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Abstract. This paper presents a cancellation theorem for the preorders in van Glabbeek’s linear
time-branching time spectrum over BCCSP. Apart from having some intrinsic interest, the proven
cancellation result playsacrucial rolein the study of the cover equations, in the sense of Fokkink and
Nain, that characterize the studied semantics. The techniques used in the proof of the cancellation
theorem may also have some independent interest.

1. Introduction

The lack of consensus on what constitutes an appropriate notion of observable behaviour for reactive sys-
tems has led to a large number of proposals for behavioural equivalences and preorders for concurrent
processes. In his by now classic paper [9], van Glabbeek presented the linear time-branching time spec-
trum of behavioural preorders and equivalences for finitely branching, concrete, sequential processes.
The semantics in this spectrum are based on simulation notions and on decorated traces. (Figure 1 on
page 5 depicts the linear time-branching time spectrum.)

Van Glabbeek [9] studied the semantics in his spectrum in the setting of the process algebra BCCSP,
which contains only the basic process algebraic operators from CCS [13] and CSP [12], but is sufficiently
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powerful to express all finite synchronization trees. In the aforementioned reference, van Glabbeek gave,
amongst a wealth of other results, (in)equational axiomatizations for the preorders and equivalences in
the spectrum, such that two closed BCCSP terms can be equated by the axioms if, and only if, they are
related by the preorder or equivalence in question. Groote [10] obtained w-completeness results for most
of the axiomatizations, in case the alphabet of actions is infinite. (An axiomatization E is w-complete
when an equation can be derived from £ if, and only if, all of its closed instantiations can be derived
from E.) The papers [1, 5, 6] offer positive and negative results on the existence of finite (in)equational
axiomatizations for several behavioural equivalences and preorders in the spectrum over the language
BCCSP, both in the setting of finite and infinite sets of actions.

Fokkink and Nain developed in [7] a technique for studying the equational theory of BCCSP modulo
the semantics in the spectrum and applied it to the setting of failures semantics. The aim of their approach
is to obtain an explicit description of the equational theory for a particular semantics. The central idea is
that if an equation ¢ ~ w is sound for BCCSP modulo some semantics in the linear time-branching time
spectrum, then u+t = t and t +u ~ u are sound as well; and from the last two equations one can derive
t =~ wu. This implies that it is sufficient to consider only sound equations of the form x + u ~ u and
at +u ~ u (where a denotes an action and ¢, v are BCCSP terms). These are called the cover equations.
When the cover equations have been classified, one can proceed in two ways. Either one can determine
an infinite family of cover equations that obstructs a finite basis, or one can isolate a finite basis among
the cover equations. In order to limit further the form of the cover equations that need to be considered,
one usually tries to establish the following cancellation property for the equivalence ~ at hand:

Ift + x ~ v+ z, and x is not a summand of ¢ 4 u, then ¢ ~ w.

This property has to be proved for each equivalence separately, and can be a challenge.

Fokkink and Nain [8] proved this property for failures semantics, with the aim to obtain an w-
completeness result for this semantics; their proof is rather delicate. To the best of our knowledge,
failures semantics has so far been the only semantics in the spectrum for which the above result has been
published. In this paper, we provide a proof of the above-mentioned property for all of the other seman-
tics in the linear time-branching time spectrum. We actually prove the property for the preorder versions
of these semantics, denoted by =, since this constitutes a stronger property than for the corresponding
equivalences ~. Despite the naturalness of the statement, which appears obvious, these proofs are far
from trivial, and quite technical.

The proof technique that we employ to prove the above result also has some independent interest.
Suppose that ¢ 2 u, meaning that o(¢) 2 o(u) for some closed substitution o. The challenge is to adapt
o into a distinguishing substitution p such that p(t + x) Z p(u + ). This substitution p is obtained
by adapting the value of o(x), where the new value p(z) is based on the characteristics of the preorder
under consideration; in some cases it is simply the constant 0 that does not exhibit any behaviour, while
in others it requires an intricate recursive definition. We use this technique to prove the cancellation
property for ready trace, failure trace, readies, possible futures and possible worlds semantics. For the
other semantics, we employ a similar approach, based on suitable transformations of closed substitutions,
to show, conversely, that if ¢ + = = w + «, then o(¢) < o(u) holds for each closed substitution o.

The paper is organized as follows. Section 2 presents preliminaries on the language BCCSP and its
transition-system semantics. The linear time-branching time spectrum is introduced in Section 3, and
cover equations are discussed in Section 4. We then present the main theorem in the paper (Section 5),



whose proof takes up the whole of Section 6. We end the paper with some conclusions (Section 7),
including a remark to the effect that the cancellation property also holds for bisimilarity.

2. Preéiminaries

Syntax of BCCSP BCCSP(A) is a basic process algebra for expressing finite process behaviour. Its
syntax consists of closed (process) terms p, ¢, r, s that are constructed from a constant 0, a binary operator
_+ _called alternative composition, and unary prefix operators a_, where a ranges over some nonempty
set A of actions (with typical elements a, b, c). We write | A| for the cardinality of the set A.

Open terms ¢, u, v can moreover contain occurrences of variables from a countably infinite set V/
(with typical elements x, y, 2).

A (closed) substitution maps variables in V' to (closed) terms. For every term ¢ and substitution o,
the term o(¢) is obtained by replacing every occurrence of a variable z in t by o(x). Note that o(¢) is
closed if o is a closed substitution.

Transition rules Intuitively, closed BCCSP(A) terms represent finite process behaviours, where 0
does not exhibit any behaviour, p + ¢ is the nondeterministic choice between the behaviours of p and ¢,
and ap executes action « to transform into p. This intuition is captured, in the style of Plotkin, by the
transition rules below, which give rise to A-labelled transitions between closed terms.

a a
r — X Yy—y

a{]ji)ﬂf x+yi>$’ x+yﬁ>y’

The operational semantics is extended to open terms by assuming that z — 0.

3. ThelLinear Time-Branching Time Spectrum

Van Glabbeek presented in [9] the linear time-branching time spectrum of behavioural semantics for
finitely branching, concrete processes. In this section, for the sake of completeness, we define the se-
mantics in this spectrum. We refer the interested reader to [9] for motivation, examples and a wealth of
results on these semantics.

A labelled transition system contains a set of states, with typical element s, and a set of transitions
s % s/, where a ranges over some set of labels A. The set Z(s) of initial actions of s consists of those
labels a for which there exists a transition s = .

First we define five variations on the notion of simulation.

Definition 3.1. (Simulations)
Assume a labelled transition system.

e A binary relation R on states is a simulation if so R s; and sg — sq imply s A sy for some s}
with sj R ).

e A simulation R is a completed simulation if so R s1 and Z(so) = 0 imply Z(s1) = 0.

e Asimulation R is a ready simulation if so R s1 and a € Z(so) imply a & Z(s1).



e Asimulation R is a 2-nested simulation if s; S sg holds for some simulation S whenever sg R s1.
e A bisimulation is a symmetric simulation.
Next we define six types of decorated versions of traces.

Definition 3.2. (Decorated Traces)
Assume a labelled transition system.

e A sequence of actions aq . .. a,, With n > 0, is a (partial) trace of a state s if there is a sequence
of transitions sg & s 3 ...5,_1 % s,,. It is a completed trace of s, if moreover Z(s,,) = 0.

e Anpair(aj...an, X),withn > 0and X C A, is a ready pair of a state s if there is a sequence of
transitions so 2 51 3 ... 5,_1 % 5, With Z(s,) = X. Itis afailure pair of sq if Z(s,) N X = (.

e A sequence Xpa1 X1 ...a,X,, Withn > 0and X; C A, is a ready trace of a state s if there is
a sequence of transitions sg 2 s 3 ... 5,1 B s, with Z(s;) = X; fori = 0,...,n. ltisa
failure trace of so if Z(s;) N X; =0 fori =0,...,n.

In what follows, we shall often write

at...an

o 59 5™ s, if there is a sequence of transitions so 2> s1 23 ... Sp_1 =3 sp,

ai...an

o 5o “5' if there is some s,, such that so “*

=" s, and

1

o 5o 5 if s 5" does not hold.

Definition 3.3. (Depth)
The depth of a term ¢, denoted by depth(t), is the length of a longest trace of ¢.

Finally, we define two semantics based on possible futures and on possible worlds.

Definition 3.4. (Possible Futures/Worlds)
Assume a labelled transition system.

e Anpair (aj...a,,X), withn > 0and X C A* is a possible future of a state sq if there is a
sequence of transitions sy — s1 -3 ... sp_1 — s, where X is the set of traces of s,,.

e A state s is deterministic if for each a € Z(s) there is exactly one state s’ such that s % s, and
moreover s is deterministic.

A state s is a possible world of a state s if s is deterministic and s R so for some ready simulation
R.

Two states s and s’ are related by the simulation, ready simulation, 2-nested simulation or completed
simulation preorder if there exists a simulation, ready simulation, 2-nested simulation or completed
simulation R, respectively, with sR s’. They are bisimilar if there is a bisimulation that relates them.
They are related by the possible futures, possible worlds, ready traces, failure traces, readies, failures,
completed traces, or partial traces preorder if the set of possible futures, possible worlds, ready traces,
failure traces, ready pairs, failure pairs, completed traces, or traces of the former is included in that of
the latter, respectively.
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Figure1l. Thelinear time-branching time spectrum

Figure 1 depicts the linear time-branching time spectrum, where a directed edge from one semantics
to another means that the source of the edge is finer than the target. We use = to denote a preorder
in this spectrum. When we want to refer to a specific preorder in the spectrum, we shall subscribe the
symbol = with the initials of the intended semantics. For instance, we shall use Srg to denote the ready
simulation preorder, =g for the simulation preorder, = for the failures preorder, = for the completed
traces preorder, and Sp for the partial traces preorder.

Remark 3.1. We note that for each of the preorders in the spectrum, if p =X ¢, then depth(p) < depth(q).
In addition, for the 2-nested simulation and the possible futures preorder, if p < ¢, then the closed terms
p and ¢ have the same depth and the same set of traces.

Each preorder in the linear time-branching time spectrum is a precongruence over the algebra of closed
BCCSP(A) terms. Thatis, p1 = g1 and pa = g imply ap; = aqq, foreacha € A, and p1+p2 3 q1+¢o.
Given a preorder = over closed terms, for open terms ¢ and w, we define ¢ 3 w if p(t) = p(u) for
each closed substitution p.
The core axioms Al-4 for BCCSP(A) given below are w-complete [14], and sound and ground-
complete [11, 13] modulo bisimulation equivalence, which is the finest semantics in the linear time-
branching time spectrum.

Al T+y = y+ax
A2 (z+y)+z = z+(y+2)
A3 r+zr = z

A4 z+0 =~ zx



In the remainder of this paper, process terms are considered modulo Al-4. A term x or at is a summand
of each term =+ or at +u, respectively. We use summation > , ¢; (with n > 0) to denote ¢ +. .. +¢y,
where the empty sum denotes 0. As binding convention, alternative composition and summation bind
more weakly than prefixing. Modulo the equations A1-4 each BCCSP(A) term ¢ can be written in the
form Y7 | t;, where each ¢; is either a variable or is of the form at’ for some action a and term ¢'.

4. Cover Equations

Cover equations [7] are aimed at obtaining an explicit description of the equational theory of BCCSP
modulo some equivalence. The central idea is that if an equation ¢ ~ w« is sound for BCCSP modulo
some equivalence in the linear time-branching time spectrum, then u + ¢t ~ ¢t and ¢t + u = u are sound
as well; and from the last two equations one can derive ¢ =~ u. Therefore, to extend an axiomatization
consisting of Al1-4 to a complete axiomatization of some equivalence in the linear time-branching time
spectrum, it suffices to add sound equations of the form = + v =~ w and at + u = w; such equations are
called cover equations.

In order to further limit the form of the cover equations that need to be considered, one usually tries
to establish the following properties for the equivalence ~ at hand:

1. Ifat + u+ bv >~ u + bv with a # b, then at + u ~ u.
2. If t ~ u, then ¢ and « contain the same variables, at the same depth in their syntax trees.

3. Ift+x ~u+x and z is not a summand of ¢ + u, then ¢ ~ w.

If the properties above hold, then it suffices to consider only cover equations of the form at +auq +. ..+
AUy ~ AUl + ...+ auy,.

The second property holds for all equivalences finer than or as fine as partial trace equivalence, in
case |A| > 1 (see, e.g., [6] and cf. Lemma 6.3). The first and third properties have to be proved for each
equivalence separately. Proving the first property is generally easy, but proving the third property can be
a challenge, and is the focus of the current paper.

When the cover equations have been classified, one can proceed in two ways. Either one can deter-
mine a finite basis among the cover equations, or one can determine an infinite family of cover equations
that obstructs a finite basis; see [3, 6] for applications of the cover equations technique.

5. TheCancdlation Result

The following theorem, which states a variable cancellation result for the preorders in the spectrum, is
the main result of the paper.

Theorem 5.1. Let < be a preorder in the linear time-branching time spectrum. If t + x < w4+ z,and z
is not a summand of ¢ 4 u, then ¢ 3 w.

The remainder of this paper will be devoted to a detailed proof of the above result.
Let us remark in passing that Theorem 5.1 needs to be shown separately for each preorder in the
linear time-branching time spectrum. Despite the naturalness of its statement, which appears obvious,



these proofs are not trivial, and quite technical. Fokkink and Nain [8] proved the instance of the above
result for failures semantics, with the aim to obtain an w-completeness result for this semantics, and their
proof is rather delicate. The proofs of the statement for the other semantics in the spectrum, which we
present in the following section, are also challenging.

Remark 5.1. The condition in Theorem 5.1 that x is not a summand of ¢ 4+ w is essential. For instance,
x+x Zpr 04z, butz Zpr 0. And 0+ x ZScr =+ 2, but 0 Ao .

Before embarking on the proof of Theorem 5.1, we note that this theorem does not always hold in richer
process algebras than BCCSP. For instance, consider BCCSP extended with the restriction operators _\ b,
forb € A, where

r5z a#b

z\bSa'\b
Ifo#c,thenz\b+x Zpraz\c+a, butz\bZprax\ec

6. Proof of Theorem 5.1

In this section, we collect the proof of Theorem 5.1 for each of the behavioural preorders in the linear
time-branching time spectrum ranging between the 2-nested simulation and partial traces preorders. (As
we remark in Section 7, Theorem 5.1 also holds for bisimulation equivalence.)

Throughout this section, we use o to stand for the closed substitution mapping each variable to 0.
For each closed substitution o, variable =, and closed term p, we use the notation o[z — p] to stand for
the closed substitution mapping z to p, and acting like o on all other variables.

The following lemmas will find repeated application in the proof of Theorem 5.1.

ai...a

Lemma6.1. Let o be a closed substitution, and ¢ a term. Then o(¢) =" p, for some closed term p,
sequence of actions a; . ..a, and n > 0, iff there are a j < n and a term ¢’ such that ¢ L% 4 and

1. eitheri =nando(t') =p

Ai41..-Qn

2. ori<nando(y) "= p, for some summand y of ¢'.

Proof:
Both implications can be shown by induction on the structure of ¢, using the transition rules of BCCSP.
The details are straightforward, and are therefore omitted. O d

The following two lemmas collect some well-known facts regarding the partial and completed traces
preorders (see e.g. [6]).

Lemma6.2. If t Spr u, then all variables in ¢ also occur in w.

Proof:
Suppose, towards a contradiction, that there exists some x occurring in ¢ that does not occur in u. Let
o = ooz — a®Ph(W+10] Then

depth(o(t)) > depth(o(x)) = depth(u) + 1 > depth(o(u)) ,

which by Remark 3.1 contradicts t Zpr u. O O



Lemma6.3. Ift + x = u, and either 2 C S, or 2 C Zpr and |A] > 1, then z is a summand of w.

Proof:
We distinguish the two cases in the statement of the lemma.
CAasel: ZCZcr.

Pick some a € A, and consider the closed substitution

P 0’0[1‘ NN adepth(u)-‘rlo] .
Clearly, a®erth(w)+1 js a completed trace of o(t + x), so it must be a completed trace of o(u). By
Lemma 6.1, this implies that « is a summand of .
CAsSE2: ZCZprand |A] > 1.
Pick some distinct a, b € A, and consider the closed substitution

o = oolz — a®PPWpo] |

Then afe®™(Wp is a partial trace of o(t + z), so it must be a partial trace of o(u). By Lemma 6.1, this
implies that z is a summand of w. O O

Remark 6.1. If |A| = 1, then Zpr and =g coincide—see, e.g., [2]. For this special case, Lemma 6.3
fails. Namely, let A = {a}. Then z = ax is sound for Zp7 (and Zg).

6.1. Proof of Theorem 5.1 for =cr

We begin our proof of Theorem 5.1 for <t by stating a useful lemma.

Lemma6.4. Lett = >, x;and u = > ;g br.uk + > ey 5, Where I and J are finite index sets.
Thent Jcr uwiff K =0and {z; |i € I} = {y; | j € J}; thatis, t = .

Proof:

The “if” implication is trivial, since then ¢ and « are bisimilar. We therefore focus on establishing the
implication from left to right. First note that K must be empty, because otherwise o¢o(u) would not
have the empty string € as one of its completed traces, contradicting ¢t <ct u. We now prove that
{a; i€ I} ={y;|j€J}.

To this end, we begin by observing that each x; must occur as a summand of « by Lemma 6.3. We
are therefore left to prove that each y; is also a summand of ¢. To see that this does hold, pick an action
a € A, and consider the closed substitution o = o¢[y; — a0]. The only completed trace of o (u) is a. It
follows that y; must be a summand of ¢. Indeed, if y; is not a summand of ¢, then o (t) = oo(t) = 0 has
only the empty string  as completed trace, contradicting ¢t Scr u. O O

We are now ready to prove that Theorem 5.1 holds for Zcr.

Proof of Theorem 5.1 for ¢t Assume that ¢ + = Zcr1 u + «x, and x is not a summand of ¢ + u. Let o
be a closed substitution. We prove that each completed trace of o (¢) is also a completed trace of o (u).
This is immediate from the proviso of the theorem if o(x) = 0. Assume therefore that o(x) # 0.

ai...an

Let a; ...a, be a completed trace of o(t)—that is, o(t) =" 0. If n = 0, then o(t) = 0. This
means that ¢ = >, _; x; for some set of variables {z; | 7 € I} such that o(x;) = 0 for each i € I. Note



that, by the proviso of the theorem, = # z; for each i € I. Since t + x Zcr u + x, Lemma 6.4 yields
that v = ¢, and therefore o (u) “'=™ 0.
Assume now that n > 1. Since o (t) “" 0, Lemma 6.1 yields that there are a j < n and a term ¢/

such that ¢ “5% ¢ and

1. either j =nand o(¢') = 0,

ajt1..a

2. orj<nando(y) =" 0, for some summand y of ¢'.

In the former case, t' = >~ zm for some collection {z,, | m € M} of variables such that o' (z,,) = 0
for each m € M. By assumption, o(z) # 0, S0 z,,, # x for each m € M. We wish to argue that
o(u) “'=™ 0. Pick an £ > n. By Lemma 6.1,

at...an
—

oz — a’0](t) olz — a®0)(t') =c(t') =0 .

Since t + x Jcr uw+ 2 and n > 1, the term oz — a®0](u + x) also affords a; .. .a, as one of

aj...an

its completed traces. As ¢ > n, it follows that o[z — a‘0](u) “=™ 0. Using Lemma 6.1 and the

ai...an

assumption that ¢ > n, we may conclude that o(u) " 0, which was to be shown.

In the latter case, it suffices to show that u “> «' for some v/ that has y as a summand. Pick an
N > depth(u). By Lemma6.1, og[y — a” 0](¢) affords the completed trace a; . .. aja® . Since j+N >
1,a;...a;a" is also a completed trace of ooy — a™0](t + z), and therefore of og[y — a’¥0](u + ).
Note that if j = 0, then y # x, because x is not a summand of ¢ by the proviso of the theorem. Hence it
follows that a; ... aja” is also a completed trace of ogly — a™¥0](u). Letby...bny; = ay...aja"

1 biy1--bN1j
—

Since N > depth(u), by Lemma 6.1, u "% o and ooy — a™0](z) 0 for some term /,
variable z and k < N, where v’ has z as a summand. Since N + j > k, it follows that = = y, k = j and

brt1...byy; = a. Concluding, u “==" o/ where ' has y as a summand. Since o(y) =" 0 and
j < n, by Lemma6.1, o(u) “'="" 0, which was to be shown.
This concludes the proof for Zcr. 0

6.2. Proof of Theorem 5.1 for the Simulation Preorders

In this section, we collect the proof of Theorem 5.1 for the preorders in the simulation family. We limit
ourselves to presenting the detailed arguments for the ready simulation and the simulation preorders. The
proofs of Theorem 5.1 for the completed and 2-nested simulation preorders are omitted since they are
simpler, and follow similar lines. The interested reader may find these proofs in [4].

6.2.1. Proof of Theorem 5.1 for =gg

Assume that ¢ + x Srs u+ x, and z is not a summand of ¢ + u. Let o be a closed substitution. We prove
that o(t) Zrs o(u).
In order to prove that o(¢) Zrs o(u), we need to show the following two claims:

1. ifo(t) % p, then o(u) % ¢ for some ¢ such that p <grs ¢, and

2. I(o(u)) C I(a(t)).



We prove these two claims separately.

PROOF OF CLAIM 1. Suppose that o(t) % p. Either this transition is due to a variable summand y of ¢
such that o(y) = p, or there is a summand at’ of ¢ such that p = o(#'). In the former case, y # z by the
proviso of the theorem. Since t + x Zgrs u + x, by Lemma 6.3, y is also a summand of . It follows that
o(u) % p, and we are done.

Suppose now that there is a summand at’ of ¢ such that p = o(t'). If o(y) = ¢ for some variable
summand y of  and closed term ¢ such that p <rs ¢, we are done. Assume therefore that, for each
closed term r and variable summand y of u,

o(y) 2 r implies p ZRrRST - Q)

We claim that p Zrg o(u’) for some summand au’ of u. We proceed with the proof of this claim by
distinguishing two cases, depending on whether 2 occurs in ¢ or not.

e CASE 2 DOESNOT OCCUR IN t'. Let N > depth(c(t)). Define the closed term s as follows:

s = Z ba™No .

beZ(o(x))
Since at’ is a summand of ¢ and 2 does not occur in ¢/,
o[z — s](t+ z) N olz—s|t)=ct)=p .

So, sincet + = Zrs u + x,
olx — s](u+ x) Sq,

for some ¢ such that p <rs ¢. Note that p Zrs a’¥0, because depth(p) < N. And by assumption
(1), for variable summands y # x of u, o[z — s](y) — = implies p Zrs 7. Hence, u must have a
summand of the form aw’ such that

p =

~

Rs o[z — s](u) .
We now prove, by induction on the depth of p, that, as depth(p) < N,
pZrso(u) .

First of all, note that

because Z(o(z)) = Z(s).

Suppose that p b, p’. We prove that o(u') LA q’ for some ¢’ such that p’ <rs ¢’. Since p =grs

oz — s](u'), there is a ¢” such that o[z — s](u’) L ¢ and p/ =rs ¢". Note that this transition
cannot be due to a summand z of v/, because depth(p’) < N — 2 and therefore p’ Zrs a™V0. If
the transition

ole - s)(u) 2 ¢"



is due to a variable summand y # x of v/, then o(u’) N ¢" also holds, and we are done. Otherwise,
there is a summand bu” of ' such that ¢" = oz — s](u”). Asp’ Zrs oz — s](v”) and
depth(p’) < depth(p) < N, the induction hypothesis yields that p" Sgrs o(u”). Since o(u’) LA
o(u’), we are done.

Therefore p <rs o(u), as claimed above. Since o(u) % o(u'), we are done.

e CASE z OCCURS IN . In this case,
depth(p) = depth(o(t")) > depth(o(x)) .
Since each a-derivative of o(x) has depth smaller than that of p, it cannot simulate p. Since

o(t+2) Zrs o(u+2)and o(t + ) % p, it follows that o(u) = o(u’) and p Zrs o(u’) for
some summand av’ of w.

PROOF OF CLAIM 2. Assume that a € Z(o(u)). Since z is not a summand of « by the proviso of the
theorem, a € Z(o[z — O](u + x)). Ast + = Zgrs u + =z, it follows that @ € Z(o[x — 0](t + x)). This
implies a € Z(o(t)), which was to be shown.

This concludes the proof for =gs. O

6.2.2. Proof of Theorem 5.1 for =g

Assume that ¢ + x =g v+ z, and x is not a summand of ¢ + u. Let o be a closed substitution. We prove
that o(t) <s o(u). Suppose that o (t) = p. We show that o (1) = ¢ for some g such that p <g ¢.
Assume, first of all, that the transition o(t) = p is due to a variable summand y of ¢, that is o' () > p.
In this case, y # x by the proviso of the theorem. If |A| > 1, thent + = Zg u + « yields that y is also a
variable summand of u (Lemma 6.3), and we are done, because o(u) % p. If A = {a}, then Lemma 6.2

yields that 3 occurs in u. Therefore, v %> « for some n > 0 and term «’ having y as a summand.
R n—1
If n = 0, then o(u) % p as above, and we are done. If instead u % w; “— o’ for some uy, then
n—1
o(u) = o(u1). Moreover, we claim that p =g o(u;). Indeed, since u; “— «/, the variable y occurs in

uy. This yields that
depth(p) < depth(o(y)) < depth(o(u1)) .

The claim now follows because, in the presence of a single action a, Zpr and =g coincide—see,
e.g., [2]—, and therefore

depth(p) < depth(o(uy)) impliesp Zg o(u1) -

We are now left to examine the case in which o(t) % p, because ¢ has a summand at’ such that
p = o(t"). If o(y) = ¢ for some variable summand y of « and closed term ¢ such that p =g ¢, we are
done. Assume therefore that, for each closed term r and variable summand y of w,

o(y) % rimpliesp Zs r . (2)

We claim that p 3g o(u’) for some summand au’ of w.
We proceed with the proof of this claim by distinguishing two cases, depending on whether x occurs
in ¢ or not.



e CASE x DOES NOT OCCUR IN t,. In this case,
olr—0)(t+z) Soz—0|t)=c)=p .

Since t + z <5 u + z, there is a closed term ¢ such that o[z — 0](u) % g and p <5 ¢. By
(2), it follows that ¢ = o[z — 0](u') for some summand av’ of u. Since 0 Zg o(z) and Zgisa
precongruence, we may conclude that

p3sq=or—0)(u) Zso(u) .
It follows that o (u) % o(u/) and p =g o(u'), and we are done.
e CASE 2 OCCURSIN t'. In this case,
depth(p) = depth(o(t')) > depth(o(z)) .

Since each a-derivative of o(z) has depth smaller than that of p, it cannot simulate p. As o(t +
x) Zs o(u + x) by the proviso of the theorem, and o(t + z) % p, it follows by (2) that o (u) %
o(u')and p Zg o(u') for some summand au’ of .

This concludes the proof for =g.

O

6.3. Proof of Theorem 5.1 for Zpr

Assume that t + x Zp1 u + x, and x is not a summand of ¢ 4+ . We shall show that ¢t Zpt u. This
follows from the result for <g if |A| = 1. Indeed, in that case, Zpr and =g coincide—see, e.g., [2].
Assume therefore that |A| > 1, so that there are two distinct actions a,b in A. Let o be a closed
substitution. We prove that each trace a; . .. a,, 0f o(¢) is also a trace of o (u).
Since o (t) =™, by Lemma 6.1 we have that

1. either ¢ “*=5'™
2. or there are a j < n, a variable y and a term ¢’ such that ¢ #gt t’, y is a summand of ¢/, and
a(y) T

ai...an at...an

In the former case, by Lemma 6.1 o(t + ) =>". Thus also og(u + ) ~=>". It follows that u
and thus o (u) “"=™, which was to be shown.

Consider the latter case. If j = 0, then y # = is a summand of t. By Lemma 6.3, it is also a
summand of u, and therefore o (u) “=5, which was to be shown. Assume therefore that j > 1. Let
N > depth(u). By Lemma 6.1

aj...an
S

a1...ajaNb

ooly — aNbO](t+:C) — ,

al...ajaNb al..AajaNb

s0 also ogly +— a™b0](u +x) = . Since j > 1, this implies ooy — a’¥bO](v)

Let by...byyj+1 = ai...aja’¥b. Since N > depth(u), by Lemma 6.1 u PP and ooly —

b1 b . .
aNbo](z) =TT for some term o/, variable z and k < N, where «’ has z as a summand. Since
N+j+1>k,itfollowsthat z =y, k = jand byq1 ... bnyj41 = a™b. Concluding, u “5% ! where

ajy1...0n aj...an

u’ has y as a summand. Since o(y) ~'— = and j < n, using Lemma 6.1 we infer that o(u) =",
which was to be shown.
This concludes the proof for <pr. O



6.4. Proof of Theorem 5.1 for =gr

We begin by stating a useful lemma relating the ready traces of a term o (), where o is a closed substi-
tution, to the action transitions and ready traces of the term ¢ and of the terms o(z) for each variable
occurring in ¢. It is a generalization of Lemma 6.1, and can be proved in a similar fashion.

Lemma 6.5. Let o be a closed substitution, and ¢ a term. Then Xob; X ... by X} is a ready trace of o' ()
iff:

1. either there are terms ¢4, ..., ¢y such that ¢ = ¢ L2 t1.. .t b tg, and Z(o(t;)) = X; for each
0<1 <k,
2. ort =ty L2 t1...ti—1 LY t; forsome 0 < i < k, and terms ¢4, . .., t; such that

(@) Z(o(t;)) = X;, foreach 0 < j <4, and

(b) t; = y + t’ for some variable y and term ¢/, and Z (o (y)) bi+1Xi+1 - - - bp X is a ready trace
of o(y).

We are now ready to prove Theorem 5.1 for Sgp. Assume that ¢ Zgrr w, and x is not a summand of
t + u. We shall show that ¢ +  Zgrr v + x.

Since t Zrr u, there is a closed substitution o such that o(¢) Zrr o(u). This means that there is
a ready trace Xob1 X ...bx Xy of o(t) that is not a ready trace of o(u). In the remainder of the proof,
we use this information to construct a closed substitution p such that p(t + =) Zrr p(u + z), thus
establishing our claim that ¢ + = Zrr u + z.

Suppose that Z(o(t)) # Z(o(u)). As z is not a summand of ¢ +wu, then clearly o[z +— O](t+x) Zrr
o[z — 0](u + z). Hence, t + = Zrr u + x, which was to be shown.

So we may assume that Z (o (t)) = Z(o(u)) = Xo. In particular this implies that & > 0.

Our order of business now will be to construct a closed substitution p with the following properties:

1. Z(p(z)) = Z(o(z)), and p(y) = o(y) for each variable y # x,
2. p(z) and o(x) have the same ready traces of length smaller than %, and
3. p(z) does not have any ready pairs of the form (c; ... cx, X).

Before giving the construction of p, we shall argue that from these three properties it follows that

p(t +x) Zrr plu+ ) .

Observe, first of all, that (Xo UZ(o(x))) b1 X1 ... bp X} is a ready trace of p(¢ + x). To see this, recall
that, as Xob1 X1 ... bp X is a ready trace of o(¢), by Lemma 6.5,

1. either there are terms ¢4, . . ., t; such that

b
b=to Bty ey Bty

and Z(o(t;)) = X;, foreach 0 < i < k,

2. ort =ty ﬁtl...ti_l ﬁti forsome 0 < i < k, and terms ¢1, ..., t; such that



(@) Z(o(t;)) = X;, foreach 0 < j <, and
(b) t; = y + t’ for some variable y and term ¢’ such that

Z(o(y) biy1 Xit1 - - bpXg
is a ready trace of o(y).

Note that, in light of Lemma 6.3 and our assumptions that Xob; X . .. by X} is not a ready trace of o(u)
and k£ > 0, in the latter case ¢« > 0. Indeed, if ¢ = 0, then y would also be a variable summand of «, and
Xob1 X1 ... bp Xy, would be a ready trace of o (u).

We proceed to prove that (Xo UZ(o(x))) b1 X1 ... b X} is aready trace of p(t + x), by considering
the two possibilities above separately.

e Suppose that t = tg b, t1. .. tp_1 b tr and Z(o(t;)) = X;, foreach 0 < i < k. By property 1
of p, Z(p(ti)) = Z(o(t;)) = X; foreach 0 < i < k. So Xob1 X ... bp X} is also a ready trace of
p(t). By property 1 of p, (Xo UZ(o(x))) b1 X1 ... b, X} is a ready trace of p(t + x), as claimed.

e Suppose that t = g L t1...ti—1 LY t; forsome 0 < 7 < k and terms ¢4, . . ., ¢;, such that
1. Z(o(t;)) = Xj, foreach 0 < j < i, and
2. t; = y + t’ for some variable y and term ¢’ such that
Z(o(y)) bix1 Xig1 - - bp X
is a ready trace of o(y).

Then Z(o(y)) bi+1Xi+1 - .. bp X is a ready trace of p(y), either by property 1 of p if y # z, or by
property 2 of p (and ¢ > 0) if y = z. By Lemma 6.5(2) and property 1 of p, Xogb1 X1 ...bp X isa
ready trace of p(t). Since Z(p(z)) = Z(o(z)), we may conclude that (XoUZ (o(x))) b1 X1 ... bp X
is a ready trace of p(t + x), as claimed.

We now prove that (Xo U Z(o(z))) b1 X1 ...bp X} is not a ready trace of p(u + x). Since k& > 0, this
follows if we can argue that Z (o (z)) b1 X . .. by X, is not a ready trace of p(z) and Xob1 X ... bp X} is
not a ready trace of p(u). To this end, note, first of all, that Z(o(z)) b1 X . .. bx X} is not a ready trace
of p(x) by property 3 of p. Therefore, we are left to show that Xob; X7 ... b X} is not a ready trace of

p(u).
By Lemma 6.5, Xob1 X1 ... bp Xk is a ready trace of p(u) only if

1. either there are terms w1, . .., ug such that
bl bk
U=Uup —Uy...Up—-1 — UL
and Z(p(u;)) = X;, foreach 0 <1 <k,

b bi )
2. OFu=1uy = ui...uj—1 — u; forsome0 < i < k, and terms uy, ..., u; such that

(@ Z(p(u;)) = X;, foreach 0 < j <, and



(b) w; = z + u' for some variable z and term « such that
I(p(Z)) bi+1X1‘+1 e bk:Xk:
is a ready trace of p(z).

We now proceed to argue that both of these possibilities contradict our assumption that X by X7 . . . bx Xk
is not a ready trace of o(u). Indeed, in the former case, we could conclude that Xob; X1 ... by X isa
ready trace of o (u) using property 1 of p and Lemma 6.5(1). In the latter case, we could reach the same
conclusion using properties 1 and 2 of p and Lemma 6.5(2).

All that we are left to do to complete the proof for this case is to construct a closed substitution p
having properties 1-3. We begin by defining, for each closed term p, n > 0 and set of actions X, the
closed term 7:X (p) as follows:

mw(p) = Y {a0laeI(p)NX}+Y {aal|aeI(p)— X}
Ti®) = Y {amX(@) IpSpY

Take p = o[z — WkX_’“l(a(x))]. By definition, Z(m;X (p)) = Z(p), for each closed term p, n > 0 and
X C A. Therefore p meets property 1.

We claim that p(z) and o(x) have the same ready traces of length smaller than k. This follows
immediately from the following two observations:

e Z(mX*(p)) = Z(p), for each p and n > 0, and

e for all closed terms p, ¢, action cand n > 0, p = ¢ iff 7.5 (p) = 7% (q).
So p enjoys property 2.

Finally, to see that p meets property 3, assume that W]i(_kl(a(:c)) = ¢ for some sequence ¢; . . . ¢k
of actions and closed term ¢. It is not hard to see that then either X, # () and ¢ = 0, or ¢ = a0 for some
a ¢ Xy. Inboth cases, Z(q) # Xk.

This concludes the proof for Zrr. 0

C1

6.5. Proof of Theorem 5.1 for =g

The proof of Theorem 5.1 for =y is very similar to (a simplification of) the proof of Theorem 5.1 for
=rr. Therefore we only give a very brief sketch; the details of the proof can be found in [4].

Let (b ... bk, X) be aready pair of o(t), but not of o(u). As in the case of Sgrr, we can assume that
Z(o(t)) = Z(o(u)); so in particular, & > 0. And we can use exactly the same closed substitution p as in
the case of <rr. Now one can show that (b; ... by, X) is a ready pair of p(t + x). On the other hand,
by property 3 of p, (b1 ... bg, X) is not a ready pair of p(x); and one can show that (b; ... bx, X) is not
a ready pair of p(u). So, since k > 0, (b ... by, X) is not a ready pair of p(u + z).

6.6. Proof of Theorem 5.1 for =gy

The proof of Theorem 5.1 for =<pr is similar to the proof of Theorem 5.1 for <gr. Therefore we only
give a sketch; the details of the proof can be found in [4].



Let Xob1 X1 ... bp X} be afailure trace of o(¢) but not of o(u). As in the case of Zgr, we can assume
that Z(o(t)) = Z(o(u)); so in particular, £ > 0. Our order of business now will be to construct a closed
substitution p with the following properties:

1. Z(p(x)) equals either Z(o(x)) N X1 if k = 1 or Z(o(x)) if & > 1, and p(y) = o(y) for each
variable y # x,

2. p(x) and o(x) have the same failure traces of the form
Yoar Y1 ... Y 1o Xy
for¢ < k, and

3. p(z) does not have any failure pairs of the form (c; . .. cx, Xk).

Similar as in the proof for g, one can derive from these three properties that p(t + =) Zrr p(u + ).
Namely, § b1 X1 ... by X}, is a failure trace of p(¢ + x), but not of p(u + x). Hence, t + = Zyr u + .

We proceed to construct p. For each closed term p, n > 0, and set of actions X, the closed term
chopX (p) is defined as follows:

chopy () = > {aa0 | a € I( ) NnX}
chopy,i(p) = Y {achop (p) |p = p'} .

Take p = o[z — chop;*, (o(x))].

By definition, Z(chopX (p)) = Z(p) for each closed term p, n > 0 and X C A. So if & > 1, then
trivially Z(p(z)) = Z(o(x)). And in case k = 1, we observe that Z(chop;™ (p)) = Z(p) N X, for each
closed term p; so then Z(p(x)) = Z(o(z)) N X;. Concluding, p meets property 1.

That p enjoys property 2, follows immediately from the following two observations:

e forall closed terms p, ¢, action ¢ and n. > 0, p % ¢ iff chop:X* (p) 5 chop:X*, (¢), and

e for each closed term p, Z(p) N X;, = 0 iff Z(chopy * (p)) N X = 0.

Finally, to see that p meets property 3, assume that chopf_’“l(a(:z:)) “k 4 for some sequence
c1...c, of actions and closed term ¢. It is not hard to see that then ¢, € X and ¢ = ¢;0. So
I(q) N Xy, # 0.

6.7. Proof of Theorem 5.1 for Zpp

Assume that ¢ Zpp u, and z is not a summand of ¢ + u. We shall show that ¢t + = Zpr u + .

Since t Zpr u, there is a closed substitution o such that o(t) Zpr o(u). This means that there
is a possible future (a; ...ax, X) of o(t) that is not a possible future of o(u). In the remainder of the
proof, we use this information to construct a closed substitution p such that p(t + ) Zpr p(u+ ), thus
establishing our claim that ¢ + x Zpp u + .

If £ = 0, then o(¢) and o(u) do not have the same set of traces. So ¢ and w are not partial trace
equivalent. From the cancellation result for =pr that we proved earlier it then follows that ¢ + = and
u+ x are not partial trace equivalent. By Remark 3.1, this implies that ¢t + = Zpr t +u, and we are done.

So we can assume that k& > 0. Then o(t) “'5* p for some closed term p whose set of traces is X.
By Lemma 6.1,



1. either ¢ “5™ ¢/ for some ¢’ such that o (¢') = p,

ai...ag

2. ortherearean ¢ < k, avariable y and aterm ¢’ such that ¢t " ¢/, the variable y is a summand of
t',and o(y) ALy p

In the former case, we observe, first of all, that if 2 occurs in ¢/, then the depth of p is at least that of o' ().
Since k > 0, it follows that (a; ... ax, X)) is not a possible future of o (). Recall that it is not a possible
future of o(u) either. Therefore, as & > 0, (a; ...ax, X) is not a possible future of o(u + x). On the
other hand, o (¢ + x) does have possible future (a; .. .ax, X), because £ > 0. Hence, t + x Zpr u + z,
as claimed.

Consider now the former case where x does not occur in ¢/, and the latter case with y # z. Let
N = depth(p). Itis not hard to see, using Lemma 6.1, that in either case, o[z +— a*+N+10](t + z) has
the possible future (a1 . .. ax, X). But o[z — a**N+10](u + x) does not. For else, using that the depth
of a**N+10 is greater than p, it would not be hard to see that (a1 . .. ax, X) would be a possible future
of o(u), contradicting our assumption. Therefore, t +  Zpr u + z, as claimed.

Consider now the latter case with y = x. Then, by the assumption of the theorem, ¢ > 0. For the
sake of clarity, we recall that ¢ “5™ ¢/, 1 < ¢ < k, z is a summand of ¢/, and o(z) ““"25** p. Let M >
depth(u). By Lemma 6.1, og[z — a0](t) affords the completed trace a; .. .a,a™, and therefore so
does og[x — a™0](t+2z). We claim that og [z — o™ 0](u+2) does not have a; . . . apa™ as a completed
trace. Clearly, a0 does not have a ...a,a™ as a completed trace, because ¢ > 0. Suppose now,
towards a contradiction, that a1 . ..asa™ is a completed trace of oo[z — ™ 0](w). We can now copy

the reasoning in the final paragraph of the proof of Theorem 5.1 for Scr on page 9. Letcy ...cpqe =

1.--Cm Cm+1---CM ¢
—

ay...aga™. Since M > depth(u), by Lemma 6.1, u 5™ +/ and ooz — aM0](2)

0 for some term «’, variable z and m < M, where ' has z as a summand. Since M + ¢ > m,

it follows that z = =, m = £ and ¢uqy...care = a™. Concluding, v “5* « where / has

as a summand. Then, since ¢ < k, by Lemma 6.1, o(u) affords the possible future (a;...ag, X),
contradicting our assumption. Hence, a1 ...a¢a™ is not a completed trace of og[z — ™ 0](u). So
oolz — a™0)(t + x) Zct oolr — a™0](u + ). Since Zpr is included Zcr, we may infer that
t+ x Zpr v+ x, and we are done.

This concludes the proof for Zpp. O

6.8. Proof of Theorem 5.1 for =pw
We begin by offering a reformulation of the definition of Zpw that will be useful in the proof to follow.
Definition 6.1. A closed term ap is a prefixed possible world of a closed term ¢ if:
1. pis deterministic, and
2. ¢ = ¢ for some closed term ¢’ such that p <rs ¢'.
For closed terms r and s, we define r C pyy s if:
1. the prefixed possible worlds of r are also prefixed possible worlds of s, and

2. Z(r) = Z(s).



The relation Cpwy is lifted to open terms in the standard fashion; see page 3.
Lemma 6.6. =pw and Cpy coincide over BCCSP(A).

Proof:

It suffices to show the statement for closed terms. Assume that » <pw s. We prove that » Cpw s also
holds. To this end, observe, first of all, that Z(r) = Z(s), since Zpw is included in Zg. We are therefore
left to show that the prefixed possible worlds of r are also prefixed possible worlds of s.

Suppose that ap is a prefixed possible world of . It is not hard to see that ap + p’ is a possible world
of r, for some p’. As r Zpw s, it follows that ap + p’ is also a possible world of s. We may therefore
conclude that ap is a prefixed possible world of s, which was to be shown.

Assume now that » Cpw s. We prove that » Spw s also holds. Observe, first of all, that Z(r) = Z(s)
by our assumption that » Cpw s. Let p be a possible world of . Then p is deterministic and p Zrs 7.
Since p is deterministic, for each a € Z(p) there is a unique closed term p, such that p % p,. Moreover,

p= > apa

a€Z(p)

and Z(p) = Z(r) = I(s). Asp Srs r, for each a € Z(p) there is a closed term r,, such that p, Zrs 7.
Since p,, is itself deterministic, ap, is a prefixed possible world of r, for each a € Z(p). Asr Cpw s
by assumption, it follows that ap,, is also a prefixed possible world of s for each a € Z(p). We conclude
that p is a possible world of s, which was to be shown. O O

We are now ready to prove Theorem 5.1 for <pw. In light of the above lemma, it suffices to prove
this statement for Cpw. Assume that ¢ Zpw u, and x is not a summand of ¢ + u. We shall show that
t+z Zpw u+ x.

Since t Zpw w, there is a closed substitution o such that o (t) Zpw o(u).

IfZ(o(t)) # Z(o(u)), then, reasoning as in the proof for <g, itis easy to prove that t+x Zpw u+zx.
So we can assume that Z(o(t)) = Z(o(u)).

Because of this assumption, there is a prefixed possible world ap of o (¢) that is not a prefixed possible
world of o(u). Our order of business will now be to construct a closed substitution p with the following
properties:

1. p(y) = o(y) for each variable y # =,
2. p(z) and o(x) have the same prefixed possible worlds of depth at most depth(p), and
3. p(x) does not have any completed traces of length depth(p) + 1.

Before giving the construction of p, we shall argue that from these three properties it follows that
p(t+ ) Lpw plu+2) .
In view of properties 1 and 2, it is not hard to see that for any term v,

(i) o(v) and p(v) have the same prefixed possible worlds of depth at most depth(p), and



(if) if v does not have a summand z, then o(v) and p(v) have the same prefixed possible worlds of
depth at most depth(p) + 1.

We prove these two claims by induction on depth(v). Suppose that

UZZCMW-FZZ%‘ .

iel jeJ

By induction, for i € I, claim (i) yields that p(v;) and o(v;) have the same prefixed possible worlds of
depth at most depth(p). This implies (cf. Lemma 6.6) that p(a;v;) and o(a;v;) have the same prefixed
possible worlds of depth at most depth(p) 4+ 1. And for j € J, if y; # x, then by property 1, p(y;) =
a(y;), so they have the same prefixed possible worlds. This completes the proof of claim (ii). Finally,
if y; = = for some j € J, then by property 2, p(z) and o(z) have the same prefixed possible worlds of
depth at most depth(p). Hence we can conclude that claim (i) also holds.

By assumption, x is not a summand of ¢, and ap is a prefixed possible world of o(¢). So by claim
(i), ap is a prefixed possible world of p(t), and so also of p(t + x).

By assumption, z is not a summand of u, and ap is not a prefixed possible world of o(u). So by
claim (ii), ap is not a prefixed possible world of p(u). Moreover, by property 3, ap is not a prefixed
possible world of p(x). Hence, ap is not a prefixed possible world of p(u + x).

Since ap is a prefixed possible world of p(t+x) and not of p(u—+z), we conclude that t+x Zpw u+z,
which was to be proved.

All that we are left to do to complete the proof for this case is to construct a closed substitution p
having properties 1-3. We define

p= O-[‘T = 7Tgepth(p) (O’(l‘))] ’

where the closed term 773epth(p) (o(z)) is defined as on page 15. Property 1 trivially holds. And property 2

follows immediately from the following two observations:

e Z(n?(q)) = Z(q), for each g and n > 0, and

e forall closed terms ¢, r, action cand n > 0, ¢ % r iff 72(q) > 70 _ (r).

C1.--Cdepth(p)+1
—

Finally, to see that p meets property 3, assume that wge (o(x)) r for some sequence
) . pth(p)
C1 - - - Caepth(p)+1 OF actions and closed term r. It is not hard to see that then r = a0 for some a € A.
This concludes the proof for Spw. O

7. Concluding Remarks

In this paper, we have proved that all of the preorders in the linear time-branching time spectrum enjoy
the, to our mind very natural and elegant, cancellation property stated in Theorem 5.1. It is remarkable
that the proof of such a simply-stated and natural property turns out to be non-trivial for most of the
semantics in the spectrum. The cancellation property stated in Theorem 5.1 makes it easier to apply
the cover-equations approach due to Fokkink and Nain in the study of the equational theory of BCCSP
modulo the behavioural preorders in the spectrum. We expect that the proof techniques employed in the
proof of Theorem 5.1 also have independent interest.



We conclude this paper by remarking that Theorem 5.1 also holds modulo bisimulation equiva-
lence [13]. This follows because an equation ¢ ~ w is valid modulo bisimulation equivalence over the
language BCCSP iff

e t and v have the same variable summands;

e for each summand at’ of ¢, there is a summand au’ of w such that ¢ and «’ are bisimulation
equivalent; and

e for each summand av’ of u, there is a summand at’ of ¢ such that ¢ and «’ are bisimulation
equivalent.

(See, e.g., [14, page 41].) Therefore ¢ and « are bisimulation equivalent if so are ¢+« and «+ x, provided
that x is not a summand of ¢ + u.
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