THE ORDER OF BIFURCATION POINTS IN FOURTH ORDER
CONSERVATIVE SYSTEMS VIA BRAIDS
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Abstract. In second order Lagrangian systems bifurcation branchpsraddic solutions preserve certain topological
invariants. These invariants are based on the observétampériodic orbits of a second order Lagrangian
lie on 3-dimensional (non-compact) energy manifolds arelgériodic orbits may have various linking
and knotting properties. The main ingredients to define dpelbgical invariants are the discretization of
second order Lagrangian systems that satisfy the twisteptpand the theory of discrete braid invariants
developed in4]. In the first part of this paper we recall the essential theafrbraid invariants and in
the second part this theory is applied to second order Laggarsystem and in particular to the Swift-
Hohenberg equation. We show that the invariants yieldsirigreelations on bifurcation branches. We
quantify this principle via an order relation on the topatad type of a bifurcation branch. The order will
then determine the forcing relation. It is shown that certaiaid classes force infinitely many solution
curves.

1. Introduction. Fourth order conservative dynamical systems can be viewéthailto-
nian systems with two degrees of freedom. The dynamics isatesl to 3-dimensional energy
surfaces (e.g.14]) and orbits may display various knotting and linking prdjes. The knotting
information about trajectories provides insight into tly@mamics. In particular, forcing solutions
based on the existence of other solutions turns out to beyaveduable technique. We divide
trajectories into equivalence classes by using the kmpttiformation. Forcing is used to estab-
lish a partial order on such classes. In this paper we applydimas to the eFK/Swift-Hohenberg
equation (see e.g8]2]) and we indicate how these results also apply to fourthrozdaservative
systems in general.

The eFK/Swift-Hohenberg equation is of the form

"o —u+uP=0 ack, 1.1

whereu : R — R. Whenu(t+7) = u(t) for some period- > 0, the solutions are called periodic,
or closed characteristics. The equation occurs as the-Eatgange equation of the second order
Lagrangian

1 Q 1
L= 21u"12 — 21/12 + 2(u2 — 1)2
and solutions preserve the energy
1 lo' 1
E = —u"d S22 2_12‘
W 4 S P = S = S (? - 1)
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The latter defines 3-dimensional (non-compact) energysesi\/; that foliateR*. For the values
E = —% and E = 0 the energy surfaces are singular with singularities at 0 andu = =+1,
respectively.

The level E = 0 plays the role of organizing center due to the existence eetuilibrium
statesu = +1. Let us recall the nature of the linearization around theliegia (see Figurel.l).
The stationary points, = +1 change type as function of the parameterThis happens at the
valuesae = ++v/8. Fora < —v/8, u = +1 are saddles, i.e. real eigenvalues, fov/8 < o <
/8 they are saddle-foci, i.e. complex eigenvalues, anchfor /8 they are centers, i.e. purely
imaginary eigenvalues. Fer < —+/8 the set of bounded solutions is very limited. According
to [10] the only bounded solutions are the three equilibrium Eitwo monotone antisymmetric
kinks and a one-parameter family of periodic solutions pesterized by the energy.

At o = —+/8 an explosion of periodic solutions occurs, see Figlure Here we restrict
attention to the energy levédl = 0. We classify the periodic solutions as follows. Define the
intersection sequence = (0j, ...05,.), jx € {1,2}, whereo; represents the intersections of a
periodic functionu(t) with u_ = —1, while o9 represents the intersections with = +1, and
all intersections are counted over one periodDue to periodicity ofu we may assume that
starts withoy if u intersectsu_. We group the same elements together and use the notation wit
powers instead of repeating the symbols, e.g. we weiter3)? instead ofoy 0109020101 0205.
The number of crossings of a periodic solutiomvith «-. is the number of zeros of the functions
u — u4 counted over the period without multiplicity, i.e., evemra is counted just once even if
it is a multiple zero. The zero points are isolated and thimlmer is well defined and finite and
preserved along the continuous bifurcation branches,&e&\e distinguish different classes of
periodic functions based on their intersections

Definition 1.1. Periodic functions: are categorized by the following three classes:
(I) o = (0?03)9, for someg € N;
(1) both oy and o, are present inr, buto # (o303)? for anyq € N;
() o = (629), or o = (03%), for somey € N.
The sequence will be called the intersection sequenceuof

Further classification can be carried out by counting the atame laps of a periodic solu-
tion. It was shown in14] that if a second order Lagrangian system satisfies a twigigoty (see
Section2), then every solution is a concatenation of regular moretaps between extrema and
degenerate monotone laps, and the number of all monotosaddimite and even per period. A
regular monotone lap is a segment of the solutisuch that.’ does not change sign, i.&. < 0
or v’ > 0, and a degenerate monotone lap is an inflection point. We teageunt both non-
degenerate and degenerate monotone laps in order to ob&invariant along the bifurcation
branch. The same type of arguments that are used to shovhéhatimber of crossings witt
is preserved along the solution branch imply that a regulanatone lap can disappear only by
becoming a degenerate monotone lap, see aghin [

Definition 1.2.Letu be a periodic solution of Equatiori (1) at the energy leveE = 0, with
intersection sequenceand2p monotone laps per period, thenis said to be of the typgr, p).

Question: Does there exist a periodic solutiaron E' = 0 for any given typ€o, p|?
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Figure 1.1. Bifurcation diagram (a) shows three different classes afnches, which bifurcate from = —1 at
a = —+/8. Solutions on the branches that extend beyond the boundahe aiagram are of the first class (see (e)),
branches that form closed loops consist of solutions of ¢icersd class (see (f)), and branches collapsing ante —1
consist of solutions of the third class (see (g)). Also depliare the spectra of the linearization around= +1 and

u = —1, see (b) forx < —+/8, (c) fora € (—+/8,/8), and (d) forv/8 < a.

We stress that the tyge, p] is an invariant in the sense that it is conserved along cootis
branches of solutions (ix = 0) when varying the parameter. As it turns out, most of the
interesting behaviour occurs when the equilibria= 41 are saddle-foci, i.ec € (—+/8,/8).
The saddle-focus behaviour near= +1 allows us to control the flow near the equilibria, which
are singular points in the energy manifold. For technicakoms we will in this paper consider
the parameter range < [0,+/8) only. However the machinery developed in this paper can be
readily applied to the positive energy levels for> /8 where the constant solutions. = 41
are replaced by the small oscillations constructedL.[The limit process used irLP] may be
used to further extend our result far> /8. For a wealth of results about periodic solutions in
the parameter range ¢ (—/8, 0) we refer to p].

For periodic functions of class (I) and (Ill), see Definititri, the pair(p, q) determines the
type [o,p]. For class (Il) this obviously does not hold. I4]]it is proved that for the entire
parameter range > 0, there exists at least one periodic solution of class (Iafgr coprime pair
(p,q)*, see also Figuré.1(a,e). In [L2] the case of periodic solutions of class (Ill) is treated @nd

is shown that fob < a < a,, == V2 (% + %) there is at least one periodic solution of class (IIl)

at the energy surface = 0, for any coprime paifp, ¢). As illustrated in Figurel.1(a,f) these
solutions converge to one of the equilibtia= +1 asa tends tow, 4.

For class () and class (lll) the above question has thus bddressed in4] and [12]. In
order to deal with class (Il) solutions, the subject of théger, yet another structure is needed.
We refine the existence question to a forcing problem: foitrarly o € [0, 1/8), given a periodic
solution of typelo, p|, does this force the existence of a periodic solution of fypey’'|? We will

1The existence actually extendsdo> —+/8, see P].
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Figure 1.2. Sketch of two periodic solutions @ € [afaé‘, 2]. Their extrema points are labeled by andw,.
The most obvious difference between the solutioasdw is the position of the extremal poinis ands.

think of forcing in terms of a partial order on the typlesp]. To be more precise, if a periodic
solution of type[, p] of (1.1) for somea € [0, v/8) forcesthe existence of a periodic solution of
type[o’, p'] of (1.1) for the same value aof, then|o, p] is said to preced@’, p']. Notation:

[0, p] < [0, D].

Clearly, this definition means very little for typés, p] corresponding to class (I) and class
(1), since they are known to exist for aft < o, , > /8, respectively. On the other hand, for
class (Il) solutions unravelling the partial ordering istaltenge. The ordering has important
implications for the bifurcation diagram of Equatioh.l). If I' andI” are continuous curves
corresponding to solutions of the cldssp] and[o’, p'] respectively, ando, p] < [o’, p'], thenI”
has to exist at least as long Bsloes. In other words, in Figutel(a) the saddle-node bifurcation
for I" occurs at a smaller value afthan the one fof”.

The intricate ordering of such saddle-node bifurcations firat studied for homoclinic so-
lutions of a slight variation of Equatiori(l) in [1], where a list of rules was proposed based on
the folding of the stable and unstable manifolds. Our apgrdeere is entirely different, based
on topological properties of the solutions, and we rigolpdetermine an important part of this
ordering from which many existence result can be extracted.

Before stating the main result we start with an importantgxa.

Example 1.3. For Equation {.1) the existence of a solutioi € [07073, 2] is shown in B] for
o € [—V/8,¢], wheree > 0 is sufficiently small. This solution is a minimizer of the wmying
Lagrangian system, and hence its Morse index is zero. Itsrea pointsiy, us, ug are very close
to u; = 1, see Figurel.2(a). Numerics suggest that there is another solution wighMorse
index one in the same class. This solution has a slighthewifft shape (see Figute2(b)), the
local minimumu,, being near-1. The type[o, p] represents a class of periodic functions to which
we will assign a topological invariant. For this invariahetMorse relations apply, see Section
3. The invariant oflo?03, 2] is trivial, which implies that the solutio@ cannot be the only one
in this class. Numerics suggest that these two solutionsrathe same bifurcation branch which
forms a loop, see Figuré.l The loop turns at some poiat* > 0, where these two solutions
coalesce (saddle-node). Rigorous numerics is usedldntd prove the existence of a solution
u € [0305,2] for a € [0,a*], wherea* > 2 (in facta* =~ 2.03, see [L1]). Any type of solution
forced by[o?03, 2] (i.e. preceded by it in the ordering) thus also existsdfar [0, o*] at the least.
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Figure 1.3. Sketch of a periodic solution € [¢0So? 05, 7] which consists of two blocks, naméhy o5, 3] and

o705, 4].

In the same paper the existence of a multitude of solutiopsaged using a forcing relation. In
Figure1.3the types of solutions are indicated. We translate thigstant, proved in13], to the
context of the present paper in the following proposition.

Proposition 1.4. Leta € [0,+/8) andqq, . .., ¢, € Nwith¢; > 1. Then

2 4 2 _2q1 2 2q
[0102,2] < [0102 ...010% ”,p},

wherep = > | ¢;.
The idea behind Propositidn4is concatenation of types based on the forcing reldtign;, 2] <
(02057, p]. The set of types

2 2qn
2 = {[a,p] | o =ofoy ... oty Zqi §p},
7

can be given a semi-group structure as follofwsp] - [0/, p'] := [o0’, p + p']. This multiplication
make(Z, -) a non-commutative semi-group. We can introduce a unit edéme. by allowing con-
stant solutions. This then givég, -) the structure of a monoid. Elements of the fO[B‘ﬁagq,p],

called fundamental blocksserve as generators @f and particular [o%agql ...afagq", p]

Hi[a%agqi,pi], wherep = ). p;, i.e., any type inZ can be represented as a product of funda-
mental blocks. Note that this representation is not unigugeneral. Uniqueness holdsgif = p;
for all 4. With respect to ordering and multiplication the followiregult holds.

Theorem 1.5. If Proposition 1.4 and Theorent.6 imply that [0?073, 2] predeces two types
[0, p],]0",p'] € Z, then

[0105,2] < [o,p] - [0, P,

with [0, p] - [0’,p'] := [o0’,p + p/]. Since it was proved i3] that [0204, 2] < [02057,p] (i.€.
q = p), Propositionl.4 follows from Theoreml.5 by considering type@%ag‘“,ql-] and taking
products. In this paper we extend the resultif][to types of the form[a%agq1 - a%ag%, P,
withp < > | ¢;. The crucial element is to establish the ordering for ty[pésgq,p], q < pand

build the more complicated types by concatenating the fonstdial blocks using Theorefin5.
Theorem 1.6. Leta € [0,+/8) andp, ¢ € N such that3 < ¢ < p. Then,

2
[0%03’2] = [0%0—2(]’]9} )
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Figure 1.4. Sketch of a periodic solution € [o705, 5].

which extends the cage= ¢ (Proposition1.4). Theoreml.6is ultimately at the heart of the
matter and its proof involves a very intricate inductionuargnt onp (for fixed ¢), exploiting
Mayer-Vietoris sequences in homology, see Sedhidn

An example of a solution of the cla$5102, ] is depicted in Figurd..4. Now consider types
of the form |o2057" .. olag%,p] with ¢; > 1andY " ¢ < p. The case).!" qi = pis
covered by Propositiofi.4. For the general case;- ; ¢; < p we have:

Theorem 1.7. Leta € [0,/8). Forany representatlovﬁa%agq . a2a§q",p] = [Llo303% pil,
with either3 < ¢; < p, or 2 < ¢; = p;, it holds that

2 4 2 _2q1 2 _2qn
[0102,2] < [0102 ...0104 ,p},
wherep = >~ | p;.

The forcing relations of Propositioh.4 and Theorenl.7 imply the existence of many so-
lutions and indicate that all forced types have turning &t values ofv larger thana™* (the
saddle-node bifurcation for the tyde?o3,2]). Additionally, instead of finding just one solu-
tion of the class[alagq1 . a%agq",p} , the forcing relation yields a lower bound on the number

of solutions that are forced based on the topological dathetype[o, p]. Different solutions
u € [0, p| may braid around the solutiom in topologically different ways. The following theo-

rems estimate the number of geometrically different sohgiwithin the classe%a%agq, p] and

[a%agql . a%agq",p] For counting purposes we introduce
1 forg=p =2,
3. = 2p—3 forq=p >3,
P 1 ford =q < p,

2075 for5 < g <p.
Theorem 1.8. Letaw € [0,*] andp € N such thatp > 2. Then there are at least, ),
geometrically distinct solutions of the solution cl{séag”,p}. If ¢ € Nis such that3 < ¢ <

p, then there are at least, , geometrically distinct solutions of the cla%sfagq,p] Figure

1.5 shows the different geometries of the solutions of t{,{p@z ,p] and the combinatorics of
counting different solutions by considering patterns Wfithgers’. The part of Theorer.8 that
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Figure 1.5. For the typeloio3°, 5] either zero, one, or two fingers can be considered in a totédaf configura-
tions between the first and last oscillation around-= +1.

deals with solutions in the cla sr%agp,p is proved in Sectior®, while the rest of the proof is
carried out in the last section. Theordn8 can be used to give a lower bound on the number of
solutions in|o 257" .. alagq",p]

Theorem 1.9. Leta € [0,a*]. For the types{alam“. 0'20'3(]”,])} = [Llo?03%, pi] &

described in Theorerh.7 the lower bound on the number of solutions is givery hy3,, 4,

The above theorems are established via a Morse type theony Genley index and braid
theory, see4]. As a by-product we obtain estimates on the Morse indideg of solutionsu. For
example, for solutions with fingers, as depicted in Figligg the number of fingers determine the
Morse index. To be more precise, for the case- p;, generically

p(u) = # fingers.

For other type of solutions we obtain similar relations, amdrefer the reader to the forthcoming
sections.

Remark 1.10. In this paper we restricted the forcing relations to the éagpe [0, 2].
The exact same results follows for the base tyger?, 2]. The results even extend if we consider
the base typéoios, 3]. In this case we obtain fingers towards bath= +1 andu = —1. The
results are not restricted to the specific Equatibrd)(but apply to any second order Lagrangian
twist system with at least two equipotential states. Cle#hie analysis in this paper only reveals a
small portion of the partial order on types. The techniquescdbed in this paper can also be used
to further study the partial order relation for other typib®, type[o; 03, 3] begin the first obvious
candidate.

2. Reduction to a finite dimensional problem. In this section we give a brief survey
of the reduction of the problem of finding periodic solutidnos Equation (.1) to the problem of
finding fixed points of a vector field generated by a parab@airrence relation. We present this
approach in the context of general second order Lagrangians

If we seek closed characteristics i.e., periodic solutiohEquation (.1) at a given energy
level E we can invoke the following variational principle:

Extremize{Jg[u] : u € Qper, 7 > 0}, (2.1)

whereQue, = U,~0C?(S?, ), the periodic functions with period, and

Tplu] = /0 (L") + B)dt. 2.2)
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The functionL € C?(R3,R) is assumed to satisfgri—%(u,v,w) > § > 0forall (u,v,w) € R3.
For the general second order Lagrangian system the (cathezmergy is given by

oL d 0L oL
E[u] = (W — E@u”) u + 8u//u” — L(u,u,u"). (2.3)

It follows from [14] that the variations in- guarantee that any critical pointof (2.1) has en-
ergy E[u] = E. An energy valueF is called regular ifg—ﬁ(u,o,o) =% 0 for all u that satisfy
L(u,0,0) + E = 0. The energy manifold/r C R* for a regular energy valu& is a smooth
non-compact manifold without boundary. For a fixed regulaergy valueFE, the extrema of a
closed characteristic are contained in the closed{set L(u,0,0) + E > 0}. The connected
componentd i of this set are calleéhterval components Moreover, it follows from 4] that
solutions on a regular energy level do not have inflectiomtgoiFor a singular energy level the
interval componen! i contains critical points and the situation is more compida

It was shown in14] that for Lagrangian systemgu] = [; L(u, v, u")dt with L(u, v, u") =
%u”z + K(u,u’), at energy level€ which satisfy

%—I;v — K(u,v) — E <O0forallu € Iy andv € R, (2.4a)
2
8852(@2 - g {%—IU( — K(u,v) — E} > 0forallu € Iy andv € R, (2.4b)

there is a unique pairr, u,) minimizing

inf / (L(u,u',u") + E)dt,
ueX,,TeRT Jo

with X, (uy,uz) = {u € C?([0,7]) : u(0) = u1,u(r) = uz,v/(0) = /(1) = 0,u’|(077) >
0if up < us andu’\(oﬂ < 0if up > UQ} for (ul,u2) € Igp x Ig \ A andA = {(ul,u2) S
Ir x Ig : uy = uy}. Moreover, the function defined by

Sp(ui,ug) = inf / (L(u,u,u") + E)dt, (2.5)
ueX,,TeRT Jo

for (uy,u2) € Ig x Ig \ A, andSg|a = 0, has the following properties (sée):

(a) Sg € 02(IE X IE\A)

(b) 8182$E(u1,u2) > 0 for all u; #*ug € Ip.

(C) limul/u2 —815E(U1, UQ) = limu2\ul 825E(u1, UQ) =

= limy,\ u, 015k (u1, uz) = limy, v, —02SE(u1,uz) = +o00.

The functionSy is agenerating functiorand a Lagrangian system possessing such a generating
function is called awist systemThe second order Lagrangian system associated to Eqation
is a twist system forv > 0. For more examples se#{].

The question of finding closed characteristics for a twistesy can now be formulated in
terms of Sk. Any periodic solutionu is a concatenation of monotone laps. Let us take an arbi-
trary 2p periodic sequencéu;} and defineu as a concatenation of monotone laps (minimizers
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ur(u;, ui+1)) between the consecutive extremal poimtsolving the Euler-Lagrange equation in
between any two extrema. The concatenatiomoes not have to be a solution &because the
third derivatives of two monotone laps do not have to matcheextremal point;. It was proved
in [14] that the third derivatives match if and only if the extrene@sence{u; } is a critical point
of discrete action

2p—1
Wop = Y Sp(us, uitr). (2.6)
i=0
Critical points ofIV5,, satisfy equations
Ri(wi1,ui, uip1) = 02SE(ui—1,u;) + 015E (Ui, uir1) = 0, (2.7)

whereR; (s, t,r) is, according to property (a), well-defined afid on the following domains
Qi ={(r,s,t) € It : (1) (s —7) > 0,(=1)" (s — t) > 0}. (2.8)

The functions®; and domaing?; satisfyR; = R;12 andQ; = ;.- for i € Z (alternating
increasing and decreasing laps). Property (b) implies @& = 01925 (u;—1,u;) > 0, and
AR = 01025 (ui, uir1) > 0. Property (c) provides information about the behaviofRpfat the
diagonal boundaries &t;, namely,

lim R;(r, s,t) = im R;(r, s,t) = 00, 2.9
RN ( ) AN ( ) (2.9)
lim R;(r, s,t) = lim R;(r, s,t) = —c0. 2.10
s/'r ( ) s/t ( ) ( )

Above-mentioned properties &; give us thatR; is parabolic recurrence relation of up-down type
as defined below. First, we define parabolic recurrenceioakt
Definition 2.1. A parabolic recurrence relatiolR on R is a sequence of real-valued func-
tionsR = (R;);ez satisfying
(A1): [monotonicity]1R; > 0anddsR; > Oforall i € Z
(A2): [periodicity] for somed € N, R;, 4, = R; for all i € Z.
We see that ouR is not a parabolic recurrence relation in the strict sensawmee it is not
defined on whole spad®”. It is not defined for any sequence satisfying = ;. for some
i € Z. This corresponds to the nature of solutions of Equatibd),( namely that minima and
maxima alternate.
Definition 2.2.A parabolic recurrence relatiofR defined on domain given bg.g) is said to
be of up-down type if(9) and .10 are satisfied.
These results can be summarized in terms of parabolic exwerrelation as follows.
Proposition 2.3. Let J[u] = [ L(u,u’,u")dt be a second order Lagrangian twist system.
Suppose thallly, is the discrete action defined through%) and @.6) at the regular energy level
E. Then
(a) the functionsk; = 9;W»,, defined orf2; are components of a parabolic recurrence rela-
tion R of up-down type,
(b) solutions ofR = 0 correspond to periodic solutions on the energy leiel
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u(z u

Figure 2.1. (a) A periodic function and (b) its piecewise linear graph &draid consisting of 3 strands.

The parabolic recurrence relation is both exact and up-ddawpe. In order to find solutions
of R = 0 we will employ the Conley index. Conley index theory giveformation about the
invariant set of a flow inside an isolating neighborhood fus fflow. In the case of a gradient
vector field invariant sets have special structure and thiasmation about critical points can be
obtained. There is a natural way to define a flow generated mpatown parabolic recurrence
relation on the set

0% = {u € RZ : uis 2p periodic andu;_1, u;, ui41) € Q, fori € Z}. (2.11)

Consider the differential equations

Eui(t) =R;(u(t)), u(t)ecQ?®, tecR. (2.12)
Equation 2.12 defines a (localC'! flow +* on Q2. This flow is not defined at the boundary
of 2P, but conditions 2.9) and @.10) give us information about the flow close to this boundary.
Finding a periodic solution within the cla$s, p] can be reduced to constructing an appropriate
isolating neighborhood for the flow! and calculating its (nontrivial) Conley index. We will use
the concept of up-down discretized braid diagrams to coaosthis isolating neighborhood. For
any 2p-periodic extrema sequence we can construct a piecewisarlgraph by connecting the
consecutive pointsi,u;) € R? by straight line segments. The piecewise linear graphedal
strand, is cyclic: one restricts < i < 2p and identifies the end points abstractly. A collection
of n closed characteristics of peri@gp then gives rise to a collection af strands. For multiple
strands we can replace the periodicity of a single sequeneadtaid structureby matching the
beginning and end points and assigning a crossing typetif@gio every transverse intersection
of the graphs: larger slope crosses over smaller slope,igaeR.1 We represent sequences of
extrema in the space of closed, positive, piecewise linesd ldiagrams. We briefly recall some
basic facts from (discrete) braid theory (for more detadls E]).

3. Braid invariants and the Conley Index. We recall now the basic theory of proper
braid classes and the Conley type braid invariants, andntipéidations for parabolic recurrence
relations B]. The parabolic recurrence relations coming from fourttieorconservative systems,
as explained in the previous section, can be put into thiadreork.

3.1. Braid invariants.  Definition 3.1. Denote byD?; the space of all closed piecewise
linear braid diagrams (PL-braid diagrams) om strands with period!. That is, the space of all
(unordered) collectiong = {3*}7_, of continuous mapg” : [0, 1] — R such that
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(a) B is affine linear o, “1] for all k and for alli = 0,...,d — 1;
(b) 5*(0) = B7*)(1) for some permutation;
(c) for anys such that3*(s) = 3'(s) with k # [, the crossing is transversal: fersufficiently

small
(B5(s—e) = B(s—€)(B(s+e) = B(s+¢) <0.

Any PL-braid diagram corresponds to someollectionu = {uk}z;é of anchor points1* =
{uF}, where

uf = gk (i/d), (3.1)

The converse to this statement is not true because condifiaf Definition3.1is not satisfied for
arbitrary collection of sequences. A collectiarfor which this condition is violated corresponds
to a singular PL-braid diagram. We switch between the ranatf of the anchor points ang"* of
the piecewise linear braid diagrams throughout this sectising3 only if necessary. Discretized
braid diagrams will primarily be denoted ly Given anchor pointsi, the associated piece wise
linear braid diagram is given b§(u).

Two representatives, u’ € D’ are of the same discretized braid clga$ = [u], if and
only if they are in the same connected componeribdf Note that if[u] = [u’], thens(u) and
B(u’) are isotopic as closed positive topological braid diagréamsl braids), seel]. However,
two discretizations of a topological braid are not necelysaquivalent inD”, i.e. connected
in DY. The connected componeht] of D’} are calledbraid classesof periodd. The singular
braidsu are defined by’ := 53\2)3 and consists of braida failing (c) in Definition3.1 We
suppress the indices and denote the semi-algebraic sigdtyvaf singular braids by.. The set
Y,_ C X denotes the collapsed singularities; roughly speaking, isome of the strands coincide
completely (at all anchor points), se§ for details.

For pairs of braids we can define the space of braid pairs tk@éact that the union of two
braid diagrams is again a braid diagram satisfying (a) apdf(Definition 3.1 Consider

D™ = {(u,v) € Dj x Df [uuv € D™} (3.2)

For pairs(u,v) € D™ we writeu # v. Note that foru # v € D)™ it holdsu € D’ and
v € D7, As before the connected componentsIgf"™ are denoted byu # v| and are called
relative braid classegof periodd). Associated witfu # v| we have the projection

T: D™ - DY, u#ve v

For eachv’ € 7([u # v]) we can define the fibd'] rel v/ := {u’ € DI | u' # v/ € [u # v]}.
The fiber[u’] rel v/ is called arelative braid class with fixed skeleter). Depending on the period
d a fiber[u'] rel v/ may consists of more than one connected component. The sehoécted
components relative to a fixed braide D" is denoted byD?; rel v.

Definition 3.2.Arelative braid clas$u # v] C D)™ is calledboundedf every fiberfu'] rel v/,
with v/ € 7([u # v]), is a bounded set.

As before we can define the singular relative braid&asel v := D), rel v\D” rel v and
Y_relv:= X" (D" relv).



12 J.B. van den Berg, M. Kram ar and R.Vandervorst

24 1 v?2
. /[u]rev

*[u] rel v!

Figure 3.1. Relative braid classes and there fibers.

Definition 3.3.A relative braid classu # v]| is calledproperif for every fiber[u'] rel v/, with
v/ € w([u # v]), it holds thatcl([u] rel v/) N (X_relv') = @. If [u # v] is not proper it is
called improper.

For each fiber of a bounded proper relative braid clasg v| we define a topological invari-
ant. Fix a fiberfu'] rel v/, with v/ € w([u # v]) and letN = cl([u'] rel v/). By assumptionV is
compact andN N (X_ relv') = @. Then theexit setN~ C ON is defined as follows: for each
u’ € dN there exists a small enough neighborhd®din D), such thatiV’ \ X rel v/ consists of
finitely many component®/;. SetiW, = W N N, then

N~ = cl{u' € ON ’ ’WO‘Word > ’Wj’vvord7 Vj > 0},

where| - |wora is the number of intersections af with v/. For a fiber[u’] rel v’ there are finitely
many componentsN;, N, ). Now define the indek(u’ rel v') = \/,[N;/N;”], where[N;, N,”]
denotes the homotopy type of the pointed spga@ég’ N, , [V, ]). It was proved in4] this is indeed
an invariant.

Proposition 3.4. The homotopy typh(u’ rel v') = \/.[N;/N, | is independent of the fiber
[u'| rel v/ in [u # v|. Due to Propositior8.4we can define

H(u# vid) = \/[Ni/N;, (3.3)

2

The homological analogue is defined@$I([u # v|,d) = @, H(N;, N; ;Z). It was proved in
[4] this is indeed an invariant. Propositié4 was proved in4] by associating discrete relative
braids to parabolic recurrence relations.

3.2. Parabolic recurrence relations.  Let R be a parabolic recurrence relation (see Def-
inition 2.1). For any braidv € D' one can choose a parabolic recurrence relation such that all
strandsv* in v satisfyR;(vF_;,vF, 0¥, ;) = 0, or R(v) = 0 for short. Denote byl! the local
flow generated by the vector fiefel. As such¥! becomes a flow iﬁ_DZ. Given a proper bounded
relative braid clasgu # v, fix a fiber[u’] rel v/. Choose a parabolic recurrence relation such that
R(v') = 0. Then, by the structure of parabolic flows the 8ét= cl([u’] rel v’) is an isolating
neighborhood ofF'! in the sense of Conleyd]. It holds that the Conley index is given by

h(N; Ty = h(u' relv') = \/[N;/N;].

(2
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Continuation properties of the Conley index yield PropogiB.4.
A more fundamental result is that the invaridiis independent of the periatiin the follow-
ing sense. Define the operat®r: D, — D,,, ; as follows:

E fori=0.---.d
B = >
uy fori=d+ 1.

Given a bounded proper relative braid classy v] in D", then[E(u) # E(v)] is a bounded
proper relative braid class ih’}7}". The main result in4] is:

Proposition 3.5. It holds thatH (u # v;d) = H(E(u) # E(v);d + 1).

One conclusion from Propositidh5is that given an equivalence class of continuous positive
relative braid diagrams dfi(u) # 3(v)]co, determined by the representatigéu) rel 5(v), then
the indexH is independent of the chosen discretizatihrsee fi]. Therefore, one may define the
topological invariant

H(3(u) # B(v)) = H(u # v;d), (3.4)

for any discretizationl as described above. The indH(ﬁ(u) # ﬁ(v)) is an invariant for topo-
logical bounded proper relative braid clas§eqi) # 3(v)]co.

Remark 3.6. For more details we refer to4] where definitions of properness, boundedness,
etc. for topological classes are given.

The braid invarianfH has Morse theoretical implications for parabolic recureerelations.
Let U* be a parabolic flow oD’ which fixes a skeletor € D’ and let[u # v| be a bounded
and proper relative braid class. H(G(u) # 3(v)) # 0 (homotopically non-trivial), then the
relative braid clasgu] rel v has at least one fixed point for the parabolic flow, and thusa foe
the associated parabolic recurrence relation.

4. Parabolic recurrence relations for conservative system S.

4.1. Braid classes of up-down type. By Proposition2.3 closed characteristics corre-
spond to sequences of local minima and maxima which are z#nospof a parabolic recurrence
relation of up-down type. The extrema alternate in the sémsg —1)% (u;+; — u;) > 0 — the
(natural) up-down restriction — and thereforeracollection of extrema sequenc{aﬂ’“}z;é can
be seen as a point in the space of up-down piecewise lineiardiegyrams.

Definition 4.1.The spacey, of up-down PL-braid diagrams on strands with periodp is
the subset oDy, determined by the relatiof—1)"(uf,, — u¥) > 0fork = 1,...,nandi =
0,...,2p— 1. Let&}, be the subset of all braid diagrams ™, satisfying(—1)’ (uf, ; — uf) > 0
and as before the singular braid diagrams are definedas= E;Lp \ €5,

The setE;p has a boundary @;p which can be characterized as follows:

08y, = {u € &, : uf = uf , for atleast one andk}. (4.1)

Such braids, called horizontal singularities, are notudel in Definition ofggp since the recur-
rence relationZ.7) does not induce a well-defined flow on the bouncﬁﬁgp. Up-down parabolic
recurrence relations therefore define a well-defined péicaisemi-)flow ¥’ onggp. This flow has
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Uy uv x § U
u
U u,/\A u—
u u
c)

a) b)

Figure 4.1. representatives of the three different relative braid sks A fixed point in the relative braid class
defined by its representative a) corresponds to the solutidhe class (1), b) class (1) and c) class (lll). Braid class
(a) and (b) are proper but (c) is not.

the important property thaﬁgp is forward invariant with respect té?, i.e. \I/t(ggp) C E’;p for all
t > 0. The properties can be summarized as follows (4Be [

Lemma 4.2. Let U’ be a parabolic flow of up-down type (Eébp.

(a) Foreach pointu € X¢ — X7, the local orbit{ ¥*(u) : t € [—¢, €]} intersectsS¢ uniquely

at u for all e sufficiently small.

(b) For any suchu, the word metric of the braid diagrani’(u) for ¢ > 0 is strictly less than

that of the diagram¥’(u), t < 0.
(c) The flow blows up ina neighborhood&i_if;p in such a manner that the vector field points
into &5,.
(d) The flow is forward invariant¥!(€3,) C &, for all ¢ > 0.
The boundary?ggp can be regarded as a repelling set.

If vis a closed characteristic of a second order Lagrangiaersyghen its sequence of ex-
tremav = {v;} is a zero of the associated parabolic recurrence relatipréwn) R and thus a
fixed point for parabolic flowr! generated b§R. In the case of braids with the up-down restriction
we can again define braid classes and relative braid clessedl]. Define the space of relative
braids of up-down type

&5 ={(u,v) € &3, x &5, | u UVEES;”” .

Elements in this space are again denotedub§ v and the connected components, or relative
braid classes, bju # v]e. The space of relative braids with a fixed skeletor £}, is denoted

by €3, relv. The fibers infu # v]¢ for a fixed skeletonv’ € 7([u # v]¢) are denoted by
[u]e rel v/ C &y, rel v’. The notions of boundedness and properness are definedsartreway,
see f]. Figure4.1shows the three different braid classes which correspotttetthree classes of
solutions as defined in Definitioch.1. The first two braid classes are proper and the third one is
not. All these braid classes are obviously unbounded. Itskiag/n in [L4, 4] how to use properties

of Equation (..1) to find extra skeletal strands which make the class bounded.

Parabolic recurrence relations of up-down type and thecestedl braid classes satisfy an
important universality principle. Leb! fix a skeletonv € D and let[u # v]¢ be a bounded and
proper relative braid class. Thévie := C]([u]g rel v) is an isolating neighborhood in the sense
of Conley and therefore its Conley indéxNe; ) is well-defined. Define thextendedskeleton
v =vUvtuv~, where

vl = H]lfaX’Uf + 1+ (=)t and v, = r%invf — 14 (=1t
y? 2
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are additional strands running above and below the origikeleton. The following crucial prop-
erty was proved in4].

Proposition 4.3. It holds thath(Ng; ¥t) = H(B(u) # B(v*)).

If H(B(u) # 5(v*)) # 0 (homotopically non-trivial), then the relative braid cdda]¢ rel v
has at least one fixed point for the parabolic flow, and thus@fpe the associated parabolic recur-
rence relation of up-down type. Id][it was also proved that this Propositidi3 can also be used
in the setting of braid invariants for up-down type relativaid classes. In the up-down case we
can defind(u # v, €; 2p), and Propositiod.3implies thatH(u # v, &; 2p) = H(u # v*; 2p).
This principle gives us a powerful tool to compute the Corileex of isolating neighborhood
given by bounded proper relative braid classes of up-doywe tya universal braid class invari-
ants.

4.2. Fourth order equations. Let us go back now to the classification of solutions of
Equation (.1) and relate the three classes of solutions in Figufeto braid classes and put
them in the context of the definitions presented in this sactiThe three classes of solutions are
distinguished according to their intersections with thestant solutions.; = +1. The most
straightforward way of relating a solution to a relative iiralass is to take the two constant
strandst1 as a skeleton and define the relative braid class by the fraedai which intersects
the constant strands1 in the same manner as the solutiomtersects:,.. However, the solutions
u+ = =+1 lie in thesingular energy levelE = 0, complicating matters. In particular, the flol
is well-defined only for the braids with up-down restriction

We can take two different approaches to overcome this huhdétead of taking the constant
strands we may use the skeletor= u; Uu_, where the strands.. correspond to the solutions of
Equation (.1) which oscillate around.. with a small amplitude on a slightly positive energy level,
and finish the arguments by carefully taking limits where dhgplitude of the small oscillations
tends to zero and the limit solutions lie in the energy levek 0, cf. [4]. Alternatively, and this
is the method used in the present paper (and.8)[ one can analyze the singular energy level
by using oscillating, but non-periodic, solutions near in the skeleton. This will be explained
in detail in Sectiorb.1 We first take a more global perspective and explain someeoiiibas for
simpler examples.

According to f] the braid invariantH for any braid class corresponding to a solution of the
first class is non-trivial. Conley index theory then guagastthe existence of a fixed point fof
in this class. A fixed point in this braid class correspondthésolution of Equationl(1) of the
first class. Thus there are many different solutions of the ¢lass and their bifurcation branches
exist for alla: > 0. In the third case the braid class is not proper (not an isgjateighborhood),
since the free strand can collapse on a skeletal stigndUsing the information about the flow
U near the strand.;, one can perturb the parabolic recurrence relation on @heitood of the
boundary of the improper braid claps|¢ rel v and construct some new fixed strands which will
make the class proper without changing the invariant sedenthe class. We refer td.g] for a
detailed analysis of this case.

For the second class the braid invaridiitis trivial and thus does not provide information
about fixed points. However, if we know that there exists a-degenerate (hyperbolic) solution
of the second class then it corresponds to a fixed point inréid blass with a trivial Conley index.
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up = uj

Figure 4.2. The triangleD = I x I'\{u1 > uo}. The arrows denote (schematically) the direction of thelgrat
VWsa. Clearly W5 has a minimum oml; and maximum om.. Additionally if equilibrium pointst1 are saddle-foci
then direction ofV W5 in a small neighborhood of +1 (-1) is depicted.

Hence there must be another fixed point in this class whictesponds to a different solution of
the same class. This explains that the bifurcation curves foops in Figurel.1l In order to have
an idea how to treat this case we consider the following exesnp

The most straightforward way of forcing is using an alreadgwn solution(s) to prove exis-
tence of a different solution. We demonstrate this idea fprdfion (.1).

Example 4.4.Here we show that the constant solutians = +1 force the existence of pe-
riodic solutions with one minimum and one maximum per perddd14]. The previous section
shows that finding a periodic solution with two extremal p®iper period at the energy level zero
is equivalent to finding a critical point of

Wa(ug, u1) = So(ug, u1) + So(ur, uo).

Figure 4.2denotes the direction of the gradievit, on the triangleD = I x IN{uy > ug} where
I = [ug, ui]. The system generated k1) is dissipative, i.e. we can choosg < u} in such a
way thatd,, Wa(uj, ui) < 0 for all u; € (u, ] anddy,, Wa(ug,w;) > 0for all ug € [ug, ui),
see [14]. DefineA; = DN {up < —1,u; > 1} and Ay = {—1 < up < uy < 1}. The gradient
of W5 points outwards oA, and inwards onA,. ThusW, attains a local maximum odl,
and a local minimum om;. This proves the existence of two different solutiond df ( We note
that one of them intersects neither nor u_. The other one is in the clags?o3, 2] and hence
intersects both:,, andwu_. Actually, V¥ is not defined for,y, = wy but by slightly shrinking
the setd, we obtain the previous result. In the parameter ramge [0, +/8) in which case the
stationary solutions:,. are saddle-foci, the setds and A, depicted in Figure4.2 are isolating
neighborhoods with respect to the gradient flowif, see [L4] for more details. The Conley
indices of A3 and A, are non-trivial. Hence there is a critical point d¥5 in both isolating
neighborhoodsA4; and A,. These critical points correspond to solutions of the class 2],
respectivelyjo?, 2].

We explicitly used known solutions to prove existence ofrgetically different ones. How-
ever, as we mentioned in the introduction, forcing can beiclemed in a more general framework.
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Up = U2

(1,1)

(71771)

Figure 4.3. The triangleD = [—-1,1] x [—1,1] \ {u1 > wo}. The arrows denote (schematically) the direction
of the gradientV1,. Clearly W> has a maximum od.

Figure 4.4. Sketch of the strands', v andv?>.

Instead of using explicitly known solution(s) one can agkfibllowing question. When does ex-
istence of a solutiom € [, p| force existence of some other solution? The next exampkepte
the basic ideas of this approach.

Example 4.5.Let u be a solution of the clasgr?os,2]. Thenu has four non-degenerate
extremal points per period withy < —1 < us < 1 < wuy,us, see Figurel.2. Let us consider
2-periodic sequenceug,u;) iN A = {—1 < ugp < u; < 1} N{ug < uz}. According to the
previous sectiorRy (u1, ug, u3) < Rq(ui,u2,us) = 0 for uy < w; andus < us. Hence, for
(u2,up) € A it holds that

01 Wo(uz, u1) = 0250(u1,u2) + 0150 (U2, u1) = Rq(u1, Uz, u1) < 0.

As before the gradien¥ W, points inward ondA and W, attains a local maximum orl, see
Figure 4.3, This maximum corresponds to a solutiarof (1.1) with two extremal points per
period satisfying—1 < min{u(t), t € R} < ug < 1 and—1 < max{u(t), t € R} < 1.

We studiedi¥, to force the existence of periodic solutions with two extadipoints per pe-
riod. In order to force existence of general periodic solsiwe need to study the gradient flow
generated byVs,, forp > 1.
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Example 4.6.Letu € [0?03,4] with the sequence of extrendd; }. For an arbitraryp € N
let v Uv? € &3, be defined by = @; and v} = ;9 moa 2p- The System generated by
(1.1) is dissipative and we can choose= [uf, u}] where the constantsj,u] are such that
uly < v, v? < ufandR;(u;—1,ud, uir1) > 0 while R;(u;—1,uf, ui41) < 0for u;+q € I. Define

O — {(wi1,uiyuip1) € P lufy <wiwg <u; <wuj}, iodd,
' {(uiz1,ui,uin) € IPlufy < ug < wuey <ui), ieven.

Denote by, the set oRp periodic sequencegy; } for which (u;—1, u;, ui1) € ;. Furthermore
define the set
C:={ucQy,: uv')=1uv? =2p},

where:(u, v!) is the number of intersections of the sequepeg” , and {v'}>” . Since.(v!, v?) =
p < 2p and the system is dissipative, the vector figlés transverse t@C. We note that' is
disjoint from the singular “diagonal™u; = u;+1. Moreover, the se€’ is contractible, compact,
and R is pointing outward at the boundary 6€C'. The set” is therefore negatively invariant for
the induced parabolic flowr! and there exists a global minimuwd of W, which is a fixed point
of W' in the interior ofC. Figure 4.4 depicts the strands’®, v2 andv?>.

5. Forcing solutions in [a%agp,p]. In this section we prove the existence of geometrically
distinct solutions of Equationl(1) of the class[o%agp,p] under the assumption that there exists
a solutionu € [0%03,2]. For the remainder of this section we assume the fldvgenerated by
R associated to Equatiord.(). The Conley index of a relative braid class can be used tectlet
the existence of a fixed point @’ within the braid class. However this method works only for
a proper bounded braid clafs|¢ rel w whose skeletorw is a fixed point of the flowd'! (zero
point of R). In our case, it is tempting to use the solutians = +1 as strands in the skeleton,
but they do not satisfy the required up-down restrictiomdaethe flowW! is singular at points
with coordinates:; = +1. To overcome this problem we use the sequefngg;°,, given by the
following lemma to define an isolating neighborhobfias a subset of some proper and bounded
braid clasqu]e rel w. Finally we will show that the homological Conley index oktksolating
neighborhoodV/ is the same aBl(u # w, &;2p), or H(u # w*, 2p).

5.1. Construction of braid classes.  The following lemma establishes small oscillating
solutions around, = +1.
Lemma 5.1.(see [L3]) Let —v/8 < o < /8. For anye > 0 there exists a sequengas }>°,,,

0< (=) —1) <e,

which satisfieR; (u5_,, s, u, ) = 0, forall i > 1.
In what follows, when considering a braid classCig), we will use, among others, a skeletal
strand(ug, . . ., u5, ). This strand does not close upiat 2p = 0 mod2p, i.e. Ro(u3, 1,uq, ui) #
0, but this will not lead to undesirable effects, as we shadllager.
The symmetry of Equationl(l) enforces an analogous result near= —1. To be explicit,
letu; = —u;, ;. Atu = —1 we use the solution (compargd])

~ —

€ __ €
U; = Ui_2 mod2p>
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i.e.u; =u;_pfori=2,...,2p, ug =us3, ;, anduj = u3,. Note thatu; does not close at= 2.
In order to find geometrically distinct solutions we defingaitclasgu’]¢ rel w € 8%1, rel w

for every
I:{jl,jg,...,jn}ENn, (51)

satisfying
1<ji<jo<...<jn<p-—1. (5.2)

We start with identifying the skeletal strands
w=viuviuviuviuviuvh. (5.3)

The strandv! corresponds to a sequence of extrefaa} of the solutionu € [0303,2], i.e.

vj = U;. The strandv? is a shift of the strand/' given by v} = v; 1044y ,- We may assume

(2
thatv} < v}, otherwise interchange; andv,. The strandv® corresponds to the sequence of
extrema of the solution obtained in Examglé. It holds thatv3; < min{v};,v3;} andvj; ;| >
max{vs; 1,03} for all i. The strandv* is defined by the sequence of extrema of the solution
constructed in Examplé.5and—1 < v3; < up while —1 < v3, ; < 1. All the strands defined
up to now are fixed points of?. Finally, we define the strandg andv® by v? = 1+ (—1)""lgg
andv? = —1 + (=1)"*1gg, where

1
g0 = §min{]uf—1],z’ =0,...2p—1}.

and
€= 2mm{ 1 —wug,up — 1,1 —ug,us 1,1+v0,...,1+v2p_1},

The strands® andv® arenotfixed points of’*. We postpone discussing the relationvéfandv®
with the solutions:; andu; (see ®.2below). First we describe how the detlefines the braiding
of a free strandx with the skeletal strands' andv?.
Definition 5.2.The braid clasgu’]¢ relw C &, relw is defined by its representative’
satisfying:
1. ud € (v}, f),
2. ub,y € (9, 0]) for all i,
7 (v3,v3) : ifiel,
3. uy € { (vh,o3) : ifi£0andigT.
The pointSugi are thus lower foi € I than fori ¢ I, and these are called the “fingers”, see
Figurel.5.
As said before, the skeletow is not a fixed point of&’ (only four out of six strands are
fixed). The braid claspi’]¢ rel w however is proper and bounded. Supposedias an arbitrary
parabolic flow of up-down type such thét(w) = w. Then, the set

Nre:={uccl(ul]erelw) : (=1)(ujr1 —u;) >6 Vil (5.4)

is an isolating neighborhood of the flalf, for § > 0 sufficiently small (immediately suppressing
the dependence d¥; . on §). Moreover, by Propositiod.3, h(N; ., ®') = H(u! # w, &;2p).
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Figure 5.1. A representative of the braid claga]: relwe C &1, relw, with I = {2,3}. To keep the figure
synoptical we do not display the skeletal straviti which crosses all the other skeletal strands in betweeh &0
anchor points and makes the braid class bounded. Noticetlieet would be no upper bound feg without this strand
v3. There are “fingers” ati = 4 andi = 6.

We denote befe the subset 0dN; . where the flowd’ points out of the sedV; .. The setNIj6
is the same for every flo®’ that fixes the skeletow. Note thatV Te contains those pieces of the
boundary where:! = v? (i = 1,...,2p — 1) or u} = v§. The non-triviality ofH(u! # w, &; 2p)
is given by the following theorem, which is proved in Sectén
Theorem 5.3. The homology aH (u’ # w, &; 2p) is given by:

Z, ifk=2p—+#I,

0, otherwise, (5.5)

(G 4 w.2:20) = {

where#1 is the number of elements In

A fundamental step in the proof of Theoren® is the following observation. The set of
‘fingers’ I can be decomposed in subsets which contain consecutivedingie relative braid
class[u’]¢ relw C &;, relw has a product structure with respect to this decomposititis
allows us to computdl for the separate pieces. In Sectibrwe will describe this procedure
in detail and calculatd for the individual pieces, which then proves the generdestant in
Theoremb5.3.

5.2. Isolating neighborhoods for Equation ( 1.1). We now construct an isolating neigh-
borhood M . for U* generated by Equatiori(l) whose Conley index can be computed via the
braid invariantH (u! # w, &; 2p).

Definition 5.4.Let M7 . be a subset aN; . (defined in §.4)) such thatu € M7 . if and only if

1w < 7/}6,
2. (1)t < (1), for all 4.
We denote by/; _the subset ofM; . where the flowl* points out of the set/; .

Lemma 5.5. For sufficiently smalk > 0 the setM; . is an isolating neighborhood for the
flow ¥*. Moreover,H..(Mr,., M} ) = H. (H(u' # w,&;2p)) .

Proof. Consider pointsi1 € 9M . characterized by = ug. Using the recurrence relatioh
we can study the behavior 8f at these points. The monotonicity &fcombined with Lemma&.1
implies that

RO(u2p71aa(€]au1) > Ro(agpflaa(e]aai) =0,
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and the flowd* thus points out of the sé/; .. Analogously
(1) Ri(wi—1, ug, uip1) < (=1)'Ri(ui_y, vz, uiyy) =0,

on the codimension boundaries whera; = u; andu;+; # u;,,. The flow thus points out of
M7 also at these boundary points. As in the proof of Lemma 4@Hrihe flow is transversal
at the rest of the bounda@yM7 . provided that > 0 is sufficiently small. We note thal\/; .
intersects neither, = uj norus = u5, hence the fact that we do have information on the direction
of the flow on these hyperplanes (since the straridandu® do not “close” at coordinates= 0
and: = 2, respectively) causes no problems.

To relate H. (M, M) to H, (H(u' # w,&;2p)) we show that the pairM(; M) is
homotopic to (\717E,N;,€). Then

H,(Mye, My ) = Ho(Nie,N;) = Ho (Hu' # w, €;2p)) .
Defineg = (go,...,92p—1) : Nr,e X [0,1] — M . as follows

_ uop, |f ug < aga
go(u,t) = { (1 — t)uo + tug, otherwise,

and , A
A B u, if (—1)"w; < (—1)"u5,
9i(u,?) = { (1 —t)u; +tu;, otherwise,
fori > 0, whereu = (uo, ..., ug,—1). Itis straightforward to check thatis a homotopy between
NI,e andMLE.

If u € Nj.andu; = v§ oru; = v} for somei, thenu € N;_. On the other hand for
u € My such thatu; = ug or u; = u; for somei it holds thatu € M, .. We conclude thag|, -
) I,e

is a homotopy betweeN,  andM/, . H

The fact thatf, (H(u’ # w, €;2p)) is non-trivial for the braid classes described above im-
plies that the parabolic flow’ generated by Equatiori (1) has many geometrically distinct so-
lutions of various braid classes provided a solutioa [0?c3, 2] exists. This proves the ordering
relation[o204, 2] < [02057, p]. The different solutions can be characterized by diffetémgers’
(see Figures.1). A simple count gives a lower bound on the number of geowsdtyi distinct
solutions. Indeed, fingers cannot occui &t 0, 2, 2p — 2, which leave® — 3 slots, and therefore
the lower bound is given by, , = 2°~3 possibilities, proving the first part of Theoreh8.

6. Computation of the homological Conley index in Theorem 5.3. We start by
simplifying the skeletorw without changing the Conley index. According to Propositio4 the
index H is invariant under homotopies of the skeleton The skeletal strands® andv® can be
deformed to the constant strand3 and—1 without changing the indel. By the same token we
can impose symmetry upont (and thusv?) by assuming deforming® (v?) to a configuration
for which v = v? = vl = v3. Finally, omitting the skeletal strand' does not change the index
either (sincev? can be contracted ontel, whereas the free strand cannot). Compare Fi§uie
which shows the braid claga’]¢ rel w for I = {2,3}. Figure6.2depicts the corresponding class
with the simplified skeleton. From now dn’] rel w denotes the braid class with the simplified
skeleton. First we demonstrate the main ideas via three baamples.
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+1

S

Figure 6.1. The braid clasgu’] rel w C D1, rel'w for I = {2}. The skeletal stranst® is not displayed.

+1

LoV Y oYy

Figure 6.2. The braid clasgu’] relw C Di, relw for I = {2,3} with the simplified skeleton. To keep the
figure clear we do not display the strard which makes the braid class bounded.

6.1. Basic examples. Example 6.1.Letp = 5 and = {2}. The representative of the
class[u’] relw C D}, rel w is depicted in Figurés.L If u € N; := cl ([u’] rel w) then

[vs, —1], ifi=0,
‘ [—1,v3], ifi=4,
i € [vi,1], ifiisevenand ¢ {0,4}, 6.1)
[1,0]], ifiisodd

We will call the interval in which the coordinate; (or a collection of coordinates) must lie its
configurationspace. We see thaf; = [0, 1]?” and the intersection number of the free strand
with the skeletal strands increases when crossing the tmynghereuy = —1 or uy = us.

In the case that any other anchor point different framreaches the boundary the intersection
number decreases. L&, C N; be the set at which the intersection number decreases. Then
N, is the entire boundary olN; except (the interior of) the facga1 € Ny : uy = —1} and

{u € Ny : uqy = uy}. By computing the relative homolog. (N7, N; ) we obtain the index

Z, ifk=2p—1,

I —
Hi(H(u #W72p)){ 0, otherwise.

The same is true fof = {3}.
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Figure 6.3. a) and b) Two views of the configuration spd¢€2) of the anchor pointsu., us, ue) for [u’] rel w
with I = {2, 3}, cf. Figure6.2and Examplé5.2. The set/ ™ (2) consists of the faces displayed in red; c) schematic
representation of/(2) . The shaded faces forbi™ (2). The cube BBB corresponds to the front cube at a). Division
into A, and B, is displayed.

Example 6.2. Let[u!] relw C D rel w with I = {2, 3}, see Figures.2. Again the anchor
pointsu; withi & {4, 5,6} are confined to the intervals defined léy1) and if some of them attain
the boundary, them € N, . The configuration space of the anchor poifis, us, u) is given by
a union of five ‘cubes’ shown in Figu@3(a,b). If (u4, us, ug) lies in one of the faces depicted in
red thenu € N, . Note that the configuration space of the anchor pointwith i ¢ {4,5,6} is
independent of the position of the anchor poimisus, ug and vice versa. The relative homology
can now be “read” from the figure (and later on we will proveritinore generality):

Z, fk=2p—2

I —
Hi(H(u #W,2p)){ 0, otherwise.

The following example demonstrates the splitting of angdmints into blocks with the prop-
erty that the configuration space of the anchor points in ¢éoekhs independent of the positions
of the anchor points in the different blocks.

Example 6.3.Let [u!] relw C D}, rel w, wherel = {2,4,5}, see Figures.4. Defined; =
{4} andJy = {8,9,10}. The configuration space af; is [—1, us| for any position of the other
anchor points. As we saw in the previous example the configarapace of:; with i € J, does
not depend on the position of any anchor paigtwith j in the complement df,. Finally, for
i €Jo=1{0,...2p} \ J, whereJ = J; U Jy, it holds that the configuration space of is always
given by 6.1).

6.2. Decomposition of the sets Ny and N, . First we formalize the splitting of anchor
points introduced in Examplé.3. This splitting depends on the sét= {j1,j2,...,7n}. We
remind the reader that if we work with the braid clés$] rel w 851, then we assume that

l<pn<jgo<...<jn<p-—1
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VA

Figure 6.4. The braid clasgu’] rel w € D1, rel w for I = {2, 4, 5}. The skeletal stranst® is not displayed.

Definition 6.4. For the setl = {j1, jo, ..., jn} We define
J={i e N:(i=2j;)0r (i =2j, + 1 andj,1 = jp + 1) for somek},
consisting of the fingers and the points directly in betweanftngers, and the complement
Jo=1{0,1,...,2p— 1} \J.
We decomposginto consecutive blocks i.e.

J=79,UJU...U7,

whereJ;, = {if,éf,... ik }withi¥ , =% + 1for 0 < k < py andif, +1 < i{™". Notice that

#I =, (#0i+1)/2.
The following statement generalizes the observations tt@previous examples to an arbi-
trary set/. If u € Ny andi € Jj then

[v},—1], ifi=0,
u; € [v1,1], if iis even and positive (6.2)
[1,0]], ifiisodd

If u; attains the boundary of the interval given §.3) thenu € N, . For every set,, =

{i, ... ,ig}n}, with m > 0, it holds that" — 1,77 +1 € J and the anchor points; 1, Uim 41

lie in the interval given by@.2). The fact that the configuration space of the anchor poipédés
only on its immediate neighbors implies that the configorapace of the anchor poinf with

i € J,, depends only on the anchor pointswith j € J,,,. Therefore

Nr=Uyx Uy x...xU, (6.3)

where
U; = |m(7TZ(N[)),

andrn’ : N; — R#7i s the projection on the coordinates with indiced.,in
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Example 6.5.Let [u’] rel w be as in Exampl€.3. ThenN; = Uy x U; x Uy withJ; = {4}
andJy = {8,9,10}. The selU; = [—1,uz] andU; = U(2) is depicted in Figures.3. It follows
from (6.2 that U, is homotopic to a 10-dimensional cub8y employing the set&/; we write

!
NI_:Uonle...xUj_l><Uj_><Uj+1><...><Ul, (6.4)
j=0

where

Uy =im(x/(N;)),

andu € N, ifand only ifu’ € N, for everyu’ € N; which satisfies;; = u; for i € J;. In other
wordij; consists of the points which are M, due to the position of the anchor pointswith

i € J;. This implies than* van be determined by considering only (independent of the other
components ofVy).

Example 6.6.Let] = {2,4,5}. ThenN; = Uy x Uy x UaUUy x Uy x Uy UUg x Uy x Uy, .
The set/;” = @, U, = U~ (2) is depicted in Figurés.3and U, = 9dUj.

Having decomposed/; and N, , we first compute the homology of the séisandU, . Then
we derive the homology; and N, . Finally, using the exact sequence which reldig$N;) and
H,(N;)to H,(Ny, N, ), we prove Theorers.3.

6.3. The homology of U, and U . It follows from (6.2) thatUy = [0, 1]#% andU, =
oUy. Summarizing
Z, ifk=0,

0, otherwise, (6.5)

Hi(Up) = {

and
[z, k=047 1
(o) = { 0, otherwise. (6-:6)

6.4. The homology of U; and U, for ¢ > 0. The symmetry of the skeletow implies
that the setd/; andU,;” depend only on the number of elementsljrbut not on their values. If
#J; = 2m — 1 thenU; = U(m) C R*™~1 wherelU (m), the universal block of lengttm — 1, is
defined to bé/; for the setl = {2,3,...,m + 1}. Therefore it is enough to deal with the sets

U(m) c R*™! and U~ (m) c R 1

for all m € N. Whenever explicit coordinates are used we will identifym) with U, for I =

{2,...,m+ 1}. The set/(m) is a collection of cube€ = Cy x C; x ... x Cyy,—2, WhereC;
is eitherA; or B; with the “upper” block
- [v3,1], ifiiseven
A { wh, o3, if iis odd 6.7)

and the “lower” block

_ 1 . L.
B, _{ [—1,v3], if iiseven 6.8)

[1,v{], ifisodd
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By scaling and shifting we can deform eadéhto the intervall0, 1] and B; to [—1, 0].

Definition 6.7.We omit the subscript of the sets, B; and the direct sunx in the notation.
Instead of writingBy x A; x By we write BAB. If we want to refer to a face of the cube we will
replace the symbol A (B) by the value of the appropriate doaté, e.gB[1]B = {(zo, 1, z2) €
R? : z; € [-1,0],20 = 1,23 € [~1,0]}. According to Example5.1 the setU(1) = B.
Figure6.3shows the sel/(2) consisting of five cubes

U(2) = BBBUBAB U AAB UBAA U AAA.

We denote byC~ the union of the faces of the culée where the intersection number of the
free strandua with the skeletal strands decreases compared to the int#n@, hence

Uv(m= J C.

CeU(m)

The setU(m) can be interpreted in two ways: as a collection(®f. — 1)-dimensional cubes,
or as a subvariety aR?>™~! (i.e. the union of the cubes). It should be clear from the exint
which interpretation to use. Similarly/~(m) can and will be interpreted both as a collection of
(2m — 2)-dimensional faces and as a subvarietiRé'~! (i.e. the union of the faces). We remark
that the analysis ind] implies that the exit sét/ ~ (m) is the union of 2m — 2)-dimensional faces
(hyperplanes). Indeed, any lower dimensional fac& in(m) must be a subset of @mn — 2)-
dimensional face i/ ~(m), since otherwise it would imply a discontinuity of the flowkieh is
not possible).

It follows from Example5.1thatU (1) = @. The case of/ ~ (2) is already more complicated.
Figure6.3 shows that

U™ (2) ={(zo,x1,22) €U(2) 1y =—10rzy =10rzg=10rze = 1}.
The setlU(2) is contractible and the sét™(2) consists of two disjoint contractible pieces. Hence

7%, if k=0,

Hk(U(2)):{ 0, otherwise. (6:9)

Form > 2 we can no longer draw a picture df(m). Therefore we introduce a schematic
representation. The schematic representatiofi (@) andU ~—(2) is depicted in Figuré.3 Each
bar in schematic representation consistg8af— 1 A /B-labeled boxes and stands for a cube with
the coordinates given by its label. If the upper (lower) mdirthe box, in the bar, is shaded then
the upper (lower) face of the cube at the corresponding ditoans inU~ (m). For example,
Figure6.3reveals that the facB[—1]B C U~ (2) because the second box of BBB has its lower
part shaded. If there is a connecting line between two cuimsthey have a common face; the
coordinate of the common face is indicated by the positiothefend points of the connecting
line.

We already mentioned th&t(2) consists of five cubes depicted in Fig&& Now we discuss
some important properties of the gétm) for m > 2. The representativa used to define the
braid classju’] relw for I = {2,...,m + 1} is chosen in such a way that its anchor points
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u; with 7 € J; are in the cubeC = Cy---Cy,,—o Where(C; = B for all i. Hence the cube
BB---B C U(m). The representativa, or ratherg(u), has2m intersections with the strands
viuv?fort € [3,3 4+ 2m]. This number has to be the same for every representativee Sie
freedom of movement of coordinatg is influenced by its direct neighbors only, we can establish
the following two rules for cubes itV (m). LetC = Cj ... Cap—2 C U(m) then

Cy; can be botlA andB < (9,1 and(Cy;, 1 are different (6.10)

while
Csi+1 can be botA andB < (5 = B andCy 2 = B. (6.11)

Starting from the fact thaBB---B C U(m) we can use these rules to establish that certain
configurations are unreachable witlif{m), i.e., without leaving the braid class by creating or
losing intersections. In particular, since the above rinlgdy that the following two configurations
are “stuck” (none of the letters can change withitm)), they cannot be deformed inB - - - B
and hence are not i (m):

Remark 6.8. LetC = Cy...Cop—2 C U(m). ThenCy;_1C9;Cy11 cannot be of the form
BAB or AAA for anyi.

Remark 6.9. From the definition o/ (m) we can extend the coding to the “boundary” el-
ementC_; = Cy,—1 = B, which are thus fixed. This observation can be combined wéth R
mark6.8to draw conclusions about, and Cs,,,—, for cubes inlU (m).

The following lemma shows that the dé{m ) is contractible.

Lemma 6.10.The set/(m) is contractible for everyn € N.

Proof. Any cubeCy,...Cs,—2 C U(m) contains the poinf0,...,0). For arbitrarym €<
N the setU(m) is star shaped around the poifiit ...,0) and can be contracted to this point.
Therefore the sdV (m) is contractible for everyn € N. il

The complexity of the sdt/ ~(m) increases withn. See Figurés.5for a schematic represen-
tation of U (3) andU~(3). To get a handle on the complexity, and to eventually obtaimauctive
description, ofU ~ (m), we decompose it into two sets,,, B, i.e.

U (m)=A,,UB,,.
The setA,, is a part of the set/~(m) which is contained in a union of the cub€s =

CoCY ... Copm—o With C7 = A while the setB,, is a restriction of the séf ~ (m) to the cubes with
Ch1 = B. The setsA,,, B will turn out to be contractible. Moreover, we will prove tha

H (A, NB,,)=H(A, 1 UB,, ;).
Then the Mayer-Vietoris sequence makes it possible to ctenpu
H.(U™(m)) = H.(A;, UB;,)

if we know H, (A, _,UB_ ), and by induction we can compute the homology of thé/setm)
for arbitrarym € N, see Lemm#&.17.
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B3

Figure 6.5. Schematic representation &f(3). The shaded faces forth™ (3). The cubes in the polygon fory
and the other cubes forms.

Definition 6.11.Define

Am = U{COAC2 ... Cypo C U(m)}’

Bm = U{COBC2 . Cypo C U(m)},

and
An=J C
CCAn
B,= |J C.
CCBm

Remark 6.12.For u € [uf]relw with I = {2,...,m + 1} the anchor pointuz € [1,v}]
which corresponds t®, see Figures.2 Remarks.9implies thatCy = B for every cubeC € B,,.

Example 6.13.For the casen = 2, the setB; = {BBB} and B, = {B[-1]B}, while A
is the rest of the sdt' ~ (2) and.A, consists of four remaining cubes, see Figara We see that
A; NB, = A UB; = @ indeed.

Before we show tha#,, and B, are contractible, we investigate the diagramlof(3)
in Figure 6.5. For every cubeCyAC,C5Cy C U(3) the faceCy[1]CCsCy C U~ (3) and
Cy[0]C2C3Cy ¢ U~ (3). By taking into account that the behavior of any anchor paints
influenced only by its immediate neighbors ; and u;;1, and the fact that all combinations
CoACy--- with Cy,Cy € {A,B} occur already inAs, one can generalize this for any cube
CoACCs ... Copyo € Ay, C U(m) as follows:

00[1]0203 . Coypn € A;n cU™ (m), (612)

00[0]0203 . Com—s ¢ A;n cU™ (m) (613)
Similarly, by inspection of the cub&BC,C3Cy C U(3) we conclude that BBC2Cs ... Coyp—o €
B, C U(m) then

B[—l]CQCg . Copn € B;n C Uf(m), (6.14)
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B[0]C5Cs ... Com—o € B, C U~ (m) ifand only if Cy = A. (6.15)

Lemma 6.14.The sets4,, and B, are contractible for everyn € N.
Proof. It follows from (6.13) thatC[0]Cs . . . Cop—2 ¢ A,,. Onthe other hand;[1]Cs . .. Cop—a C
A by (6.12). Hence the map : A,, x [0,1] — A,, given by:

h($0, e, Tom—9, t) = (xo, xr1 + t(l — xl), To,. .. l‘gmfg)
is a homotopy between the séf, and
-A;n‘aqzl = {X € ‘A;n Txr1 = 1}

We infer from 6.12) that the se#l, |,, —1 is the union of al{2m—2)-dimensional cube§y[1]C; . .. Cap—2
that satisfyCoAC5 . .. Copy—o C Ay HenceA, |, =1 is star shaped with respect(@ 1, 0, . . . , 0).
This implies thatA, is contractible.

Proving contractibility of B, requires considerably more effort. Decomp@sg into

S — U{BBACg, . Cym_o C B},

T = U{BBBCg - Cgmfz C Bm}a

then
B, =8 UT,

where§~ = {C~ : C C §} andT~ = {C~ : C C T}. Form < 2 the setS = . Note
that if C = BBACs...(Cy,,_2 C 8 then according to Remar& 8 it holds thatC; = A and
the facesB[0]AACY ... Cyy—o andBB[1]ACy ... Cy,—o are in8—, see 6.15 and Figure6.5
(exploiting one again that only the neighboring bokgsandC'; determine the boundary behavior
at BB[l]AC4 s Cgm_g).

One again we use a decomposition, this tim&of Let

Sy = J{BIOJAACY ... Com—o C 87} = J{BIOJAAC) ... Copm—2 | BBAACY ... Cop € 8},
and§8; is the union of all the othef2m — 2)-dimensional faces ifi~—. Then we write
B, =38, U(8; UT).

The setS; is a union of(2m — 2)-dimensional cubes, which is star shaped aroind. . ,0)
and hence contractible. For any cue = CyBC,...Cy,—o C B,, it holds that the face
Co[—1]Cy ... Copm—2o is present irS; UT ™~ by (6.14), while Cy[0]Cs . .. Cap—2 is not (combining
(6.15 with the definition of the above decomposition$f). The same argument as fdr,, fur-
nishes tha8; U T~ is contractible. To show th&;, = 8§, U (8] UT ™) is contractible it remains
to prove thas, N (8; U JT7) is contractible.

First, we will prove that

S N8 UT)=8, N8 . (6.16)
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For any cubeC € T we have to show that
§ NC™ C8; NS, .

We distinguish three different types of cube§inBBBA - - -, BBBBB--- andBBBBA - --. We
start with the first type: if
C =BBBAC---Coy_2 CT

then if follows from .10 thatC = BBAAC,...Cy,,_5 C 8, and we claim that
8y NC~ C8;N(S;NC™)c 8 NS;. (6.17)
The second inclusion is trivial. To prove the first inclusioa proceed by observing that
85 NC~ C FEB[0][0]AC, - - - Copm_a, (6.18)
whereF is thus a(2m — 3)-dimensional face of botft andC. We claim that
C NFcC NSy. (6.19)

Combining 6.18 and 6.19 then leads to§.17).

To prove 6.19 we check separately alkm — 2)-dimensional faces i€~ that have inter-
section withZ'. First of all, letD = BBBA--- be a face inC at a coordinate > 4. Then
the corresponding fac® = BBAA--- isin C. Using the fact the behavior at a face is only
influenced by the two neighboring coordinates, it followatth C C~ implies thatD c C~.
Moreover,D C &, by the definition of the decomposition 8f .

We are left with the faces in coordinates- 0, 1, 2, 3. By counting intersections the following
inferences are straightforward. The faces at coordinated are not inC—. Next, at coordinate
i =1, the faceB[0]BA - - - is notinC~, while the faceéB[—1]BA - - - has empty intersection with
F. Similarly, at coordinateé = 2 the faceBB[0]A - - - is not inC~, while the faceBB[—1]A - - -
has empty intersection with'. Fori = 3, the faceBBBJ0]--- is not in C—, Finally, the face
BBBJ1]--- isin C~ andBBAJ1]--- isin C~ as well as inS;", proving the claim .19 for this
final face also.

Moving on to the second type of cube i for C = BBBBBCs...Co, o C T rela-
tion (6.17) holds withC = BBAABCS . .. Cy—2, Which is in§. In this caseS, N C~ C
B[0][0][0]BC5 . .. Caym—2. The faces ofC for i = 0 and: = 4 are not inC~. As before the faces
of 8, N C™ at the coordinates > 4 are contained i, N C~, and the coordinateis= 1,2,3 are
dealt with as above.

Finally, form > 3 there are cubes of the third typedni.e.,C = BBBBAACs ...y 2 C
T (whereCs; = A by Remark6.8). From Remark6.8 it follows that we may decompos®as
8 =8US, where

8 = J{BBAAB. - c 8},
8 = J{BBAAAB-- C 8}.



The order of bifurcation points 31

]

b i mm

i

[==]
=)

— | |
/BB B BB/

/B BB BB B

Figure 6.6. Schematic representation Bf,. The shaded faces forf, . The cubes in the polygon forgnand
the cubes out of it forr.

Furthermore, le€ = BBAABAC ... Cym_s C S. Itfollows thatSnC < BBJ0][0][0]ACs, - - - C
C~ N & because of the face at coordinate 4, and we conclude that

S;NC N8C8; NS;. (6.20)
Next, for any cubdD C g, which can be written aB = BBAAABDg - - -, we have that
CND C BBJ0][0JA[0]Dg --- € D™ N8
because of the face at coordinate 5. Hence
Sy NC N8 C 8 NS;. (6.21)
From the decomposition & and 6.20 and €.21) we conclude that
§ NC=8,NCNSC§;NS;.

Having thus established the clai®.{6) for the three different types of cubes‘m to finish
the proof of the lemma it is enough to show tBgtN & is contractible.

If C =BBACs...C,_o C Sthenitfollows from Remark.8thatC; = A and by analyzing
the intersection number we obtain that the f&6]ACs ... Cay—o C 8. All the other faces
contained inC~ belong toS; . ThusS, N8; = 8] |»,—0. Moreover for every cube if, the face
BB[1]AC ... Com—2isin8; andBB[0]AC} . .. Cay,—2 is not, see Figuré.6. HenceS; N8, =
8] |z,=0 is star shaped aroun@,0,1,0,...,0), analogous to the argument at the start of this
proof. This implies that the s&f N & contractible M

We turn our attention to the séit, N B, . To simplify the arguments we define the sets

Ap :={C:C=AACy...Cyp_o C Ap},
A :={C:C=BAC,...Com_s C An},
A, ={C :CC Ay},
A-={C™:CC Ay,
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which are all contractible (the proof of contractibility &alogous to the one fof;)). Now
A-UB- = A, UA, UB, and, by arguments similar to those in the proof of Lenfiz,
A NA,UB )y=A_ NA_ =A.l|.—0 Which is contractible. Therefore

H (A, UB-)=H,(A, UA, UB;)=H,(A, UB;). (6.22)

Moreover it hAoIds thajﬁg1 N3B, =A,N3B,. Indeed, ifC = AAC,...Cy,—2 C A, then
C N3, cC nNB,, whereC = BACs...Cy,_2. Hence we have shown that

H. (A NB.)=H.(A. NB.). (6.23)

Before we start studying the sé, N'B., for arbitrarym, we give a low dimensional example.
Example 6.15.We claim that

H.(A3 NB3) = H.(A; UBy). (6.24)

According to 6.29 and (.23 it is enough to show thakl, (A3 N B3) = H.(A; UB;). To
prove this let us decompose the sédtsand B;. The setds = P; U P, whereP; = BABBB U
BABABUBABAA and?, = BAABB. On the other han®3 = Q, UQ, whereQ; = BBBBBU
BBBAB UBBBAA andQ; = BBAAB UBBAAA. The setP; (Q;) is a union of the faces of

the cubesC C P; (Q;) which are inA; (B3) andA; = P; UP; (B = Q7 UQy). Hence
~ 2
Ay nB; = P ng;.

ij=1

Careful inspection of Figuré.5reveals thatP; N Q; = B[0]|B[-1]BUB[0]B[1]BUB|0|B[1]A U
B[0]BA[1]. This is homotopic to the setx 0 x {B[-1]B U B[1]B U B[1]A UBA[1]}, which can
be written ag) x 0 x {A; U B, }, see Figures.7. Therefore

H.(Py NQ7) = H.(A; UBy).

After a short computation we find

P5 MOy = B[0][0][~1]B € Py NQ7,
P N Q; = B[0][0]AB U B[0][0]AA,
P5 N Q; = B[0JA[0]B.

The setP; N Q, ) U (P, N Q;) is contractible, and its intersection with; N Q; is given by
BJ[0][0][1]BUBJ|0][0][1]JAUBJ[0][0]A[1], which is again contractible. Heno@g NB3 is homotopic
toP; N Q; and

H.(A3 N'B3) = H (P NQy) = H.(A; UB;).
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Uz
@3

Uy

Figure 6.7. The projection of the set; N B3 on the coordinate$us, us, us). The unshaded squares form the
setP; NQ7.

Lemma 6.16.Letm € N such thatn > 1. Then

Proof. According to 6.23 it holds that
H.(A;,NB;)=H,(A, NB;).

Every cubeC = CyCy...Coy o C ﬁm U B,, satisfies thatC; = B, and the two faces
[—1]Cy ... Cop—o and[0]C] ... Cyy—o are not present iﬁ,—nUBfn. By homotopy invariance, this
implies thatH, (A, NB) = Hu (A, |zg=0 N By |zo—0), WhereA |..—o = {x € A, : 20 = 0}
andB,,|;,—0 = {x € B, : xop = 0}. In order to evaluatéf*(fl;l]mozo N B, lzo=0) We decom-
poseA; |z,—o andB:- |.,—o as follows:

Py = J{C € Amlng=0: C2 =B}, Py =|J{C € Amlag—0: C2 = A},

= m|xg=0 - = 3 - m|xg=0 - = .
Q) = HC € Binlup=0: Ca =B}, Q= J{C € Byuluy=0: Co = A}

The setP; (Q,") is the union of the faces of the¢m—2)-dimensional cube€ = [0]C ... Cay—o C
Pi (Q;), which are inA; |.,=o (B,,]z0=0). According to Remarl6.8, if C C Py thenCs = B,
while if C C Q, thenC5 = A. We decompose the intersection

2
Arplzo=0 N B leo=0 = | (P; N Q7).

ij=1

It holds thatP; N Q; C [0][0]BCs - - - Coyp—o. For any cubeC = [0]C1Cy ... Cop—o C Pyt
holds thatC; = A andC; = B, hencel0][0]C; - - - Cop—2 ¢ P and[0]C1[—1]C3 - - - Copp—a ¢
P17 . Moreover, for any cub€ = [0]C1Cs ... Cop_2 C Q it holds thatC; = B andCsy = B,
hence[0]C1[0]C3 - - - Com—2 ¢ Q7 . We conclude that the intersections®f andQ; are due to
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faces with coordinates> 3. The fact thatC; = B for every cube irf’; andQ; now implies that
(P1NQ7)=0x0x(A,,_;UB, ;). Hence

H,(PyNQy) = H. (A, 1 UB,, ) =H.(A, UB, ),

where we have use® 22).
If C C PN 9 then

C= [0] [0] [O]BC4 ... Cypm_o C [0] [0]BBC4 i Coppo CP1 N Q.

Non of the faces foi = 0,1,2isinP; NQ; . HenceP, NQ; € P NQy, andH.((P; NQ;)uU
(P; NQ7)) = H (P NQ7 ). To prove the relation

Ho (A5 leo=0 N Binleo—0) = Ho(PT N Q7)) = Ho (A, _UB-_)), (6.26)

it is enough to show that
Vi= (P NQy)uU(P; NQy) (6.27)

is contractible and that its intersection wif NQ;" is contractible. We prove thdt is contractible
by showing that both components iB.27) are contractible and so is their intersection.

The setP; is built up from cubes of the forfd] ABCj . . . Co,,,—2, While cubes irQ, have the
form [0]BAACY ... Coyy—2. The cubd0]ABACY ... Cyp—2isinPy ifand only if 0] BAACY . .. Cop—2
is in Qy. Moreover, any2m — 4)-dimensional facg0][0][0]AC} . .. Cap,—2 isiN P NQ; . There-
fore P} N Q, is the union of th&2m — 4)-dimensional cubef)][0][0]ACY ... Cay,,—o that are in
Q,, which is star shaped arourd, . .., 0). This implies that’; N Q; is contractible.

If C C PN QythenC = [0][0JA[0]Cy - - - Cam—2 C Po. Moreover, for any cube i€ =
C1Cy - - Com—s In P, we have thaC = [0][0]JA[0]Cy - - - Cap—2 C P, because of the face at
i = 3. On the other hand, for any cube In = D1 D5 --- Dy, 5 in Q, we have thaD =
[0][0JA[0]Dy - - - Dapp—2 C Q because of the face at= 1. Therefore the seP, N Q; is the
union of the intersections of th€ andD :

P, N2 = {CND|C e Py, D e D}

Since the origin is in all of the intersections, their uni®g, N Q, , is star shaped and contractible.

We now consider the intersectiq?; N Q) N (P; N Q) = PT NP, NQ;. When a
face C is in P; N P2 N Qq, thenC is contained in g2m — 5)-dimensional face of the form
[0][0][0][0]C4 . .. C2m—2. Hence it follows from the arguments above that any fac®;in P, N Qo
is contained i NP, NQ; . As before, this implies thak; NP, NQ; is a union of intersections
of cubes, and it is thus star shaped with respect to the origin

We have proved that the seks N Q, andP, N Q; are contractible, as well as their intersec-
tion. We thus infer that their uniol is contractible.

Finally, any face in the set

(P7NQ)NV =Py NQ; NQ;



The order of bifurcation points 35

is contained in &2m—4)-dimensional cubes of the forf@][0][0]AC} - - - Cap—2. We note that any
(2m—2)-dimensional fac@]ABACY - - - Cop—2 isinPy ifand only if 0] BBACY - - - Capp—2iSiin
Q, ifand only if 0] ABACY - - - C,,,—2 isin Q,. As discussed above, for aft) ABAC, - - - Copp—2
in Qy, the (2m — 4)-dimensional face[0][0][0]ACy ---Cop—2 is in PT N Q,. Further-
more, the(2m — 5)-dimensional face[0][0][0][1]Cy - - - Capm—2 is contained inQ; for any
[0JABACY - - - Camm—2 € Qo, whereag0][0][0][0]Cy ... Cam—2 is not inQ; . A homotopy anal-
ogous to the one in the proof of Lemrdal4 shows that the s€tP; N Q7 ) NV is contractible.
This proves the relatior6(26).

|

The following lemma describes the homology of thelget(m) for arbitrarym € N.

Lemma 6.17.The homology of the sét—(m), form > 0, is given by

Hy(U(m)) = Hy (I™1) = { Z  k=0m-2,

0 otherwise

wherel'™ is the boundary of the-dimensional unit cubg, 1]".

Remark 6.18.We use the conventiafi, (I'") = 0 for k € Z.

Proof. At the beginning of this subsection we proved the lemmarfor= 1,2. We use
induction to prove the lemma for arbitrary, the induction hypothesis being th&t. (U~ (m —
1)) = Hy(I'™2). We now considet/ ~(m) = A, UB,.. According to Lemmd&.14the setsA.,
and3B,,, are contractible. Lemm@ 16furnishes

H,(A,NB,)=H.(A, UB ),
hence the induction hypothesis implies that
H,(A, NB.)=H,(I™?2).

By exploiting the exactness of the Mayer-Vietoris sequdsee e.9.9])

* *
Pr_1 Yr—1

T H (A ) H(B1) 5 Hy (A UB o) 0 Hy 1 (A NBi) 5 Hy oy (A7)0 Hy 1 (Br) 2
and using Lemma&.14, we conclude thatl, (A, UB,,) = H,(I™ ). A

6.5. The computation of H.(H(u! # w,2p)). Having done the hard work in6&§4, we
now put the pieces together. First we recall that the Agtand /N, decompose as follows

Nr=Uyx U x...xU,

!
N, = UUOXU1 X ..o XUig x U xUjpqg x ... x U
i=0
The homology of the setS, and U, is given by 6.5 and €.6). The homology ofU; andU,~
is computed in Lemmé&.10and Lemma5.17. We use them to computd,.(N7) and H,(N; ).
Then by using the exact sequence which rel&fe&N;), H.(N; ) to H.(N;, N; ) we calculate
H,(H(u 4 w,2p)) = H.(Np, Ny).
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Lemma 6.19.The setlV; is contractible, whereas the homology/8f is given by

([ Z, k=02 #I 1,
Hy(N) = { 0, otherwise. (6.28)

Proof. The setNy is a direct sum of the contractible séts. Hence it is contractible. It
remains to prove that homology of; is given by 6.28. We start by computing the homology
of the union

Uy xUp xUyx...xU UUyxU xUx...xU.

Since the set#/; are contractible,
H.(Uy xUp xUyx...xUUUyx Uy xUyx...xU)=HJ(U, xUUUyxUy),

and
H. (U, xUy) = H.(Uy) = H(TY),

H.(Uy x U) = H.(Uy) = Ho(TV),

wherel'™ s the boundary of an/ dimensional cube andll = #Jo, while N = (#J; — 1) /2.
To guide our thoughts, suppose for a moment thats an M -dimensional cube ant,” =
0Uy, while U;” = 0U; andU; is anN-dimensional cube. Then

a(ﬁoxﬁl) :aﬁ()XﬁlUﬁoxaﬁl:ﬁaXﬁlUﬁoxﬁf,

and
H.[Uy x U WUy x Uy ) = Ho(0(Up x Uy)) = Ho (DM,

However, this is too much of a simplification, since in oureé@sonly holds that/,” C U,
whereU; is contractible and7..(U; ) = H.(T'™) while H.(U;) = H.(T'Y). Nevertheless, we
still claim that

H.(Uy x U UUy x Uy ) = H (TMHY), (6.29)

If M =00orN =0thenU; = @,orU; =@ and .29 is trivially satisfied. For\/ and N both
positive we use the long exact sequence

B (AN BY SR HL(A) @ Hy(B) S Hy(AU B)~SH, ((ANB)2 ... (6.30)
to prove 6.29. Let A = U, x Uy andB = Uy x U, , then
ANB=U; xUy.
Without the loss of generality we can suppose thiat- N. The homology
H.(ANB)=H.(U; xUy)=H(TM xTV)

is the homology of the cross product of two spheres, i.ey té homology group$, M — 1,
N —1andM + N — 2 are nontrivial. If these four indices are all different, nhiae nontrivial
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groups areZ. In case some of the indexes are the same then the grdiip, iwherek is the
number of the indices that refer to this group. When we pliggkhown homologied7,(A),
H.(B) and H.(A N B) into the exact sequencé.80), we see that we need to distinguish six
casesM =N=1,M-1=N=1,M—-1>N=1,M=N>1,M—-1=N >1and
M —1> N > 1. We will deal with the casé/ — 1 > N > 1 only. All the other cases can be
treated analogously. In this case

7. ifhk=0,M—1, [z, fE=0N_1,
Hi(4) _{ 0, otherwise, H(B) _{ 0, otherwise,

Z, ifk=0,N—1,M—1,M+N —2,

Hy (AN B) = { 0, otherwise.

The homology groug ;4 n—1(A U B) = Z because of the short exact sequence

OMH—N> "Hyon_1(AUB) "5 M+N IZMM °0,
which is a part of the long exact sequen6e3(). Combining the part

%ty Ph—1,, YM—1

0Lz == Z—>HM1(AUB) =,

with the fact that inp}, | = Z (sinceH,—1(B) = 0) implies thatH,_1(A U B) = 0. Similar
calculations provide thal? y_1 (A U B) = 0. Finally, by exploiting the exact sequence

0L H(AUB) L2707 % 20 Hy(A U B) 20

where imp§ = Z x {0} andker ¢ = 0, we obtain that; (AU B) = 0 andHy(AU B) = Z. For
all remaining indices the exactness of

0% Hy (AU B) 20

implies thatH(A U B) = 0.
We have thus proved the clair.29 and we deduce that

H Uy xUp x Uy x ... x UyUUy x Uy x Uy x ... x Up) = H (TMTN),
By repeating the previous computatibtimes we obtain that

H.(N;) = H, (p{#ﬂwzi:l(#ai—l)/z}) ,
According to Definition6.4 it holds that#Jy = 2p — St #9; and#1 = S (#7; + 1)/2,

hence
B B Z, ifk=0,2p—#I—1
_ 40\ _ | Z ,2p :
Hy(NT) = Hy (F ) { 0, otherwise.
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To conclude the proof of Theoret3, we compute the relative homolody. (N7, N; ). We
use the long exact sequence for the paif, N, ):

*
ak+1 k—1

—>Hk(N )—)Hk(N[)—>Hk(N[,N )—>Hk 1(N;)—>

Fork ¢ {0,2p — #1} exactness of

*

05 Hyu (N7, N7 )20

implies thatH (N, N; ) = 0. The exact sequences

o3 i
0 2U>IH2P #I(NI’N ) 22)#12 QP*_#I>710’

and

*

0L Hy (N7, N7 2525275, Ho (N, N7 )20,

furnish (sinceker if, = 0, imig = Z)

[z, ifk=2p—#I,
Hy(Np, Ny ) = { 0, otherwise,

which concludes the proof of TheoremB,

7. Forcing of solutions in [0102 ,2p]. In this section we establish the ordering rela-
tion [0?03,4] < [0—102 ,2p] for 3 < ¢ < p and estimate the number of geometrically distinct
solutions in the clas$o%a2 ,2p]. To do so we define a braid clags’]¢ rel w, for every set
I={ji,...,jn} C N"satisfying

P—q+3<j<...<jn<p-—1, (7.1)

with only 3 < ¢ < p required in the special cade= (). As in Section5 we construct a subset
M; . of [ul]¢ rel w which is an isolating neighborhood of the flolW generated by the parabolic
recurrence relation corresponding to Equatidril), As before, the Conley in ol/; . is given
by the invariantH, (H(ul #w,E; 2p)), and non-triviality of the index implies the existence of
a fixed pointu of the flow ¥ in the setM; ., which corresponds to a solutian € [o?057, p).
Solutions obtained for different sefsare geometrically distinct.
Definition 7.1. Let the skeletorv be given by%.3). The braid classu’]¢ rel w 8§p rel w
is defined by its representative satisfying:
1. ub € (v§,v8),
2 ol 6{ (v},v]) + ifl<i<2+4p-—g,
2L (v?,v1) : otherwise
3 ol e { (v3,v3) + ifielorl<i<3+p—aq,
P 3,03) otherwise
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VA A

Figure 7.1. A representative of the braid clags rel w]; € &1, relw for ¢ = 4 and I = @. We did not depict
3 4
v, norv*.

The free strandx intersects the strand® four times then it stays below this strand until the
anchor pointuy 5,4 Then itintersects the strand four times again. After this the free strand
u behaves in the same way as the free strand of the braid ctamgtiie previous section, having
fingers at coordinates = 2j;. Figure7.1 shows the braid class’]¢ rel w with a simplified
skeleton forg = 3 andl = @. The procedure for simplifying the skeleton is explainedhia
previous section.

For the sake of simplicity we restrict ourselves to the case @ here. However, the same
decomposition of the set of anchor pointswith i € {4 + 2(p — q),...,2p} as in Section®
and6 extends the result for nonempty sétd-or the remainder of this section we omitrom the
notation.

In order to construct an isolating neighborhood which cimsta fixed point corresponding to
u € [a%ag‘a 2p] with ¢ < p we have to guarantee that anchor poins; < 1fori =2,3,...1+
p — ¢q. Before we define the isolating neighborhood let us recalingoortant property of the
parabolic recurrence relatioh generated byl( 1) at the zero energy level. In the parameter range
a € [0,/8) the two equilibriau.. = +1 are saddle-foci and there are no solutions which converge
monotonically to any of these equilibria. Therefore thestvroperty, see Sectidl) implies that
for every(z,y) € R?\ A there exists dinite 7, , and a unique solution(t; z,y) : [0,7,,] — R
such thatu(0; v, y) = =, u(Tyy; v,y) = y andu’| ., ) > 0if = < y (while v'|g, ) < Oif
x > y). The function®; satisfies, seelf],

Ri(wiz1,wiswipr) = " (05w, wigr) — 0" (Tuy_y ugs i1, Ui)-

Finally we investigate the functioR; for u; close tou, = 1. We restrict to odd index and take
ui+1 < u; = 1. The fact thatr,, , ; andr ., are always finite combined with Lemma 2.2'ifj [
ensures that'(7,, ,1;ui—1,1) = u"(7u, ,1;ui—1,1) = 0andu (7, , 1;ui—1,1) # 0. Mono-

tonicity of u(t; u;—1, 1) implies that:" (7, _, 1;u;—1,1) > 0. Analogouslyu” (71,4, ;3 1, uit1) <

0 and®R;(u;—1,1,u;+1) > 0. Due to the uniqueness of the monotone loops (solutidinsz, y))

the functionR; is continuous orf2; and for sufficiently smalh > 0 it holds that

Ri(uifl, 1—mn, ui+1) < 0.
Definition 7.2.Define, withu! satisfying Definitior7.1,
N5 = {u e cl([ul]e relw) : (=1) (uip1 — u;) > 6}

and let)M;,, be the subset d¥s characterized byu € M, if and only if
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1wy < 7/}6,

2. vy g <ugpr <l—nforke{2,3,....1+p—q},

3. (—1)"u; < (—1)"u for the remaining indices.
Let M, denote the subset 6f\/;,, where the flowl! points out ofAM,,. A similar homotopy
to the one in the proof of Lemnta5 furnishes that

Hy(Msy, My, ) = Ho(Ns, Ny') = Ho (H(u # w, €;2p)) .
Theorem 7.3. The indexH . (h(u rel w)) is given by

Z, ifk=29—1,

0, otherwise. (7.2)

H. (H(u # w, €:2p)) = {

Proof. The setN = cl[u]¢ rel w is a2p-dimensional set which is homotopic to the unit cube
[0, 1]?7, withu € N if and only if
1. uf € [v}, —1],

‘ [-1,1] : fl<i<24p-—gq,
2 uzis1 € { [+1,0]] : otherwise
4 [—1,0d] : ifl<i<3+p—g,
3. i € { [v3,1] : otherwise
If ug; 1 reaches the boundary and {2,3,...,1 + p — ¢} then the crossing number of the free
strandu with the skeletorw increases. Likewise, ify; reaches the boundary foe {2,3,...,2+

p — ¢} then the crossing number increases as well. On the otherihamhe other anchor point
reaches the boundary of its interval then the crossing nuad@eases. Hendg ~ is the set on
which someu;, j ¢ {4,5,...,4 + 2p — 2¢}, attains the boundary. The pointed spa¥eN ~| is
thus homotopic t@[0, 1]2¢-1,9[0, 1]29~1). HenceH, (H(u # w, &;2p)) = H.(N, N~) is given
by (7.2. 1

Non-triviality of the indexH,. (H(u # w, &; 2p)) stated in Theorem.3concludes the second

part of Theoremni.8. A lower bound on the number of geometrically distinct siolutis given by

, o = 277° by counting how many fingers can still be realized using tlee@dure from the
previous section. Indeed, by.(Q) there are; — 5 positions for fingers, indexed if which yields
the lower bound.

Finally, let us call the local maxima belowl1 “dimples”. In the above construction these have
indicesi = 25 + 1, with j = 2,...,2 + p — ¢. Hence in this construction we first have dimples
and then fingers. For large(compared tq;) there are also many other possible distributions of
alternatingly dimples and fingers. This leads, via a corepleanalogous proof, to many more
solutions, a line of thought that we do not pursue here.

8. Proofs of the main theorems.  Theoreml.6andl1.8were proved in Sectiorisand?.
The multiplicity of solutions of typéa%agp,p] is established in Sectioh The ordering relation

2 4 2 _2q1 2 _2q
[0102,2] < [0102 S.07057, P

is established via the product relation in Theorérf, which is proved as follows. We start
with noting that elements i, can be represented as products of fundamental blpcks =
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[0203%  p,], analogous to the decomposition in Secti@ The ordering relationo2o4,2] <
[o%ag‘”, p;] is proved by constructing isolating neighborhoallg via associated relative braid
classes. For a type, p| - [0, p’] we can then use the product isolating neighborhoods, divela
braid classV; x N;. Non-triviality of the Conley indices aiV; and N} then implies non-triviality
of the Conley index foV; x N/, proving Theoreni.5.

The Theoremd.7and1.9 now follow by applying the product property in Theordnb.
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