves in the same way as the free strand of the braid class from the previous section, having
fingers at coordinatesi = 2jk. Figure7.1 shows the braid class[uI ]E rel w with a simplified
skeleton forq = 3 andI = ∅. The procedure for simplifying the skeleton is explained inthe
previous section.

For the sake of simplicity we restrict ourselves to the caseI = ∅ here. However, the same
decomposition of the set of anchor pointsui with i ∈ {4 + 2(p − q), . . . , 2p} as in Sections5
and6 extends the result for nonempty setsI. For the remainder of this section we omitI from the
notation.

In order to construct an isolating neighborhood which contains a fixed point corresponding to
u ∈ [σ2

1σ
2q
2 , 2p] with q < p we have to guarantee that anchor pointsu2i+1 < 1 for i = 2, 3, . . . 1+

p − q. Before we define the isolating neighborhood let us recall animportant property of the
parabolic recurrence relationR generated by (1.1) at the zero energy level. In the parameter range
α ∈ [0,

√
8) the two equilibriau± = ±1 are saddle-foci and there are no solutions which converge

monotonically to any of these equilibria. Therefore the twist property, see Section2, implies that
for every(x, y) ∈ R

2 \ ∆ there exists afinite τx,y and a unique solutionu(t;x, y) : [0, τx,y] → R

such thatu(0;x, y) = x, u(τx,y;x, y) = y andu′|(0,τx,y) > 0 if x < y (while u′|(0,τx,y) < 0 if
x > y). The functionRi satisfies, see [14],

Ri(ui−1, ui, ui+1) = u′′′(0;ui, ui+1) − u′′′(τui−1,ui;ui−1, ui).

Finally we investigate the functionRi for ui close tou+ = 1. We restrict to odd indexi and take
ui±1 < ui = 1. The fact thatτui−1,1 andτ1,ui+1

are always finite combined with Lemma 2.2 in [7]
ensures thatu′(τui−1,1;ui−1, 1) = u′′(τui−1,1;ui−1, 1) = 0 andu′′′(τui−1,1;ui−1, 1) 6= 0. Mono-
tonicity ofu(t;ui−1, 1) implies thatu′′′(τui−1,1;ui−1, 1) > 0. Analogously,u′′′(τ1,ui+1

; 1, ui+1) <
0 andRi(ui−1, 1, ui+1) > 0. Due to the uniqueness of the monotone loops (solutionsu(t, x, y))
the functionRi is continuous onΩi and for sufficiently smallη > 0 it holds that

Ri(ui−1, 1 − η, ui+1) < 0.

Definition 7.2.Define, withuI satisfying Definition7.1,

Nδ = {u ∈ cl([uI ]E rel w) : (−1)i(ui+1 − ui) ≥ δ}
and letMδ,η be the subset ofNδ characterized by:u ∈Mδ,η if and only if



40 J.B. van den Berg, M. Kram ár and R.Vandervorst

1. u0 < ûε0,
2. v4

2k+1 < u2k+1 < 1 − η for k ∈ {2, 3, . . . , 1 + p− q},
3. (−1)iui < (−1)iuεi for the remaining indicesi.

LetM−
δ,η denote the subset of∂Mδ,η where the flowΨt points out ofMδ,η. A similar homotopy

to the one in the proof of Lemma5.5 furnishes that

H∗(Mδ,η,M
−
δ,η)

∼= H∗(Nδ , N
−
δ ) ∼= H∗ (H(u # w,E; 2p)) .

Theorem 7.3. The indexH∗(h(u rel w)) is given by

H∗ (H(u # w,E; 2p)) =

{
Z, if k = 2q − 1,
0, otherwise.

(7.2)

Proof. The setN = cl[u]E rel w is a2p-dimensional set which is homotopic to the unit cube
[0, 1]2p, with u ∈ N if and only if

1. u1
0 ∈ [v1

0 ,−1],

2. u2i+1 ∈
{

[−1, 1] : if 1 < i < 2 + p− q,
[+1, v1

1 ] : otherwise,

3. u2i ∈
{

[−1, v1
2 ] : if 1 < i < 3 + p− q,

[v1
2 , 1] : otherwise.

If u2i+1 reaches the boundary andi ∈ {2, 3, . . . , 1 + p − q} then the crossing number of the free
strandu with the skeletonw increases. Likewise, ifu2i reaches the boundary fori ∈ {2, 3, . . . , 2+
p − q} then the crossing number increases as well. On the other handif some other anchor point
reaches the boundary of its interval then the crossing number decreases. HenceN− is the set on
which someuj , j /∈ {4, 5, . . . , 4 + 2p − 2q}, attains the boundary. The pointed space[N,N−] is
thus homotopic to([0, 1]2q−1, ∂[0, 1]2q−1). HenceH∗ (H(u # w,E; 2p)) = H∗(N,N

−) is given
by (7.2).

Non-triviality of the indexH∗ (H(u # w,E; 2p)) stated in Theorem7.3concludes the second
part of Theorem1.8. A lower bound on the number of geometrically distinct solution is given by
βp,q = 2q−5 by counting how many fingers can still be realized using the procedure from the
previous section. Indeed, by (7.1) there areq − 5 positions for fingers, indexed inI, which yields
the lower bound.

Finally, let us call the local maxima below+1 “dimples”. In the above construction these have
indicesi = 2j + 1, with j = 2, . . . , 2 + p − q. Hence in this construction we first have dimples
and then fingers. For largep (compared toq) there are also many other possible distributions of
alternatingly dimples and fingers. This leads, via a completely analogous proof, to many more
solutions, a line of thought that we do not pursue here.

8. Proofs of the main theorems. Theorem1.6and1.8were proved in Sections5 and7.
The multiplicity of solutions of type[σ2

1σ
2p
2 , p] is established in Section6. The ordering relation

[
σ2

1σ
4
2, 2

]
≺

[
σ2

1σ
2q1
2 . . . σ2

1σ
2qn
2 , p

]
,

is established via the product relation in Theorem1.5, which is proved as follows. We start
with noting that elements inZ can be represented as products of fundamental blocks[σ, p] =
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[σ2
1σ

2qi
2 , pi], analogous to the decomposition in Section6.2. The ordering relation[σ2

1σ
4
2, 2] ≺

[σ2
1σ

2qi
2 , pi] is proved by constructing isolating neighborhoodsNI via associated relative braid

classes. For a type[σ, p] · [σ′, p′] we can then use the product isolating neighborhoods, or relative
braid classNI ×N ′

I . Non-triviality of the Conley indices ofNI andN ′
I then implies non-triviality

of the Conley index forNI ×N ′
I , proving Theorem1.5.

The Theorems1.7and1.9now follow by applying the product property in Theorem1.5.
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