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Abstract
A standard result from unification theory says that if a finite set E of
equations between finite terms is unifiable, then there exists a most general
unifier for E. In this paper, the theorem is generalized to the case where E
may be infinite. In order to obtain this result, substitutions are allowed to
have an infinite domain.
Keywords: Programming languages, logic programming, most general unifier,
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Introduction

The unification problem is to determine, given an equation s = t in some logic,
whether there exists a substitution σ such that (s)σ ≡ (t)σ. The substitution σ
is a ‘unifier’, and s = t is called ‘unifiable’. For an introduction into the field of
unification theory, see [2, 1].
A first algorithm, which solves the unification problem for finite terms in firstorder logic, stems from Herbrand’s thesis [8] (see [7]). This algorithm was rediscovered by Prawitz [16], and its full significance was recognized only after Robinson
[17] had employed it in his resolution principle for automatic theorem-proving.
Robinson was the first to define the basic concepts for unification. His algorithm
decides whether an equation between finite terms is unifiable or not, and if so,
then it produces a unifier which is ‘most general’, meaning that all other unifiers
for the equation can be derived from it. Linear unification algorithms were proposed by Martelli and Montanari [12] and by Paterson and Wegman [15]. The
well-known unification algorithm by Martelli and Montanari [13] has a worst-case
time complexity of O(n + G(n)), where G is the inverse of the Ackermann function.
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The unification algorithms work only for finite sets of equations. For example,
the infinite collection {xi = xi+1 | i = 0, 1, 2, ...} has most general unifiers σn for
n = 0, 1, 2, ... with (xi )σn ≡ xn for i = 0, 1, 2, .... The unification algorithms would
not terminate in the process of computing one of these unifiers.
This paper considers, in first-order logic, the unification problem for collections
of infinitely many equations between finite terms. Substitutions are allowed to
have an infinite domain, that is, for a substitution σ there may be infinitely many
variables x such that (x)σ 6≡ x. It is proved that each (possibly infinite) unifiable
collection of equations allows a most general unifier. Basically, the construction
of this most general unifier mimics the algorithm of Martelli-Montanari, extended
with limit procedures.
The unification result in this paper is incomparable with unification results for
infinite sets of equations based on lattices by Huet [9] and Eder [5], where substitutions always have a finite domain. In [5] an artificial top element ∞ is added to
the collection of idempotent substitutions, and each set of equations between terms
that cannot be unified by a substitution with finite support is awarded the same
most general unifier, ∞.
An example of the use of unification of infinite sets of equations between finite
terms can be found in [6], where a general format for structured operational semantics is studied. Such a semantics may contain operational rules with infinitely
many variables; in order to give meaning to these rules one needs substitutions with
infinite domains. In [6] it is needed that a substitution τ which can be unified by a
substitution σ (meaning that τ σ ≡ σ), allows a most general unifier, being a substitution, and not just some artificial top element. Only existence of such a most
general unifier is needed, not its actual computation; existence follows immediately
from the result in this paper.
Acknowledgements. This research was initiated by discussions with Catuscia
Palamidessi, Rob van Glabbeek, and Fer-Jan de Vries. Catuscia is thanked for
many valuable discussions, and Gérard Huet for lucid explanations on lattices.
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Preliminaries

Assume an alphabet, which consists of the disjoint union of an infinite, possibly
uncountable, set of variables, and a possibly uncountable set of function symbols.
Each function symbol f is provided with an arity ar(f ), being a natural number
≥ 0. The collection of terms over the alphabet is defined inductively as follows:
- each variable is a term,
- for f is a function symbol, and t1 , ..., tar(f ) terms, f (t1 , ..., tar(f ) ) is a term.
Syntactic equivalence between terms is denoted by ≡ . The number of function
symbols in a term is called the size of the term. (Note that variables do not add
any weight.)
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A substitution is a mapping from variables to terms. The notation σ ≡ τ means
that (x)σ ≡ (x)τ for all variables x. Each substitution is extended to a mapping
from terms to terms in the standard way. The domain of a substitution σ is
the collection of variables x for which (x)σ 6≡ x. Unlike the standard approach
in logic programming, here substitutions are allowed to have an infinite, possibly
uncountable, domain. On the other hand, we deal with finite terms.
In the sequel, E denotes a set of equations s = t between terms. A substitution σ
applies to a set E as expected; each equation s = t in E is mapped to (s)σ = (t)σ.
An equation s = t is said to be a proper sub-equation of equations C[s] = C[t] for
non-trivial contexts C[].
Definition 1 A substitution σ is a unifier for E if for all s = t ∈ E we have
(s)σ ≡ (t)σ. The set E is called unifiable if it allows a unifier.
A substitution σ is a unifier for a substitution τ if τ σ ≡ σ.
The fact that substitutions are allowed to have an infinite domain is essential for
the unification of infinite sets of equations. For example, if x0 , x1 , x2 , ... are distinct
variables, then the set {xi = xi+1 | i = 0, 1, 2, ...} is unified by the substitution σ
with (xi )σ ≡ x0 for i = 0, 1, 2, ....
Definition 2 A unifier Θ for E is called most general if Θσ ≡ σ for each unifier
σ for E.
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The Main Theorem

A standard result from unification theory says that if a finite set E of equations
between terms is unifiable, then there exists a most general unifier for E. In this
paper, the theorem is generalized to the case where E may be infinite.
Theorem 3 If E is unifiable, then it has a most general unifier.
Proof. We are to find a most general unifier Θ for E. Let τ0 denote the identity
substitution, and define E0e = {e} for each e ∈ E. The following construction proe , a substitution
duces from a substitution τn−1 and unifiable sets of equations En−1
e
τn and unifiable sets of equations En . It is based on the transformation rules “decomposition” and “variable elimination” from the algorithm of Martelli-Montanari.
e
• If En−1
contains an equality f (s1 , ..., sar(f ) ) = g(t1 , ..., tar(g) ), then f ≡ g,
e
e
by its proper
is unifiable. Replace each such equation in En−1
because En−1
sub-equations si = ti for i = 1, ..., ar(f ). Denote the resulting set by Fne .
e
Note that a substitution unifies En−1
if and only if it unifies Fne .

• Consider the variables x outside the domain of τn−1 for which ∪e∈E Fne contains (one or more) equations of the form x = t or t = x, where t is not
a single variable. For each such a variable x, choose one of these equations
x = t or t = x, and put (x)τn ≡ t. Put (y)τn ≡ (y)τn−1 for all other variables
y. In particular, τn equals τn−1 on the domain of τn−1 .
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• Put Ene = (Fne )τn .
From the following Property 1, and from the fact that τ0 and E are unifiable, it
follows immediately that all Ene are unifiable.
e , is also a unifier for τ and ∪
e
1. Each unifier σ for τn−1 and ∪e∈E En−1
n
e∈E En .
e , it also unifies F e , for each e ∈ E.
Proof. Since σ unifies En−1
n
If (x)τn ≡ (x)τn−1 for a variable x, then (x)τn σ ≡ (x)τn−1 σ ≡ (x)σ, because σ
unifies τn−1 . Otherwise, if (x)τn 6≡ (x)τn−1 , then it follows from the construction
of τn that (x)τn = x (or its reverse) is in ∪e∈E Fne . Since σ unifies all Fne , it follows
that (x)τn σ ≡ (x)σ. Hence, σ unifies τn .
(Ene )σ = (Fne )τn σ = (Fne )σ, because σ unifies τn . Since σ unifies Fne , it follows
that σ unifies Ene , for each e ∈ E. 2
e .
2. Each unifier σ for τn and Ene , is also a unifier for τn−1 and En−1

Proof. τn−1 equals τn on its domain, and σ unifies τn , so σ also unifies τn−1 .
(Fne )σ = (Fne )τn σ = (Ene )σ, and σ unifies Ene , so σ unifies Fne . Then σ unifies
e
En−1 . 2
Since τn equals τn−1 on the domain of τn−1 , we can define the ‘union’ τ of the
substitutions τn :
(x)τ ≡

(

(x)τn if (x)τn 6≡ x for some n,
x
otherwise.

3. For each variable x, either (x)τ ≡ x, or (x)τ is not a variable.
Proof. If (x)τ 6≡ x, then (x)τ ≡ (x)τn for some n > 0. Let n be the smallest
number for which this equality holds, so that (x)τn 6≡ (x)τn−1 . Then it follows
from the construction of τn that there is an equation x = t or t = x in ∪e∈E Fne ,
where t is not a variable, and (x)τn ≡ t. Hence, (x)τ ≡ t is not a variable. 2
4. For each variable x, there is a natural number M (x) such that (x)τ M (x)+1 ≡
(x)τ M (x) .
Proof. Fix a unifier σ for E. Since σ also unifies the identity τ0 , Property 1 implies
that σ is a unifier for all τn . So σ is a unifier for their union τ , which means that
(x)τ m σ ≡ (x)σ for all m. Thus, the size of the terms (x)τ m cannot grow beyond
the size of (x)σ. The term (x)τ m+1 is obtained from (x)τ m by application of τ , so
the size of (x)τ m+1 is at least the size of (x)τ m . Hence, there is a natural number
M (x) such that for m ≥ M (x), all terms (x)τ m have the same size. Then Property
3 of τ implies (x)τ m+1 ≡ (x)τ m for m ≥ M (x). 2
The ‘limit’ τ̄ of τ is defined by
(x)τ̄ ≡ (x)τ M (x) .
Property 4 implies that τ τ̄ ≡ τ̄ . So, since τ is the union of all τn , τn τ̄ ≡ τ̄ for all n.
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e
5. For each e ∈ E, there is a natural number N (e) such that EN
(e) contains
only equations of the form x = y, where x and y are not in the domain of τ̄ .

Proof. Fix an e ∈ E, and consider the sequence {(Ene )τ̄ }∞
n=0 .
e
Each equation in En−1
is either maintained, or replaced by proper sub-equations
e )τ̄ is either maintained, or replaced by proper
in Fne . Hence, each equation in (En−1
sub-equations in (Fne )τ̄ = (Fne )τn τ̄ = (Ene )τ̄ . Since the total size of these proper
sub-equations is smaller than the size of the original equation, if follows that there
e )τ̄ are maintained in (E e )τ̄ for each
is some N (e) such that all equations in (En−1
n
n > N (e).
e
e )τ̄
Consider an equation s = t in En−1
for some n > N (e). Since (s = t)τ̄ ∈ (En−1
e
is maintained in (Ene )τ̄ , s = t ∈ En−1
is maintained in Fne . So s = t cannot have
any proper sub-equations, or in other words, s or t must be a variable, say, s ≡ x.
Now suppose, towards a contradiction, that t is not a variable. First, we show
that then (x)τn is not a variable. Distinguish two cases.
- (x)τn−1 6≡ x. Since τn and τn−1 coincide on the domain of τn−1 , we have
(x)τn ≡ (x)τn−1 6≡ x. Then Property 3 yields that (x)τn is not a variable.
- (x)τn−1 ≡ x. Then x is not in the domain of τn−1 . Furthermore, x = t ∈ Fne
where t is not a variable. So from the construction of τn we see that (x)τn is
not a variable.
The equation x = t ∈ Fne takes the form (x = t)τn in Ene . Since (x)τn and (t)τn
e . But
are not variables, this equation is replaced by proper sub-equations in Fn+1
e )τ̄ . So
this contradicts the fact that equations in (Ene )τ̄ are maintained in (En+1
apparently, t must be a variable.
e
Thus, each equation in En−1
for n > N (e) is of the form x = y. In Ene , such
an equation takes the form (x = y)τn , so (x)τn and (y)τn are variables too. Then
Property 3 yields (x)τn ≡ x and (y)τn ≡ y. Hence, x and y are not in the domain
of τn for any n > N (e), so they are not in the domain of their union τ . Then x
and y are not in the domain of τ̄ . 2
The ‘limit’ Ē of E is defined by
Ē =

[

e
EN
(e) .

e∈E

Construct a unifier ρ for Ē as follows. Two variables are said to be ‘equivalent’
if they can be equated by equations in Ē. We define ρ to contract the elements
of each equivalence class C to one variable in this class. That is, just pick some
x0 ∈ C, and put (x)ρ ≡ x0 for x ∈ C.
Finally, we define the desired most general unifier Θ for E:
Θ ≡ τ̄ ρ.
6. Θ is a unifier for E.
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Proof. Since τn τ̄ ≡ τ̄ , also τn Θ ≡ τn τ̄ ρ ≡ τ̄ ρ ≡ Θ. So Θ unifies τn for all n.
Consider an equation x = y ∈ Ē. Since x and y can be equated in Ē, by definition
ρ maps x and y to the same variable. Property 5 ensures that x and y are not in
the domain of τ̄ , so
(x)Θ ≡ (x)τ̄ ρ ≡ (x)ρ ≡ (y)ρ ≡ (y)τ̄ ρ ≡ (y)Θ.
Hence, Θ unifies Ē.
e
Since Θ unifies all τn and Ē, in particular it unifies τN (e) and EN
(e) for each
e
e ∈ E. Then Property 2 yields that Θ unifies E0 = {e}, for each e ∈ E. 2
7. Θ is most general.
Proof. Let σ unify E. Then according to Property 1, σ unifies τn and Ene for all
natural numbers n and e ∈ E.
σ unifies all τn , so it unifies their union τ . Since (x)τ̄ ≡ (x)τ M (x) for each x, σ
unifies τ̄ .
By definition of ρ, (x)ρ and x can be equated in Ē for each x, that is, there exists
e
a deduction (x)ρ = y1 = · · · = yk = x in Ē. Since σ unifies all EN
(e) , it unifies
their union Ē. Hence, (x)ρσ ≡ (y1 )σ ≡ · · · ≡ (yk )σ ≡ (x)σ. So σ unifies ρ.
Hence, Θσ ≡ τ̄ ρσ ≡ τ̄ σ ≡ σ. 2
This finishes the proof of Theorem 3. ¥
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Examples

Example 4 Assume distinct function symbols f0 , f1 , f2 , ... of arity one and distinct
variables x0 , x1 , x2 , .... The technique employed in the proof of Theorem 3 produces
a most general unifier for the infinite unifiable set of equations {xi = fi−1 (xi−1 ) | i =
1, 2, ...} as follows.
First, we obtain (x0 )τ1 ≡ x0 and (xi )τ1 ≡ fi−1 (xi−1 ) for i = 1, 2, .... The union
τ of all the τn is already determined at this point; it equals τ1 . Hence, the limit τ̄
of τ is defined by (xi )τ̄ ≡ fi−1 · · · f0 (x0 ) for i = 0, 1, 2, ....
x =f
(x
)
It is not difficult to find that the sequences {Eni i−1 i−1 }∞
n=0 for i = 1, 2, ... all
converge to x0 = x0 . Hence, the union Ē of the limit sets of these sequences is
{x0 = x0 }. So the substitution ρ which contracts variables that can be equated in
Ē is simply the identity. Thus, the most general unifier Θ ≡ τ̄ ρ equals τ̄ .
Example 5 Assume a function symbol f of arity one. We study how the procedure
employed in the proof of Theorem 3 acts on the non-unifiable equation x = f (x).
Starting from the identity substitution τ0 and E0 = {x = f (x)}, and performing
the consecutive steps of the procedure, we obtain
Fn = {x = f (x)}
n = 0, 1, 2, ...
(x)τn ≡ f (x)
n = 1, 2, ...
En = {f (x) = f (f (x))} n = 1, 2, ...
6

For the union τ of all the τn we have (x)τ ≡ f (x).
The construction of a most general unifier for x = f (x) from τ and the E n
breaks down at Property 4, for which apparently it is essential that the original set
of equations is unifiable. That is, for the τ in this example there does not exist a
natural number M such that (x)τ M +1 ≡ (x)τ M , so we cannot construct its limit
τ̄ .
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Related and Future Work

The unification result in this paper is incomparable with unification results for
infinite sets of equations based on lattices [9, 5] where substitutions have a finite
domain. In [5] an artificial top element ∞ is added to the collection of idempotent
substitutions, in order to obtain a complete lattice, and each set of equations
between finite terms which cannot be unified by a substitution (with finite support)
is awarded the same most general unifier, ∞. For example, the infinite set {x i =
xi+1 | i = 0, 1, 2, ...} is in that setting unified by ∞, while in this paper it is unified
by any substitution σn for n = 0, 1, 2, ..., with (xi )σn ≡ xn for i = 0, 1, 2, ....
Berarducci and Venturini Zilli [3] compare several variants of unification for finite
sets of equations, between finite terms as well as between infinite terms (see e.g. [4]).
Also, they study unification on the basis of substitutions with finite as well as
with infinite domains. In [3] the notion of a stable substitution is introduced; a
substitution σ is stable if, for each variable x, the sequence {(x)σ i | i = 0, 1, 2, ...}
either contains a non-variable, or converges to a unique variable. In this paper,
enforcing stableness made a key step in building the desired most general unifier;
stableness was obtained by the introduction of substitution ρ.
Jonkers [11] studies a many-sorted algebra, called Description Algebra, where
terms are built from variables, constants, and n-tuples ht1 , ..., tn i. Jonker proves
[11, Theorem 2.4.7] that each countable unifiable set of equations between terms
over this signature allows a most general unifier. The proof depends in a crucial
way on the countability of the set of equations: there exist most general unifiers
for each finite subset of a set of equations, and the ‘limit’ of these substitutions
constitutes a most general unifier for the full set of equations. Although the setting
in this paper is single-sorted, the proof technique employed here can be generalized
to many-sortedness without any complication, to capture the unification result in
[11].
A unification problem of a countably infinite set of equations between finite terms
can be rephrased into a unification problem of an equation between infinite terms.
The aim of the first problem would be to find a unifier which maps variables to
finite terms, while the aim of the second problem would be to find a unifier which
maps variables to infinite terms. For future research, it would be interesting to try
and transfer the result in this paper to the case of infinite terms, that is, to obtain
that each set of equations between infinite terms which has a unifier (mapping
variables to infinite terms), allows a most general unifier; see also [10, 14].
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[7] J. van Heijenoort, ed., Jacques Herbrand: Écrits Logiques, Presses Universitaires de France, 1968. English translation: W.D. Goldfarb, ed., Jacques
Herbrand: Logical Writings, Reidel, 1971.
[8] J. Herbrand, Recherches sur la Théorie de la Démonstration, PhD thesis,
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